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Preface

In 1991, although I had graduated in 1984, my great Ph.D. thesis advisor
J. H. B. Kemperman recommended that I read the very interesting paper of
J. Canavati [101], having to do with fractional derivatives and containing a
fractional Taylor formula. The hope was to use this in the study of positive
linear operators in approximation theory, so I could extend my Ph.D. thesis
results to arbitrary order derivatives. At that time I was not successful re-
garding that goal. So I put this important paper aside for a few years, but it
was always in my mind to use it somewhere else. This fortunately happened
in 1996 when I saw the proof of the basic Opial-type inequality (see Theo-
rem 1.2). I was able to extend it, via the use of [101], to the fractional level.
That led to my paper [17], for which I received an award in 2001 from the
Academy of Athens, Greece, as the best article of the year for mathemat-
ical analysis, the “Pallas Award and Prize”, an international competition
for Greeks. All the above encouraged to me to do more research in the area
of fractional inequalities (see [15-66]). So finally a natural consequence
was this research monograph, the first of its kind in the area of fractional
inequalities. Fractional differentiation inequalities are by themselves an im-
portant and great mathematical topic for research. Furthermore these have
many applications; the most important ones are in establishing the unique-
ness of the solution in fractional differential equations and systems and in
fractional partial differential equations. Also they provide upper bounds to
the solution of the above equations. In this monograph we give many such
applications. Each chapter is self-contained and can be read independently
of the others and several graduate courses and seminars can be designed

xiii



xiv Preface

based on this monograph. The list of fractional differentiation inequalities
we study includes Opial, Poincaré, Sobolev, Hilbert, information theory,
and Ostrowski. We give results for the above using three different types
of fractional derivatives: Canavati, Riemann — Liouville, and Caputo. We
examine the univariate and multivariate cases. The final preparation of this
book took place in Memphis, USA, and in Athens, Greece, during 2008.

Fractional calculus has become very useful over the last forty years due
to its many applications in almost all the applied sciences. We now see ap-
plications in acoustic wave propagation in inhomogeneous porous material,
diffusive transport, fluid flow, dynamical processes in self-similar struc-
tures, dynamics of earthquakes, optics, geology, viscoelastic materials, bio-
sciences, bioengineering, medicine, economics, probability and statistics,
astrophysics, chemical engineering, physics, splines, tomography, fluid me-
chanics, electromagnetic waves, nonlinear control, signal processing, con-
trol of electronic power, converters, chaotic dynamics, polymer science,
proteins, polymer physics, electrochemistry, statistical physics, rheology,
thermodynamics, and neural networks, among others. By now almost all
fields of research in science and engineering use fractional calculus to better
describe them.

So as expected, this monograph, as part of fractional calculus, is useful
for researchers and graduate students in research, seminars, and advanced
graduate courses, in pure and applied mathematics, engineering, and all
other applied sciences.

I would like to thank my family for their support and for their tolerance
in accepting my continuous mathematical habit. Also I am greatly indebted
and thankful to Raluca Pop and Razvan Mezei for the heroic and fantastic
technical preparation of the manuscript in a very short time.

George A. Anastassiou
November 1, 2008
Memphis, TN, USA



1

Introduction

This monograph is about fractional differentiation inequalities. These
inequalities have applications in fractional differential equations in estab-
lishing the uniqueness of the solution of initial value problems, giving upper
bounds to their solutions, and these inequalities by themselves are of great
interest and deserve to be studied thoroughly.

This monograph is the first of its kind, and is a natural outgrowth of the
author’s research work (see [13—66]) over the last fifteen years. In Chapters
2-11 and 14-16 we study Opial fractional inequalities, in Chapters 12 and
13 we study multivariate fractional Taylor formulae needed for our multi-
variate results.

In Chapter 17 we present Poincaré fractional inequalities, in Chapter 18
we present Sobolev fractional inequalities, and in Chapters 19-21 we study
Hilbert—Pachpatte fractional inequalities. In Chapters 22-23 we derive re-
sults using fractional derivatives in the study of Csiszar’s f-divergence in
information theory and we finish with Chapters 24-26 where we present
results for Ostrowski fractional inequalities.

The writing style in the monograph was chosen to help the reader. Each
chapter can be read independently of any other chapter and each contains
a complete story in itself. So all tools needed per chapter to describe the
main results and applications can be found therein.

Our results are presented for all three main types of fractional deriva-
tives: Riemann-Liouville, Caputo, and Canavati types for the univariate
and multivariate cases.

At the end we have an appendix where we present conversion formulae
from one type of fractional derivative to another, we justify the treatment

G.A. Anastassiou, Fractional Differentiation Inequalities, 1
DOI 10.1007/978-0-387-98128-4_1, (© Springer Science+Business Media, LLC 2009



2 1. Introduction

of fractional inequalities per type separately, and we give a table of basic
functions’ fractional derivatives.

The monograph concludes with a very rich list of 412 references.

At this point we would like to mention the basic inequalities involving
ordinary derivatives. They are presented here at the fractional level and
expanded in all possible directions.

Theorem 1.1. (1960, Z. Opial [315]) Let f € C* ([0, h]) such that

f(0)=f(h)=0, f(x)>0on (0,h).

/|f ) dz < /"ﬁ (1.1)

where h/4 is the best constant.

Then

Opial’s inequality (1.1) has an important modification which is used in
many applications to differential equations (see D. Willett [406]). We emu-
late the next inequality at the fractional level, regarding our study of Opial
fractional inequalities.

Theorem 1.2. ([4, p. 8]) Let x(t) be absolutely continuous in [0,al,
and x (0) = 0. Then

/\x ﬁ<2A%ﬂ@fﬁ, (1.2)

the last inequality holds as equality, iff = (t) = ct, where ¢ is a constant.
We continue with the Poincaré inequality.
Theorem 1.3. [2] Let 2 C R™, n € N; it holds that

H“”Lp Q) = <C HVUHLP(Q (1.3)

for functions u with vanishing mean value over Q, 1 < p < oo, for general
Q, where ||Vull, o) is defined as the LP-norm of the Euclidean norm of
Vu.

Next we give the Sobolev inequality.

Theorem 1.4. ([159, p. 263], the Gagliardo—Nirenberg—Sobolev inequal-
ity) Let 1 < p < n. Then there ezists a constant C, depending only on p
and n, such that

HU'HLP*(R") <cC HDUHLP(Rn) ) (1.4)
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for all w € CL(R™). Here p* := np/n — p, p* > p, and Du is the gradient
of u.

We also mention Hilbert’s inequality.

Theorem 1.5. ([191], Theorem 316) If p>1,¢=p/(p—1) and

/ P (z d:v<F/ y)dy < G,

Y OO 44471M1m
/0 /0 sy < S FG (1.5)

where f, g are nonnegative measurable functions, unless f =0 or g = 0.
The constant 7 cos ec (m/p) is the best possible in (1.5).

then

See also the ordinary Hilbert—Pachpatte inequality, Theorem 19.2 here,
and in B. Pachpatte [320, Theorem 1]. For the Csiszar’s f-divergence de-
scription please see Preliminaries 22.1.

We finish with the famous Ostrowski inequality.

Theorem 1.6. [318] Let f € C' ([a,b]), « € [a,b]. Then

b x — otb)?
[ fwd- 1) < <i+()> G- f - (16)

Inequality (1.6) is sharp.

For the last also see Theorem 22.1, p. 498 of [19]; there we prove that
the optimal function for the sharpness of (1.6) is

ff)y=t—z|"(b-a), a>1.

The author was the first to study Opial fractional derivative inequal-
ities; in 1998, see [15, 17] and [18], which involve fractional derivatives
of the Canavati type. For the last papers the author’s motivation was
Theorem 1.2. Many years later he discovered the following very important
theorem, giving one more reason for writing this monograph.

Theorem 1.7. ([261, Theorem 2, 1985], Opial inequality for fractional
integrals, by E. Love) If p > 0,¢ >0, p+q=r>1,0<a < b < o0,
v < r, w(x) is decreasing and positive in (a,b), f(x) is measurable and
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nonnegative on (a,b), I* is the Riemann—Liouville operator of fractional
integration defined by

N T T —t a—1
(I7f) () :/ (I‘(a))f(t)dt for a > 0,
I°f (x) = f (),
and IPf is defined similarly for 3 > 0. Here T (a) = fooo e~tto=1dt, the
gamma function.
Then

b
// (1) @) [(I°F) (@)] " 27250y () e

b
sc/[ﬂmrﬁ*wumL (17)

:<Faﬁzwg2»YKrétzwg2»Y'

In a 1695 letter to L’'Hospital, Leibniz asked, “Can we generalize ordinary
derivatives to ones of arbitrary order?” L’Hospital replied to Leibniz with
another question, “What if the order is 1/27” Then Leibniz, in a letter
dated September 30, 1695 replied, “It will lead to a paradox, from which
one day many useful consequences will be drawn.” That was the beginning
of fractional calculus. The subject has been ongoing for more than 300
years now. Many famous mathematicians contributed to the topic over the
years such as Liouville, Euler, Laplace, Lagrange, Riemann, Weyl, Fourier,
Abel, Lacroix, Grunwald, and Letnikov. For more details on the history of
the subject see [311] and [295].

The first attempt to give a rigorous definition of fractional derivatives
and study the subject in depth was by Liouville during 1832-1855. The
concept grew out of his earlier work in electromagnetism.

Fractional derivatives describe solutions of fractional integral equations,
many times arising from physics, as done by Abel in 1823 to solve the
brachistochrone problem.

Fractional calculus has a long history but, from the applicative point
of view, it fell into oblivion for hundreds of years because of lack of ap-
plications to other sciences such as physics and engineering. This oblivion
was also due to its complexity and lack of physical and geometric con-
nection. Only in 2002 (see [335]) did Igor Podlubny show a serious and
convincing geometric and physical interpretation of fractional integration
and fractional differentiation. However, fractional calculus has emerged as
very useful over the last forty years due to its many applications in al-
most all applied sciences. We now see applications in acoustic wave prop-
agation in inhomogeneous porous material, diffusive transport, fluid flow,

where
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dynamical processes in self-similar structures, dynamics of earthquakes, op-
tics, geology, viscoelastic materials, biosciences, bioengineering, medicine,
economics, probability and statistics, astrophysics, chemical engineering,
physics, splines, tomography, fluid mechanics, electromagnetic waves, non-
linear control, signal processing, control of electronic power, converters,
chaotic dynamics, polymer science, proteins, polymer physics, electrochem-
istry, statistical physics, rheology, thermodynamics, neural networks, and
many others. By now almost all fields of research in science and engineering
use fractional calculus to better describe them (see also [197]).

The current mathematical theory of fractional calculus seems to lag be-
hind the needs for mathematical modeling of all the above applications.
Therefore there exists a lot of room for mathematical theoretical expan-
sion on the subject.

Most of the above applications lead to the study of fractional differential
equations; an excellent source on the topic is [333].

The recent development of fractal theory has shown great connections
to fractional calculus. In [248], Y. Liang and W. Su have shown the linear
relationship between the Hausdorff dimension of the graph of a generalized
Weierstrass fractal function and the order of its fractional calculus. And
there exists a large set of literature on the last topic.

In general, fractional calculus currently provides the best descriptions for
fractals and chaotic situations.

We must not overlook the great fractional calculus encyclopedic mono-
graph by S. Samko, A. Kilbas, and O. Marichev [366], and supports which
strongly all the above recent scientific activities; see also [134] by
K. Diethelm. Fractional derivatives might exist more easily than ordinary
ones (see [352]), and thus potentially be more attractive.

Fractional calculus has developed a lot in recent years and especially
since 1974 when the first international conference in the field took place,
organized by B. Ross, in New Haven, Connecticut, USA. Now we frequently
see such conferences.

Overall we observed for fractional calculus a very long but essential in-
fancy of about 250 years, a great rich adolescence of about 50 years, and
we foresee a magnificent mature future for many years to come providing
the best descriptions of the complexity of our modern science.



2

Opial-Type Inequalities for Functions
and Their Ordinary and Canavati
Fractional Derivatives

Several L,-form Opial-type inequalities [315] are presented involving func-
tions and their ordinary and generalized fractional derivatives. The above
follow a generalization of Taylor’s formula for generalized fractional deriva-
tives. The chapter ends with the application of the derived inequalities
in proving the uniqueness of solution/upper bound to the solution of some
known very general fractional differential equations. This treatment is based
on [18].

2.1 Preliminaries

In the sequel we follow [101]. Let g € C([0,1]), n := [v], [-] the integral
part, v > 0, and o :=v —n (0 < o < 1) . Define

(J,9)(z) = ﬁ /Ox(x — 1) tg(t)dt, 0<z<1, (2.1)

the Riemann—Liouville integral, where I' is the gamma function; I' (v) =
Jo° e7ttv~1dt. We define the subspace C¥([0,1]) of C™([0,1]):

C¥([0,1]) == {g € C"([0,1]): J1—aD"g € C*([0,1])},
where D :=d/dz. C¥(]0,1]) is a Banach space with norm

(171, = max {1 f e 1 N -

Tl T P

G.A. Anastassiou, Fractional Differentiation Inequalities, 7
DOI 10.1007/978-0-387-98128-4_2, (© Springer Science+Business Media, LLC 2009



8 2. Opial-Type Inequalities

and
[, =ID" fll» if 0 <v <1,

for more see [101].
So let g € C”([0,1]); we define the Canavati v-fractional derivative
of g as
D¥g:=DJ_oD"g. (2.2)

When v > 1 we have the Taylor’s formula

g(t) = 9(0)+g'(0)t+9”(0)%+~ -9 1(0) (nnjl)! +(J,D"g)(t), vt € [0,1].
(2.3)
When 0 < v < 1 we get
g(t) = (JuD"g)(t), viel[0,1]. (2.4)

Next we carry the above notions over to arbitrary [a,b] C R. Let x, g €
[a,b] such that x > xq, g is fixed. Let f € C([a,b]) and define

x

(J20 ) () = %ﬂ) / (@0 f(W)dt, zo<z<b  (25)

0

the generalized Riemann—Liouville integral. We define the subspace
C¥ ([a,b]) of C™([a,b]):

C¥ (la,b]) :== {f € C"([a,b]): J{°, D" f € C"([xo, b))}

So let f € CY ([a,b]); we define the generalized v-fractional derivative of f
over [zg, b] as

DY f:=DJ ™ (f™ = D"f). (2.6)
Notice that
1 xT
(U2t )e) = sy [ =07

exists for f € C¥ ([a,b]).

We present the following generalization of Taylor’s formula, the fractional
Taylor formula (see also [101]).

Theorem 2.1. Let f € C¥ ([a,b]), zo € [a,b] fized.
(i) If v > 1 then

(x — x0)

f(@) = f(x0)+f (wo)(w—0)+ " (w0) ==+ -+~ (o)

+ (J7° Dy f)(x), allx € la,b]: x> . (2.7)
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(i) If 0 < v < 1 we get
f(x) = (J;° Dy f)(x), allxcla,b]: x> x0. (2.8)

Proof. For x = xg (2.7) holds trivially. Otherwise assume that x # zg
and define
w:=@(t) ==x0 +t(x —x0), 0<t<1.
Thus ¢(0) = z¢ and ¢(1) = «.
Let g(t) := f(axo+t(x—1x0)); that is, g(0) = f(xo) and g(1) = f(z). Here
we see that (v > 1),

gD (t) = fD(xo + t(z — x0))(x — x0)’, i=0,1,...,n—1.

In particular ¢ (0) = £ (zo)(x — x0)".
Furthermore g € C¥([0,1]). Consequently from (2.3) we have

" (n—1)
fl@) = g(1)=g(0) +4'(0)+ QT(O) P g(n ! 1(;)

f" (o)
2

+ (J,D"g)(1)

= f(xo) + f'(z0)(x — x0) + (z — x0)?

f(n_l) (l‘o) n—1 v
LRy T (x —20)" " + (J,D"g)(1), v=1.
It remains to translate (J, D”g)(1) for any v > 0.
Notice that

t= L7000 0 iffw = a0,
T — X0
and d
dt = 2
Tr — X
Denote
z:i=x0+ylr—1x0) =0(y), ye]0,1],
thus
Z— Z-w
y = °, and y-—t= ;
T — X0 T —Zo

in particular t = y iff w = z.
We observe that
(J (n))( ) = 1 /y( _ t)(lfa)*l
1—ad Yy - F(l — Oé) 0 Yy
f(”)(:co +t(x — x0))(x — 20)"dt
_ (z —x0)" /y (1—a)—1 g(n)

(J126f ™) (2)

= (l‘ - .To)n (1. — xo)(l—a) .
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That is,
(J1-ag"™)(y) = (& — 20)" = - (J7, f)(2)
(1-ag") () = (& = 20)" " (J7° 0 f ™) (0 + y(x — 20)).
Then
(D(Ji—ag™N(y) = (x—20)" D720 f™) (20 + y(z — 0))
= (z—0)"(D5, f)(2)
That is,

(D¥g)(y) = (x — x0)"(Dz, )(2). (2.9)
In particular
(D7g)(1) = (z — w0)" (D, f) ().

Next by using (2.9) we examine

v _ L ' _ -1 v
LD = g [ A= @ g na
= UEEE [ ooz, i
 (z—m)” [P (r—w)t dw
= T e PR
1 ‘ v—1 v
- w0/ ()DL ) )
— (DY, ().
That is,
(J,Dg)(1) = (J2 D%, f)(@). (2.10)

so that (2.7) becomes clear. Also (2.8) is obvious by (2.4) and (2.10). O

Note. (1) (D2, f) = f™, neN.
(2) Let f € C¥ ([a,b]), v > 1 and fD(2) =0,i=0,1,...,n—1,
n:= [v]. Then by (2.7),

f(x) = (J7° Dy, f)(=).
That is,

_ 1 Ixi v—1 v
@) = 757 /m,( H=1(DY, £ (¢)dt, (2.11)

)

all z € [a,b]: © > xo.
Notice that (2.11) is true also when 0 < v < 1.
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2.2 Main Results

We give our first result on Opial-type inequalities for fractional derivatives.

Theorem 2.2. Let f € C} ([a,b]), v > 1 and fO(z0)=0,i=0,1,...,
n—1, n:= [v]. Here x,xq € [a,b]: x > x. Let p,q > 1 such that 1/p +
1/qg=1. Then

2~ a(g — zg)Pv—r+2)/p
@)((pv —p+1)(pv —p+ 2))1/”)

([ woz ) " (212)

[ sz, il < (2

Proof. From (2.11) and Holder’s inequality we get (z > xq)

1 ‘ v—1 v
R o A AL

< o ([ amova)” (s sora) G

(x — @) Pr—P+D/p . ) "
- F(V)(pVO*er NECE (/%UDIOfI(t)) dt) .

—

Set
()= [ (DL SOt ((00) = 0)
Then
(@) = (D%, 11)"
and

D%, fl(z) = (2 (z))"9, allzg <z <b.
Therefore from (2.13) we have

(w — o) Pv—P+1/p

PP, flw) < Fos

: {(/mw |D;Uf|(t))qclt> ~z'(w)}1/q, all zg <w < z. (2.14)

0
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Next we integrate (2.14) over [z, 2]

/|f 102, fl(w)duw

Pl’Pl/P w) 2 (w) Y 4dw
= T0 )(PV—p+1 1/1’/ e

o 1/p
< _ pv rtly
= T ><pu—p+1 177 (/ o) w)

([ wom)”

(aj _ xo)(pv—p+2)/P (Z(m))Q/q
- TWw)(pv —p+ )VP(py —p+2)1/p " 9l/q
I a2 A / DY 2/4
T(v)((pv —p+1)(pv — p+2))1/P ,

Thus establishing (2.12). O

The counterpart of the previous result follows.

Theorem 2.3. Let f € CY ([a,b]), v > 0, and fOD(xg) = 0, i =
0,1,...,n — 1, n := [v] when v > 1. Here x,z¢ € [a,b]: © > xy. As-

sume that (DY f) # 0 over [xo,b] and is of fized sign. Let 0 < p < 1 and
q:1/p+1/q=1. Then
214 (g — xq)Pv—pH+2)/p

[zl > o e

</ (D |qdw) o (2.15)

Proof. From (2.7), (2.8), and (2.11) we have

| f(w)| = ﬁ /w(w — )" (DY, ) ()|dt, all zo < w < a.

0

Here 0 < p <1 and ¢ =p/p — 1 < 0. By Holder’s inequality we get

)= 05 ( (- e dt)l/p. ( |(D:0f)(t)|th>1/q

0

. 1 (w — xo)l’u—p+1/p w ) , 1/q
n T'(v) (pv —p+ 1)1/p (/ﬂc(J |(Dzof>(t)‘ dt) , (2.16)

all w > zg. Set

Y

sw)i= [ (D% F(0) e, (2(x0) = 0),

0
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so that 2’'(w) = (|DY, f|(w))? and
(Dy, N)(w)] = (' (w)/9, allzg <w <z

Then by (2.16) we obtain

1 (w— xo)Pr—rth/p

£ 105, )| > gy~ e

all g < w < z.

Let g < 0 <w < x and 0 | x; then by integration of the last inequality
we find

/x LI, ) () = fm /9 ()] [(DZ, 1) (aw) duw

-1 : — (pv—p+1)/p ’ 1/q
L(v)(pr —p+1)1/P ;1%/9 (w = 2o) (2(w)2"(w)) " dw

(here z(w)z'(w) > 0)
! - lim : w — x0)PY P dw v
T —p ¥ DF 1o (/9 (w=20) a )

i ([0 wpaw) B

(x — x)P"™ p+2/p lim (2%(z) — 22(9))1/11
I'(v )(PV—P+1)1/p(pV—p+2)1/P 91zo 21/q
B 1/q($ _ xo)pl/ p+2/p (Z(x))Z/q
L) ((pr —p+1)(pr —p+2))1/? :

That establishes (2.15). O

2(w)2' (w)) /1,

Y

An extreme case follows.

Proposition 2.4. Here p = 1, ¢ = oo. Let f € C¥ ([a,b]), v > 0, and
fO(x¢) =0,i=0,1,...,n —1, n:= [v] when v > 1. Here x,xq € [a,b]:
x > xg. Then

x —xo)"||DY fII%
[ stz flaas < Sl @)

Proof. From (2.7), (2.8), and (2.11) we have for all o < w <z,
1

@l < 5 / (w0 Ds Nl

< o ([ w—ora) o)
= F(l/) w0 w o) 00, [z0,w]

1D%, flocopew) (10— )"
I'(v) v '
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That is,
”D;lc/of”oq[wo,w] v,
|f(w)] < W(w*%) ;
that is,
|f(w)] < |I‘(u _{'10)0 (w—1z0)", all zg <w < .
e D251
|f(w)[[(Dy, [)(w)| < T+ O)O(UJ—$0)V|(D:0JC)(U))|,

: ,, D55l (%0 i
J sz, pae < S [ 0105, 1))

WD (- o).
Therefore

x . (x — x0)" ™t (| DY f||00)

Remark 2.5. Let g € C([xo,b]); then one can easily see that
(J2og) D (x) = (J2 ,9)(x), all z € [x0,b],

te{l,....n—1},n:=[v],v>1
For f € CY ([a,b]), we therefore have
(J2° D5, 1) (@) = (J2, D3, £) (@),

all © € [x0,0], £ € {1,...,n — 1}. Assuming that f)(zg) = 0, i =
0,1,...,n—1, by (2.7) we obtain

flx) = (J;° D3 f)(x), == o,

and we get
FO(x) = (72, D5, (@), @ > o

and £ € {1,...,n — 1}. That is,

10w =t [ @0 o0 (29

0

all z € [x9,0], L€ {1,....n— 1}, n:=[v], v > 1.
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We present
Theorem 2.6. Let f € C} ([a, b]),l/>1ande( 0)=0,i=0,1,...,
n—1,n:=[v]. Here x xoe[a bl:x > xg, and=1,...,n—1. Let p,qg > 1

such that 1/p+1/q=1. Then

2_1/‘7(1' _ mo)(ﬂp—ép—pﬂ)/p
T(v—40)-((vp—tp—p+1)(vp—tp—p+2)/r

( / (D |de) " (2.19)

Proof. From (2.18) and Hoélder’s inequality we get (x > x¢)

/ 11O )] (D, ) (w)ldw <

e AU O

< s (o) ([ wsra)

(x — xq)p—tr—pt)/p

T To—Op—tp—pr)ilr (z(2))"/, (2.20)

where
/ (D2, DOt (+(ao) = 0).
Here
Z'(x) = (Dy, f)(2)]*,
and

(D7, (@) = (2'(2))4, @ € [20,0].
Hence from (2.20) we have

(w — xo) VP tr=P+1)/p

(v—0wp—tp—p+D)i/r (2(w)z' (w))"/9,

1O @) (D5, Nw)] < 5

all xp < w < z.
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Integrating the last inequality over [xq, x| we get

/ 17O (w) (D, 1) w)dw
<

1 xT
_ (vp—Ep—p+1)/p
< o L,

(2(w)2 () dw <

Zo

1
T'(v—{0)(vp—4tp—p+1)/p

([e-mme i) ([ sotom)”

(x — xq)vP—tr—p+2)/p (z(x))?/9
T(v—0)(vp—4tp—p+1)YP(vp—Llp—p+2)L/p T ot/a

proving (2.19). O

Next we present the counterpart of the last result.

Theorem 2.7. Let f € C} ([a,b]), v > 1 and fO(zg)=0,i=0,1,...,
n—1, n:= [v]. Here x,x € [a,b]: x > xg, and £ = 1,...,n — 1. Assume
that (DY f) # 0 over [xo,b] and of fized sign. Let 0 < p <1 and q: 1/p +
1/q=1. Then

271/‘1(1’ _ xo)(vpffpprr?)/p

: ) (w v w)|dw
/m O D2 Dl > o I

([ 1t s " (221)

Proof. From (2.18) and the assumption of the theorem we have

x

10w = =g | =0 D

0

Here ¢ = p/p — 1 < 0. By Holder’s inequality (0 < p < 1) we obtain

> s ([ orma) ([ o )

0 0
(z — @) P PP+ /P »
- ’ s > xg.
I(v—0(vp—Ltp—p+1)l/r (=) T > o
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Call )
2(z) = / (D%, FI(0)7de, (o) = O;
then
(&) = (D, f)(z)[?
with
(D%, /(@) = (@)Y, all > .
Therefore

(w — zo)vP—tp—P+1)/p

(v—Owp—tp—p+1)/r (2(w)2" (w)) /4,

1O @) (D, Hw)] = &

all zg <w < x.
Consequently

SO D, Pl =t [0 ) D%, )

1 1/p

> -1 ’ _ vp—tp—p+1 g
ST Op—tp—p+ D)7 ol </0 (w =) v

g ([0 wpaw) "

(z — o) vP—tr=—P+2)/p (z(x))*/a
T(v—Owp—tp—p+ 1) /P(wp—tp—p+2)i/r 21/

That proves (2.21). O
An extreme case follows.

Proposition 2.8. Here p = 1, ¢ = oo. Let f € C¥ ([a,b]) and
fOD(x¢) =0,i=0,1,....n—1, n := [v], v > 1. Here z,x9 € [a,b]:
x>xgand l=1,...,n—1. Then
(:erxo)yfprl

m(HDg’Zof\\w)Q. (2.22)

/ 17O () |(D, ) (w)ldw <

Proof. From (2.18) we get

9wl < g ([ =) iz i
1 (w—x9)"

—¢
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That is,
(’LU _ CL,O)l/—f
'v—1(+1)

all g < w < z. Furthermore we see that

1O (w)| < 1D%, oo

(w — xg)V~*
T'(v—¢+1)

</j(w - IO)”Edw> %—fgfij

0

(x — x0)" T (|1 DY, flloc)?
(v—0+1) T(w—L+1)

|19 () 1D, ) (w)] < (D7, fllso)?-

Finally it holds

IN

/ 17O ()] |(D, £) () duo

proving (2.22). O

2.3 Applications

(i) Uniqueness of solution to (see also [3])

{ (DEf)(E) = F(t fof' . fTD) (2.23)

fO@ =a, 0<i<n—1,n:=[], v> 1

Here f € C¥([a,b]); F is a continuous function on [a,b] x R™, ¢t € [a,b].
Also F fulfills the Lipschitz condition:

n—1
|F(t,ZO,Zl,...,Zn_1) - F(tWZé?Zi"' '7Z;z—1)| S qut)l,% - Z;|,
1=0

where ¢;(t) >0, 0 <i <n —1 are continuous functions on [a, b].
Call )
n— (b _ a)ufi
b) := i .
o) ;”quOOQF(Z/—i)\/(y—i)(Qy—Qi—1)

Assume that

p(b) < 1. (2.24)

Next we prove uniqueness to the solution of (2.23).
Let f1, f2 € C¥([a, b)) fulfilling (2.23); that is,

(DEFN@&) = Ft fi freo £ (i 0) =0, 0<i<n—1; j=1,2.
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Call g := f1 — f2. Then

(DZQ)(t) :F(tmflvf{a"'a 1("_1)) 7F(t7f25fé7"'7f2(n_1))7 (225)
such that ¢(V(a) =0, 0 <i<n—1.

Here
[t fro L 70 = B fo, fhe o, 5770
< Tiéqi<t>|ffi><t> - 1) = 21%“) g
From
(DXg(t)? = (DLgN{F . fr, flo o 7 = F(t, fo, fho o 57,
we obtain

(Dyg(t))®

IA

n—1
t)] (Z qi(t)|g(i)(t)|>
=0
= Zqz O™ @O)1).-

Integrating the last inequality we get

b n—1 ,p 4
/ (D2g(t)2dt < 3 / 4 (®)lg® )] |D2g ()| dt
a i—0 Ja

n—1 b
< S llale [ 9901 Ps0)dr (2:26)
i=0 a

From inequalities (2.12), (2.19), when p = ¢ = 2 and z¢ = a, we find that

b
/ (1) | DY g ()| dt

(b—a)’~! b ) ,
T 20 (v— i)/ (2v —2i — 1)(v —1i) /a ((Dgg)(t))"dt, (2.27)

fori=0,1,...,n—1.
Combining (2.26) and (2.27) we derive

b b
/ (D%g)(1))%dt < $(b) / ((DYg(t))%dt. (2.28)

If f ))2dt # 0, then from (2.28) we get ¢(b) > 1, a contradiction by
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Thus ,
[ @stoya—o.
and
(DXg(t))* =0, ae.int € [a,b];
that is,

D¥?g(t) =0, ae.int € [a,b].
Furthermore (J¢DYg)(t) = 0, over [a,b]. But ¢ (a) =0,0<i<n—1hy
(2.25).

Finally from (2.7), Theorem 2.1 (fractional Taylor’s formula) we find that
g(t) =0 on [a,b]. That is, f1 = f2 on [a,b], proving the uniqueness to the
solution of initial value problem (2.23).

(ii) Upper bounds on DY f, solution f, and so on (see also [3]).

Let the initial value problem

(DL f) (&) = F(t f ' f7 e [0, (DY), a <t < b
a<t<b

fDa)=00<i<n—1,n:=[], v>1

and DY f(a) = A€ R.

(2.29)

Here F is continuous on [a,b] x R™*! and

|F(t7.'170,I1,...,.’I}n)| S ZQz<t)|xl|a

qi(t) > 0,0 <47 <n—1 continuous on [a,b], also f € C%([a,b]).
See that

(DENODL) (1) = (DL YO F (S, ' 7D (DE),

and (a < z < b)
JREACATO
- / DLNOF S f o SO0, (D)t
OV F (£, £ 1O, (D)) de

t)] <Z qz‘(t)lf“)(tﬂ) dt
=0

/m OLFD @] (DY F)(0)]dt

i 1gill oo /I FO@) (D f)(8)]dt.
i=0 a

INA IN
\ \
R q

IA



2.3 Applications 21

That is,

((D”

Z||qz||oo / O @) (DY F)(8)]dt.

That is,

(DG f)(@))? < A + 22_: il /I LSOOI @)lde. (2.30)
=0 a

From inequalities (2.12), (2.19), when p = ¢ = 2 and x = a, we get that

W )| [(DY £)(0)|d (x—a)"
/ FEOND Nl < 2 (v — i)\ /(v —i)(2v — 21 — 1)
[ winwza, (2:31)
foralli=0,1,...,n— 1. Call
0(z) = ((D; )(2))*, (2.32)
p=A?, (2.33)
and

n—1 .
o A (.’I;_ a)l/—’t
Q) = (Zmumm_i) W_i)(%_%_l)), (2:349)

=0
all a < x <b.
From (2.30) and using (2.31) through (2.34) we obtain
0(z) < p+ Q(x) / o(t)dt, (2.35)
all a < 2 <b. Here p, Q(x), (z) > 0 and Q(a) =
Set .
_ / 0()dt, wla) = 0; (2.36)

that is, w'(z) = 6(x).
Therefore (2.35) becomes w'(z) < p + Q(z)w(x), all a < z < b; that is,

w(t) < p+QH)w(t), alla<t <. (2.37)
Next we see that (see also [76])
w!(t)e™ Ja Qs < pe=[a Qs 4 o= Jo QLA Q(ty(1),

and ,
(w(t)e* I Q(S)dS) < peliQ)ds, (2.38)
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all a <t <.
Integrating (2.38) over [a, z] we find

w(z)e— 17 Qs < / (67 J‘:Q<s>ds) dt,

a

and

w@) < p (el 20 ( / NGUERD dt) , (2.39)
all a < x <b.

Using (2.39) into (2.35) we obtain

@) < p-+ Qa)p (el A1) (/: (e I @) dt) .

So we have proved that

|(De f)(z)] < |A{1 +Q(z) (e.ffcxs)ds)

© . 1/2
. ( / (e 12 @) dt)} — (), (2.40)
all a < x <b.

Given f@(a) =0,i=0,1,...,n —1; v > 1 from (2.11) and (2.18) we
have that

(g) = — L * o il Dy
£ () | / (x— 0 V(DL (241)

v —i
Using (2.40) into (2.41) we derive the upper bounds

1FD(2)] < F(,,l, B /x(x — )"y (t)dt, (2.42)

alli=0,1,...,n—1,forall a <z <b.
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Canavati Fractional Opial-Type
Inequalities and Fractional
Differential Equations

A series of very general Opial-type inequalities [315] is presented involving
fractional derivatives of different orders. These are based on Taylor’s for-
mula for fractional derivatives. The results are applied in proving unique-
ness to the solutions of very general fractional initial value problems of
fractional ordinary differential equations. This treatment is based on [61].

3.1 Introduction

The Canavati fractional Opial inequalities that we deal with have the gen-
eral form

b
/ D71 £ ()] | D** f (w) P g(w) duw

b ¢
< K ( / D" £ (w)[*| D¥* f ()| p(w) dw>

for certain continuous functions f on [a,b]. Here ¢, p are weight functions
and D7 f denotes the Canavati fractional derivative of f of order «. These
results are presented in Section 3.3, after Section 3.2 (Preliminaries). In
Section 3.4, these results are applied to obtain uniqueness criteria for initial
value problems for fractional differential equations of the form

k
D f+> ;D f + qryrf = h.

j=1

G.A. Anastassiou, Fractional Differentiation Inequalities, 23
DOI 10.1007/978-0-387-98128-4_3, (© Springer Science+Business Media, LLC 2009
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Other sorts of fractional differential equations are studied in the literature.
Section 3.5 contains remarks on this and attempts to put the results of
Section 3.4 in some perspective.

3.2 Preliminaries

In the sequel we follow [101]. Let g € C([0,1]). Let v be a positive number,
n:=[v], and a :==v —n (0 < o < 1). Define

(Jog)(@) = ﬁ /Ox(x gt d, 0<a<l, (3.1)

the Riemann—Liouville integral, where I' is the gamma function. We define
the subspace C"([0,1]) of C™([0,1]) as follows.

C¥((0,1]) := {g € C"([0,1]) : Ji—aD"g € C*([0,1])},

where D := d/dx. So for g € C¥([0,1]), we define the Canavati v-fractional
derivative of g as
D¥g:=DJ;_oD"g. (3.2)

When v > 1 we have the fractional Taylor’s formula

t2 tnfl
t) = OVt + " (0)— + - - (n—1)
g(t) 90) +g'(0)t +g"(O) 55+~ +g (0)(n_1)!
+ (J,D"g)(t), forallte|0,1]. (3.3)
When 0 < v < 1 we find
g(t) = (J,D"g)(t), forallte][0,1]. (3.4)
Next we carry the above notions over to arbitrary [a,b] C R (see [17]).
Let x, 20 € [a,b] such that 2 > x(, where x is fixed. Let f € C([a,b]) and

define

(J20 ) () = ﬁ /m(x O dl wo <z <b, (35)

the generalized Riemann—Liouville integral. We define the subspace

C%,([a,0]) of C"([a,b]):
3, ([a,0]) = {f € C"([a,b]) : J72, D" f € C* ([0, b))}
For f € C ([a,b]), we define the generalized v-fractional derivative of f

over [xg,b] as
DY f:=DJ  f™ (f = D"f). (3.6)
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Notice that
(U2t ) e) = e [ @070
exists for f € C¥ ([a,b]).

We recall the following fractional generalization of Taylor’s formula (see
[17, 101)).

Theorem 3.1. Let f € CY ([a,b]), z¢ € [a,b] fized.
(i) If v > 1 then

F(@) = f(zo) + f'(x0) (& — x0) + f~<xo>@ P

(x — x)" 1

FO=D (30) + (J2ODY f)(z), for allz € [a,b] : x> xo. (3.7)

(n—1)!
(ii) If 0 < v < 1 then
f(z) = (Jy°Dy f)(x), forallzela,b]:z>x. (3.8)
We make
Remark 3.2.

(1) (D3 f) = f™;neN.
(2) Let f € C¥ ([a,b]), v > 1 and f@(20) = 0,4 = 0,1,...,n — 1,
n := [v]. Then by (3.7)

£(&) = (20 DY, 1)),
That is,
f@) =5 [ = 0" 0L b (39)

0

for all € [a, b] with 2 > z. Notice that (3.9) is true, also when 0 < v < 1.
We need the following lemma from [17].
Lemma 3.3. Let f € C([a,b]), p,v > 0. Then

S0 f) = Tk (F)- (3.10)

ptv

We also make
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Remark 3.4. Let v > 1,7 > 0, be such that v —~ > 1, so that v < v.
Call n:=[v], a:=v—n;m:=[y], p:=~—m. Note that v —m > 1 and
n—m > 1. Let f € CY ([a,b]) be such that fO(x0) =0,i=0,1,...,n—1.
Hence by (3.7)

f(x) = (J;° Dy f)(x), forallzela,b]:z>wxg.
Therefore by Leibnitz’s formula and T'(p + 1) = pI'(p), p > 0, we find that
) () = (J72,, Dy f)(x), forall z > 2. (3.11)
It follows that f € C7 ([a,b]) and thus
(D}, )(x) == (DJfﬂpf(m))(x) exists for all z > xg. (3.12)
By the use of (3.11) we have on [zg, b],

TP (F) = T (T, DY f) = (Ji 0 J20 ) (DY, £)
- (Jfgm+1_p(DZOf) = Jgg'y—‘—l(D;Of)'

by (3.10). That is,

) = e [ - 0 PR N0

Therefore

(D1, = DU, ™) @) = s [ o0 DL i
- (3.13)

hence

(D, (@) = (J;2,(Dy f))(z) and is continuous in x on [zg,b]. (3.14)

3.3 Main Results

The next theorem is a specialization of Theorem 2 from [15]. It presents a
fractional Opial-type inequality.

Theorem 3.5. Let 7,75 > 0, v > 1 be such that v — vy, v — v, > 1

and f € CY (la,b]) with fO(xz¢) = 0,3 =0,1,...,n—1, n := [v]. Here
x,x0 € [a,b] with x > xg. Let q be a nonnegative continuous function on

la,b]. Denote .
Q= ( / z(q(w))de> " (3.15)

0
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Then
| w2 (1)) 193 (1))t
< Kgnrerra)- ([ O fwpa), @
where H
K(q,71: 79, v, @, @0) := (\%) Tw—7,) %p(,, )
Wy —p—1/2

(x — x0)
(=7 = VO (v =y — §)VO- (4V—271—272—%)1/2

(3.17)

Proof. From (3.13) we have, for zop <w <z, j =1,2,

(D f)(w) = F(ViV') /w(w — )Y (DY f)(t)dt
! ’ v—y;—1 v
T Tw-v,) /x (w—t)y 7 (Dy, f)t)dt.  (3.18)
Hence
T 2 1/2
/Q(w)-HK o (f) |dw<Q(/H dw)
by (3.18),

1/2

IA

Q{/U(M/( S (DZOf)(t)Idt>2dw}

SQ'{/zﬁ(M“—W?’)

To j—q

. 4/3 1
(/ I<D;0f><t>|3/2<w—t)i”‘”_wdt) dw} — Q- (o —a0)*

i {/ﬁ</ D, £ - 0 ) /de}l/z

SQ.(x_xo)z/z.jl;[F 1

Jj=1

1 (v —=";)
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r 2

{/@H ([Cj((DZOf)(t))th> : (/xj(w _t):i’_'Y_j_l)‘ﬁdt)l/S | dw}l/z

0 =1

1/2
w — x) ((u v;—1):64+1)/3
/ W=y — 1618
o j=1 ’Y]
2 T
2 3, v 2
SRR 1 PP ([ oz pypan)

2 @ , 1/2
j1;[1 1/—’y]—16+1)1/6 (/IU

R

1
(6 — 6y — B)L/6(6 — 6y, — 5)/6(4v — 29, — 29, — 1)1/2

We have proved that

2

/ aw) - [T 103 () (w)lduo

Jj=1

x\_@

(x_x0)21’77177271/2
{F(V =) Tw—r2) (v—71 - %)1/6(1’ — 72— %)1/6 C(4v =27 — 275 — %)1/2}

(/ :(<D;Of>(w>)2dw) .

We have established (3.16). O

We next give the following very general fractional Opial-type inequality.
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Theorem 3.6. Let v >0, v > 1, v—vy>1,a,8>0,7>a,r>1;
let p >0, ¢ > 0 be continuous functions on [a,b]. Let f € C¥ ([a,b]) with
fO(xg) =0,i=0,1,....,n—1, n:= [vV]. Let x,29 € [a,b] with x > 0.
Then

/ 4(w)| D2, F (w)|P|DY, f(w)|*dw < K(p,q,, v, 0, 8,7, 70)

0

T (a+3/r)
(/ 0 pw)DE, )l ) (3.19)
Here
a \7 1
K(p, 4,7, vs , B, 7, 3, 30) = (W) PR
(/ j«q(w»’“ (pl(w)) =)= (Py ()P -dw>r v
(3.20)
with
Pi(w) = /w(p(t))—l/r—l (w — 1) D/ E=D) gy (3.21)

Proof. Again from (3.13) we have

(D2, f)(w) = F; / w— 0N (DY (Ot for all 2o < w < .

V=) Jao
That is,
Y ; b w — v—y—1 v
DL < F LO( H7- DY F()ldt
= ﬁ/ p(t)—l/r(,w_t)u—'y—lp(t)l/rI(Dgof(t”dt
b (r=1)/7
= ﬁ ’ (/ZO P(t)_l/r_l(w —t)(”_"Y—l)T/(T—l)dt>
w 1/r
([ wonpz,orar)
w 1/r
- F(Vl—'y) (Py(w) " (/ p(t)ID;Of(t)th) .
Call

z(w) := /w p(t)|DZOf(t)|rdt, o <w <z, (soz(xg)=0).

0
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Then
' (w) = p(w)| Dy, f(w)|"

For a > 0 we get
Dy, f(w)[* = plw) ™7 - (2 (w))*/".
For 3 > 0 we find
q(w)| DY, f(w)|’| DY, f(w)|*

< q(w)(F(;g(P1(w))ﬁ(r’l)/’“(Z(w))ﬂ/r(p(w))’“/r(z/(w))“/’”-

v—7))
Hence
/ " q(w)| D2, f(w)|?|DY, f(w)|*dw

x q(w) e ” —o/r .y o
S/IOW(H(“’))B( /7 p(w) =/ (2(w)) P17 (2! ()" duw

;. T w))" w)) 1/r—a w B(r—1)/(r—a) . w
< g (] Gy e e ) )

([ ez ) RATE)

(r—a)/r

. 7; z W) (p(w)) /r—a w (r=1)/(r—a) . " (r—a)/r
Ko+ =Fu=op (/IO((’I( )" (p(w)) ™) (Py(w))P—1 J )

=) = Ko ( / z(z(w»@/adz(w))

2(w))(B/a)+1 |z \ /T
()
EIIET S

(B+a)/a\ /7
- K. (())

a/r

Bto

@

a a/r
= . . (B+a)/r
~ Ko (Mﬁ) (=(2)) .

Clearly,

a/r
«
K = K, .
(p,q,'}/,l/,a,ﬁ,r,x,l'o) O(O[—Fﬂ)

We have proved (3.19). O
Corollary 3.7. Let v > 0, v > 1, v —~v > 1, let q be a nonnega-

tive continuous function on [a,b]. Let f € C¥ ([a,b]) with f)(x¢) = 0,
i=0,1,...,n—1, n:=[v]. Let x,x0 € [a,b] with x > xq. Then
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/ " g(w)\D2, F(w)] DY, £ (w) du

0

< Kavam) ([ O f@Paw). G2

o
where
K( v, x, ) = ! !
q,7,V,T, X0 2(21/72’771) F(V—’}/)
T 1/2
([t —som=taw) " (3.23)

Proof. Apply Theorem 3.6 witha==1,r=2,p=1. O
Next we give another basic fractional Opial-type inequality.
Theorem 3.8. Let v > 1, a,3 >0, r > a, r > 1;letp>0,q >0

be continuous functions on [a,b]. Let f € C% (la,b]) with f¥(zo) = 0,
i=0,1,...,n—1, n:=[v]. Let x,x0 € [a,b] with x > xq. Then

/ () F(w)PIDL. F(@)|*dw < K*(p,q,v, @, B, 7,2, 70)

([ sz, i) o (3:24)

0

Here

o a/r 1
K*(p,q,v,a, B,r,x,30) := <a+ﬂ> (T

@ (r—a)/
(/ (q(w))” - (p(w)) =) =) (Pf (w)) r= D/ r=e) 'dw> ;
(3.25)

with "
P (w) ;:/ (p())~Y/m=1 . (w — )= D/ N gy, (3.26)

0
Proof. From (3.9) we have

fw) = 5 [ =0 LW v <w s

0
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That is,
L ¢ w — v—1 v
Sl < o [ 07D ol
—1 N —4/r v—1 r v
- T /Z p(t) " (w — 1)~ p(t) /7| DY, £(1)]dt

(applying Holder’s inequality with indices r/(r—1),r)

1 Y -1/l v\
p(t) ™ Y w — )T dt) .
) (/ O w1

</: p(t)ID;Uf(tht) 1/r

= F(ly) (Py(w)) =" ( /m w p(t)IDZOf(t)th)

<

1/r

Call
sw) = [ U pOIDY FOFdt, w0 < w < a, ((x0) = 0).

Then
Z'(w) = p(w)| Dy, f(w)|"

For o > 0 we obtain

Dz, f(w)|* = (p(w)) =/ (2 (w))™/".

For 3 > 0 we have

Thus
[ awls@P D, s

‘ q(w) *(w B(r—=1)/r w —a/r 2(w B/r 2w a/r W
< [ G P ) ) )

L o)) (o))=Y /=) (P ()Y =D/ (r=a) gy
< T0))? (/360((61( )" (p(w))™) (P (w)) d )

([ ctwpresw) "

(r—a)/r
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call
K = </$:<(‘J(w”r(p<w”Q)WQ)
(P} (w)) 20/~ dw)/>
(x) = Kj ( ﬁ/adz( ))a/r
)(B/a)+1 " a/r
- ( 5+1 m)
- () ki () e
Clearly

a/r
* N o
K (e o) = K5 (=22

We have established (3.24). O

Corollary 3.9. Let v > 1, and let ¢ > 0 be a continuous function on
[a,b]. Let f € CY ([a,b]) with fO(x0)=0,i=0,1,...,n—1, n:= [v]. Let
x,xg € [a,b] : x > xo. Then

/ " ) Fw)] DY, £ () du

0

< K*(qv.2.30) ( / x(DZOf(w)de) RNERTS

0

where

1 1
22v —1) I'(v)

([ - 0w T e

Zo

K*(Q7Vax,m0)

Proof. Apply Theorem 3.8 fora==1,r=2,p=1. O

Remark 3.10. Notice that K(q,7vq,79,V,2, o) (see (3.17)), K(q,~,v,
x,x0) (see (3.23)), and K*(q,v,x,zq) (see (3.28)), all converge to zero as
T — Xo.
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Remark 3.11. Let » > 1 and v :=v — 1. Clearly: v > 0 and v — v = 1.
Let f € CY ([a,b]) such that f@(x0) =0,i=0,1,...,n—1,n := [v]. Then
by (3.13) we find

(D, )(x)Z/x(DZOf)(t)dt, (D5 f)(wo) = 0);

0

that is,
v—1 v
(DL f) (@) = (DY, f)(x), all @ > aq.

3.4 Applications

(i) We prove locally the uniqueness of the solution of the following fractional
initial value problem (IVP).

Theorem 3.12. Let v > 1, v; > 0; j = 1,2,...,k € N be such that all
v—7, =1 forall j. Also we assume the ordering

V>71 > %2> 08> > Vg

We consider continuous functions qi,q2,...,qk, qx+1, b from [a,b] into
R. Let x,z9 € [a,b] such that x > xo. Consider the following fractional
differential equation

+qu (D2 () + g (w) - f(w) = h(w),  (3.29)

for all zog < w <z, such that
f(z)(aio) =aq; €R, 1=0,1,...,n—1,
where n := [v]. Then there is at most one solution f to this problem.

Proof. Let fi, fo € CY ([xo, z]) fulfill the initial value problem (3.29).
Call g := f1 — f2 € CY ([zo,x]). Then by (3.22) we obtain

+ZqJ - (D239)(w) + i1 (w) - g(w) =0,

true for all zog < w < z, such that
gD (z0) =0, alli=0,1,...,n—1.
Thus
(D7, ZqJ D3 g)(w) = gryr(w) - g(w),
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and

k
((Dz,9)( Z Dz}9)(w) - (D, 9)(w) = gi41(w) - g(w) - (D 9) (w).

That is,

k
(D%, 9)(w))* < Y laj(w)| - [Daig(w)| - |D5, g(w)]
=1
+ lgr 1 (w)] - lg(w)] - |DZ g(w)],

which is true for all g < w < x.
Consequently we have

5= / (DY) (w))? - duw

0

Z Iqa D2 g(w)] - | DY, g(w)] - duw
/ |qr1(w)] - |g(w)| - | Dy g(w)] - dw =: (x).

From (3.22) and (3.27) we find

k T

) = YKl ( |

j=1

+ K*(‘qk+1|7y7x7x0) : (/
x

(2w )

0

(D, atw)Paw

xT

0

ZK(|Qj|a7jaV7$7x0) +K*(|Qk+1|ayax’x0) - 0.

j=1

Set
k

F = ZK(Mjlv’Yjv V,LE,.’E()) + K*(|Qk+1|’ V,.’E,.’Eo).
j=1

By Remark 3.10, K — 0 as  — xo. So we get

§<K-6;

that is,
51 - K)<0;
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also notice that ¢ > 0. So for £ > 0 sufficiently small such that |z — x| < ¢
and K <1, we obtain § < 0. That is, § = 0 for x : |z — z¢| < e. That is,

/x((DZOg)(w))Zdw =0 forz:|z— x| <e.

xo

That means DY g(w) = 0 for w: |w — xo| < .
Hence by (3.9) we obtain

g(w) =0 forw: |w—mzo| <e.

We have proved the local uniqueness for the solution of IVP (3.29); more
precisely we have

fi(w) = fa(w) for all w with |w — xq| < e.
v —

(ii) Let v > 2, v, := L, v; >0;j =23,...,k € N such that
i =2,3,...,k. Also we assume the order

V> > > 03> > Ve

Let n := [v]; then n — 1 = [v — 1]. We consider again IVP (3.29). Now we
prove the uniqueness of the solution to (3.29) over the whole interval [z, b].
Again let f1, fo € CY ([wo,0]) fulfill the IVP (3.29). Call g := f1 — f» €
C% ([z0,0]). Clearly g € C%-*([z0,b]). Then again by (3.29) we obtain

)+ Z% - (D239) (W) + gy (w) - g(w) =0,
all xg <w <b, g(z)(:no) =0,7=0,1,...,n— 1. Hence
(D%,9)(w) - (D4 g qu - (Dzyg)(w) - (D% g)(w)

+ qk+1(w) -g(w) - (Dy;tg)(w) = 0.

Next we integrate over [xg, Z] C [x0, ],
i k2
Js 9w (0 g)w) - dw +Y° [ aytw) - (DLig)w) - (D4 g)w)ds

s [ ) o) (D% ) w)dw =0

By Remark 3.11 we get that

(D ') (@)* = —QZ/ ¢j(w) - (Dajg)(w) - (D g)(w) - dw
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Therefore we have

k z
(DL )@ < 2) [ g (w)]- [(Didg)(w)] - (DY, g)(w)] - dw
£ 20 [ g ()] lgw)| - (D2 g)(w)] - dw =: ()

Next we use Corollaries 3.7 and 3.9 in the above setting.
We have

k T
(5) < 2 K(gslvgv — 1,3 20) - (/ (Diolg(w))QdW>
Jj=1 *o
+2- K*(|Qk+1|v V= 1,5},]}0) ' (/ (D;olg(w))2dw)
Zo
k
= 2 ZK(MJ"?’VJWV_L‘%,CEO) +K*(‘Qk+1|vl/_1a‘%ax0)
j=1
. (/ (Dgo—lg(w))?dw> .
Zo
Set

k
T(&) =2 | > K(gil,v;,v — 1.8, 20) | + K*(|gesal,v — 1,3,30) p > 0.
j=1

We have established that

T

(DY, '9)(@))* < T(2)- ( / (DY g(w))? - dw) , forall a0 <& <a<b

0

Clearly T'(z) = maxg,<z<o I'(Z) > 0, a constant for each z € [zg, b]. Thus
we have shown that

x

(DY 9)(2))* < T(x) - (/ (D5 g)(w))* dw) , allzg<z<a

0
By Gronwall’s inequality we find
((l)Z[Jil.g)(j))2 =0, xp<z<ux,

and
(D;’.O_lg)(i) =0, forall Zwith zo <7 <.
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By (3.9) we now get that
g() =0, allZ:xzo<z<ux.

That is, f1 = fa over [xg, x], proving the uniqueness of the solution to IVP
(3.29) over the whole interval [z, z].

(iii) Consider again IVP (3.29) as in (ii). Additionally assume that h =0
and a; =0, all =0,1,...,n— 1. Then the unique solution exists and it is
the trivial solution zero.

3.5 Other Fractional Differential Equations

In this section we review the basic theory of fractional differential equa-
tions based on Miller — Ross fractional derivatives. The exposition follows
Podlubny [333]. Consider the initial value problem

n—1
D7 u(t) + Y pi (D7 I u(t) + pn(H)u(t) = h(t), (3.30)
j=1
D7 tu(t)],_ =bk, k=1,...,n, (3.31)
where
D7k = DY DY-1... D%
DoFt = DUTIDMt... DM
k
o = Zaj, k=1,...,n,
j=1

0 < o;<1, j=1,...,n,

and u € L'[0, 7]. Note that we have switched from z to 7, and we have re-
placed zy by 0 (and we are calling the unknown function w rather
than f).

For an example of a concrete partial differential equation coming from
the applications consider

(D")u +2aD"u = Au,

where u = u(t,r) for t > 0 and z € RV, A = Z;V:1 9?/9a3 is the spa-
tial Laplacian, a is a positive constant and 0 < v < 1; and D7 is the
usual fractional derivative of order v with respect to time ¢. This fractional
telegraph equation was introduced in [150]; see [151] for the experimental
background. Let 4(t, &) (for t > 0, & € RY) be the spatial Fourier transform
of u(t,x). Then @ satisfies

(D)4 + 2aD70 = —|€|a,
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which is a family of fractional differential equations of the form (3.30), one
for each &€ € RY. This problem arises in the study of suspensions, coming
from the fluid dynamical modeling of certain blood flow phenomena (see
[150] and [151]).

We return to the initial value problem (3.30), (3.31). According to
Theorem 3.2 of [333], if each p; is in C[0,7], the problem (3.30), (3.31)
has a unique solution in the class L'[0, 7]. Thus both existence and unique-
ness hold for (3.30), (3.31). The number of required initial conditions is n,
whereas the order of the equation is ¢,,, and ¢, can be any number in the
half-open interval (0,n]. For instance, we can have o,, = 5/2 and n = 4
or even n = 6. Thus the number of initial conditions required to specify
the solution uniquely is not only a function of the order of the equation; it
depends on the decomposition (involving D?#) which leads to the rigorous
interpretation of the equation. In the case of our uniqueness criteria (see
Section 3.4), v is the order of the equation and n = [v] is the number of
specified initial conditions. (Thus if v = 5/2, necessarily n = 2.)



4

Riemann—Liouville Opial-Type
Inequalities for Fractional Derivatives

This chapter provides Opial-type inequalities for generalized Riemann—
Liouville fractional derivatives. The inequalities are given for integrable
functions with a minimal restriction on the order of the derivatives. This
treatment relies on [64].

4.1 Introduction and Preliminaries

The original Opial inequality [315] (see also [297, p. 114]) states the
following.

Theorem 4.1. If f € C*[0,a] with f(0) = f(a) = 0 and f(x) > 0 on
(0,a), then

[ i@r@ia < [Coe2a.

The constant a/4 is the best possible.

This result for classical derivatives has been generalized in several di-
rections (see, for instance, [3, 4]). This chapter is analogous to [17] by the
author. Using the different Riemann—Liouville definition of the fractional
derivative, we obtain inequalities for integrable rather than continuous
functions, while being able to relax the conditions on the order of fractional
derivatives.

G.A. Anastassiou, Fractional Differentiation Inequalities, 41
DOI 10.1007/978-0-387-98128-4_4, (© Springer Science+Business Media, LLC 2009
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We give a brief survey of some facts about Riemann—Liouville fractional
derivatives needed in the sequel; for more details see the monograph [366,
Chapter 1].

Let > 0. By C™][0, ] we denote the space of all functions on [0, ] that
have continuous derivatives up to order m, and AC|0, x] is the space of all
absolutely continuous functions on [0, z]. By AC™[0, ] we denote the space
of all functions g € C™(0,z] with ¢(™~1) € AC[0,z] . For any v € R we
denote by [v] the integral part of v (the integer k satisfying k < v < k+1).

By L1(0,x) we denote the space of all functions integrable on the interval
(0,z), and by L*>(0,z) the set of all functions measurable and essentially
bounded on (0,z). Clearly, L>°(0,2) C L1(0,z). Let v > 0. For any f €
L1(0, z) the Riemann—Liouville fractional integral of f of order v is defined
by

I'f(s) = F(ly)/os(st)”lf(t) dt, selo,a], (4.1)

and the Riemann—Liouville fractional derivative of f of order v by

d\" 1 d\" [°
DYf(s)=(—) I™"f(s) = —— [ — — )™l E(t) dt
16 =(3) 0 = (5) [ e-0mioa,
(4.2)
where m = [v] + 1. In addition, we make the conventions

D% .= f=1% IVf:=D"fifv>0, DY :=I"fif0<v<I.
(4.3)
If v is a positive integer, then Df = (d/ds)" f. Let us remark that a some-
what more general definition of the Riemann—Liouville fractional derivative
is used in the literature with an anchor point a other than 0: Let a € R be
fixed, s > a, and let f,(t) = f(a +t) be a translation of f. Then set

DY f(s) := D"fo(s — a).

All our results stated for the fractional derivative defined by (4.2) have an
interpretation for the fractional derivative with a general anchor point.

Let v > 0 and m = [v] + 1. We define the space I"(L,(0,z)) as the set
of all functions f on [0, z] of the form f = IV for some ¢ € L1(0,2) (see
Definition 1.2.3 in [366, p. 43]). According to Theorem 1.2.3 in [366, p. 43],
the latter characterization is equivalent to the condition

Im=rfe AC™[0, x], (4.4)
d NI
(—) " F0) =0, j=0,1,...,m—1. (4.5)
ds
A function f € Ly(0,x) satisfying (4.4) is said to have an integrable frac-
tional derivative D¥f (see Definition 1.2.4 in [366, p. 44]). We express these
conditions in terms of fractional derivatives.
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Lemma 4.2. Let v > 0 and m = [v] + 1. A function f € L1(0,z) has an
integrable fractional derivative DVf if and only if

D" *feClo,z], k=1,...,m, and D"7'f € AC[0,z]. (4.6)

Furthermore, f € I"(L,(0,z)) if and only if f has an integrable fractional
derivative DVf and satisfies the conditions

DY7Ff(0)=0for k=1,...,m. (4.7)

Proof. Note that

k k
i Imfl/f _ i ka(l/fm+k:)f _ Dzlferkf
ds ds

in view of the definition of the fractional derivative and the equation
[v —m+ k]+1 = k. Then (4.6) is equivalent to (4.4) and (4.7) is equivalent
to (4.5). (For k = m we use the convention D¥~™f = I""¥f in (4.6).) O

We need the following result on the law of indices for fractional integra-
tion and differentiation using the unified notation (4.3).

Lemma 4.3. (Theorem 1.2.5 [366, p. 46]) The law of indices
[TV = [urof (4.8)

is valid in the following cases.
(1) v>0,u4+v>0,and f € Ly (0, ).
(1) v<0,u>0,and f € IV (L (0,x)).
(#it) u <0, u+v <0, and f € 7%V (L1 (0,2)).

Finally we give an integral representation of the fractional derivative D7f
(see also [187]).

Theorem 4.4. Let v > v > 0, let f € L1(0,2) have an integrable
fractional derivative DVf € L>*(0,z), and let D*~*f(0) = 0 for k =
1,...,[¥] + 1. Then

1 S
va(s) = F(y—fy)/o (S — t)yilyilDVf(t) dt, ERS [0717] (49)
Here D'f € AC'[0,z] forv—~ > 1, and D'f € C[0,z] forv—~ € (0,1).

Proof. Set u =v —~ > 0 and v = —v < 0. According to Lemma 4.2,
f €I V(L (0,z)). Then case (ii) of Lemma 4.3 guarantees that the law
of indices holds for this choice of u, v; namely

I"IDYf = [YI°f = ["TVf =17 =Df;
this is (4.9). O



44 4. Riemann—Liouville Opial-Type Inequalities

4.2 Main Results

The first result here is an Opial-type inequality involving Riemann-Liouville
fractional derivatives. We assume that z, v, v are real numbers, x > 0,
v,y > 0, and that f € L1(0,2). The standard assumption on f is that
[ € I"(Ly(0,z)); we prefer to spell this out in the formulation of each
theorem by specifying that f has an integrable fractional derivative D" f
satisfying (4.6).

Theorem 4.5. Let 1/p+1/q =1 withp, g > 1, lety > 0,v >~v+1—1/p,
and let f € L1(0, ) have an integrable fractional derivative D f € L>(0, x)
such that DY=3f (0) =0 forj =1,...,[v] + 1. Then

[ s ptas < o) - ([ 10 as) T )

where
2(rp+2)/p

) = SR D (O + Do+ 27

r=v—vy—1 (4.11)

Proof. We write ®(t) = |D” f(t)] and r = v —~y—1. Because 1 —1/p > 0,
we have v > «, and Theorem 4.4 applies. Furthermore, r > —1, and ¢ —
(s —t)" € L1(0,s) for any s € [0,z]. Let 0 < s < z. Applying Holder’s
inequality to (4.9), we get

. - 1 s(rp+1)/p S(I) . 1/q A
DS < iy 200

Write z(s) = [, ®(t)? dt. Then z'(t) = ®(¢)? almost everywhere in (0, s),

|DY f(s)| = (2'(s))? a.e.in (0,z),
and
PP (5)/ ()19
T(r+1)(rp+1)t/p

The function s"™P*1(z(s)z'(s))}/? is integrable over (0,x) as rp+1 > 0
and z(s)z(s) is measurable and essentially bounded on (0,z). Applying
Holder’s inequality, we obtain

/0 " (2(5) 2/ ()9 ds < ( /O " gt ds)l/p ( /O " ()7 (s) ds)l/q

(PP (4(s))%/a
- (rp—|—2)1/17 21/q

[D¥f(s) D" f(s)] <

a.e. in (0,x).
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The result then follows when we observe that | D7 f(s) D f(s)| is integrable
as DVf € AC[0,z] for v —y > 1, and D7 f € C([0,z]) for v — v € (0,1),
and DVf € L*>(0,z). O

The following result deals with the extreme case of the preceding theorem
when p =1 and g = oc.

Theorem 4.6. Let v > ~v > 0, and let f € L1(0,2) have an integrable
fractional derivative D f € L*(0,z) such that D=7 f(0) = 0 for j =
1,...,[V] + 1. Then

/ |DY f(s) DY f(s)]ds < Q(z) - ess 5up|D”f(s)|27 (4.13)
0 s€[0,z]
where
xr+2
Ql(flﬁ)—m, T—V*")/fl.

Proof. A straightforward application of Theorem 4.4. [
Theorem 4.5 has the following counterpart for the case 0 < p < 1.
Theorem 4.7. Let 1/p+1/g=1 with0 <p <1, letv >~ >0, and
let f € L1(0,z) have an integrable fractional derivative DY f € L*(0,x)
that is of the same sign a.e. in (0,x), with (DY f)~' € L>(0,x) such that
DY f(0) =0 forj=1,...,[v] + 1. Then
x T 2/q
D6 D s = ) ([ 1Dl as) )
0 0
where Q(x) is defined by (4.11).

Proof. The proof follows a similar pattern as the proof of Theorem 4.5.
Because 0 < p < 1, we need to apply the reverse Holder’s inequality [297,

p. 135]
[ wrias ([ ) v ([ beor) a

valid for any u € L?(0,z) and v € L%(0,x). Secondly, the assumption that
(D f)~' € L>(0,x) is needed because ¢ < 0 . The details of the proof are
omitted. [

Under slightly strengthened hypotheses of Theorem 4.5 we obtain the
following inequality involving fractional derivatives of three orders.
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Theorem 4.8. Let 1/p+1/q = 1 withp, ¢ > 1, lety >0, v > v+2—1/p,
and let f € L1(0,x) have an integrable fractional derivative DY f € L>(0,x)
such that DY~ f(0) =0 for j =1,...,[v] + 1. Then

/ID”f (s) DV f(s)] ds < Qo(x (/ |D” f(s st) q, (4.15)

where
0 22(rp+1)/p . 16
T R e A A (4.16)

Proof. Write ®(t) = |D” f(¢)| and r = v —y — 1. From Theorem 4.4 and
from the definition of the fractional integral we obtain

DV f(2)| < U(w) = I""'®(x), [DYFf(2)| < I"®(x) = U' (x).

Observing that U’(z) = (I"™1®(z)) = I"®(x) and using Holder’s inequal-
ity, we get

/GC |DYf(t) DY) dt < /GC UU'(t)dt = LU (z)
0 0

_ WIH))? (/Ox(a: 0 dt)
x x 2/q

st (oo ([wora
22(rp+1)/p x 2/q

= areEIE e (], v

The following result is concerned with the case when p = 1 and ¢ = oo
in the preceding theorem. The proof is straightforward, and we skip it.

2

IN

Theorem 4.9. Let v > 0, v > v+ 1, and let f € L1(0,x) have an
integrable fractional derivative DY f € L*(0,z) such that D*~7f(0) = 0
forj=1,....[v]+ 1. Then

/ D7 f(s) D7 f(s)| ds < Qs(x) - ess sup| DY ()2, (4.17)
0 te[0,z]
where
(E2(V7'Y)
Q) = . (4.18)

2T(v —~ + 1))2

Remark 4.10. We show that inequality (4.17) is sharp, attained for the
function f(¢) = t¥. From the known properties of the gamma function,

° . F@)l(©) g
_ u 1tv 1 — u+v—1 .
/0(3 t) dt I‘(u—l—v)s , u,v>0
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Let 0<j<[+1l,m=[yv]—j+1and a =v—[v]. Then 1 — o > 0,
v+1>0, and

. 1 d m s
v=J = (= _ p(I—a)—14(v+1)-1
D) = g () e

1 TIl-wl(w+1) (d\" g
S T(l—a) T(m+j+1) \ds
(v +1) o
frng T .
Then D¥77f(0) =0 for j =1,...,[v] + 1, and D" f(s) = I'(v + 1). Using
Theorem 4.4, we obtain

v o F(V+1) v—y ~y+1 _F(V+1) v—y—1
PO = PO
Hence
’ Y£() DY (s ds = T+ 1)) ””52(1/77)71 s
|17 Dl = st d
fl F(—VJrl) Qx(va)
_Q(F(V—Hl)) .

On the other hand, with Qz(z) given by (4.18) and
ess suplD* f(s)F = (T(v + 1))?,
the left side of (4.17) is equal to the right side of (4.17) for f(t) =

We give a counterpart of Theorem 4.8 for the case 0 < p < 1. The proof
again depends on the reverse Holder’s inequality, and is omitted.

Theorem 4.11. Let 1/p+1/¢g=1with0 <p <1, lety>0,v >~v+1,
and let f € L1(0,x) have an integrable fractional derivative DY f € L*(0, )
that is of the same sign a.e. in (0,z), with (D” f)~1 € L>(0,x) such that
DY=If(0) =0 forj=1,...,[v] + 1. Then

/4
/ |DY f(s) D7 f(s)| ds > Qa(x (/ |D" f(s qu) , o (4.19)
where Qq(x) is given by (4.16).

We derive yet another useful variant of an Opial-type inequality.

Theorem 4.12. Let1/p+1/q = 1 withp, ¢ > 1, lety > 0, v > v+1—1/p,
and let f € L1(0,z) have an integrable fractional derivative D* f € L>(0, )
such that DY77 f(0) =0 for j =1,...,[v] + 1. Then, for any m > 0,

m/q
/ DY f(8)]™ ds < Qq(x (/ |D¥ f(s)] ds) , (4.20)
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where
p(rm+1+(m/p))

) = T Dy rm T 15 (m/p)rp + 17

r=v—y—1. (4.21)

Proof. Inequality (4.12) holds under the hypotheses of the theorem.
Raising both sides of (4.12) to the power of m and integrating from 0 to z,
we get the result. [

The extreme case of Theorem 4.12 with p = 1 and ¢ = oo follows. The
proof is omitted, as it is again a straightforward application of Theorem 4.4.

Theorem 4.13. Letv >~ >0, and let f € L1(0,x) have an integrable
fractional derivative DV f € L*(0,z) such that D=7 f(0) = 0 for j =
1,...,[v] + 1. Then, for any m > 0,

/ D7 f(s)|™ ds < Qs5(x) - ess sup|D” f(¢)|™, (4.22)
0 te(0,z]
where
xm(u—'y)-&-l
Q5(x) =

(my—=7)+1)TF-—y+1)"
4.3 Applications

(i) Uniqueness of solution to fractional initial value problem

Let v, >0, v >~,+1/2,i=1,...,r eN.

Let f € Ly (0,z) have an integrable fractional derivative D” f € L* (0, x)
such that D" 77 f(0) = a; €R, j=1,...,[V] + 1.

Furthermore, let

DV f(t) = F(t,{D7: f(t)}i_,) for all t € [0, z].

(4.23)
Here F(t,x1,...,x,) is continuous for (x1,...,2,) € R", bounded for t €
[0, 2], and fulfills the Lipschitz condition
|F(t,z1,...,2,) — F(t, 2, ..., T|<qu ) |z — 2], (4.24)
where ¢;(t) > 0 are bounded on [0,z], i = 1,...,r. For i = 1,...,r and
0 < s < z we define
sV "
2T (v — ’Yi)\/(V —7;)(2v — 27y, — 1) ; >

(4.25)
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where ||gill o, = supyepo,4] [¢i(t)]- We assume that

T

D)= il Aile) < 1. (4.26)

i=1
Let g € L1 (0, ) have an integrable fractional derivative D¥g € L> (0, x)
such that D¥=7g(0) =0, j = 1,...,[v] + 1. Then, by Theorem 4.4, we have

1 S
) / (s —t)"" " IDVg(t)dt, s€[0,x], i=1,...,m

PR =m0 Uy
' (4.27)

When p = ¢ =2, from (4.10) we get for i =1,...,r,

[ 1ol gl < aiw) [0 )P de. @)
0 0
Let f1, fa solve (4.23); that is, let for k = 1, 2,

(D" F0)(8) = F( (D" OV, € [0,2],

and ‘
D" if(0)=a; €R, j=1,...[s]+1.

If g = f1 — fg, then
DYf(t) = F(&,{(D" fi)(1) }iz1) = F (& A{(D7 f2)(8)}iza), (4.29)

and
D" Ig(0)=0, j=1,...,[v]+1.
By (4.24),
|F(t, Dt f1(t),..., DV f1(t)) — F(t, D7 fo(t),..., D7 fo(t))]
< L aIDT A0 = D7 £(0)
= Z% D%g
< Z il 1D g(2)]. (4.30)
1=1
Thus

[DYg(t)]> = [D"g(t)| |[F(t,{D fr()}i=1) — F(t, {D fo(t)}_y)]
< D901 Y lgillo 1D 9(2)]
i=1

=" lallo 1D79(t)] 1D"g(1).

i=1
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Consequently,
/OlD”g(t)thSZqu'Hoo/ |DYeg ()] |Dg(t)| di
< Zuqzu i) [ 1P

"2 i) / DY g(t)]? d;

that is,
/ DY g(0)? dt < () / DVg(t) dt. (4.31)
0 0

If [ |D¥g(t)|*dt # 0, then by (4.31) we obtain ¢(x) > 1, a contradiction
to the assumption ¢ (x) < 1. Hence [’ |D”g(t)[* dt = 0; that is, D"g(t) =0
a.e. in [0,z]. But D*77g(0) = 0, j = 1,...,[v] + 1. Then from (4.9) for
v =0 we find ¢g(t) = 0 in [0, z]. This implies f; = f2 on [0, z], proving the
uniqueness of the solution to the initial value problem (4.23).

(ii) Upper bounds on D" f, solution f, and others

Consider the initial value problem for 0 <t < x:

(DY 1) (t) = F(t, DY (1)}, D”f).

v >0, v>y,+1/2, i=1,...,reN.

Here f € Ly (0,x) has an integrable fractional derivative

DY f € L* (0, z) which is absolutely continuous.

We assume that D* =7 f(0) =0, j =1,...,[v] + 1 and D" f(0) = A €R.
(4.32)

Here F is Lebesgue measurable on [0, z] x R™! and fulfills the condition

|F(tyx1, .y Xy pg1)| < Zqi(t)\miL (4.33)
i=1

where ¢;(t) > 0 are bounded on [0, 2], i = 1,...,r. We see that

D" f()(D¥f)'(t) = D" f()F (t,{D" f(t)}iy, D" £(1)),

and for 0 < s < x we have

/SD”f( DY fY()dt = / DY f(§)F(t, {D £(t) )1y, D" £ (1)) dt.
0
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Hence

D FOF]) < [ 1D ORGP ) D ) e
0
(4.33) s r _
< / D f<t>|<i_zl||qi||m|D 1f(t)|> dt
IS ( [ s D”f(t)ldt) |

Recall the notation (4.25) for A;(s) and t(s). Then

D < 4212l [ 107 011D )0t
(410) r ‘ s N )
LS (Z il A )) ([ 10 sopa)

=22 +06s) [ 1D p0P i
0
that is, .
DR < 4+ 0(s) [ D" po)R e (434)
Set 0(s) := | D" f(s)]? for 0 < s < x and p := A% Then

6(s) < p+ (s) / () dr,

where p >0, ¥(s) >0, ¥(0) =0, 0(s) > 0 for all 0 < s < x. We can apply
the generalized Gronwall lemma [144, Corollary 1.1.2] (with H(x) = x) to
obtain

0(s) <p (1 +1b(s) exp(¥(s)) /OS exp(—¥(t)) dt) () = /O () du.
(

4.35)
We have shown that

s 1/2
D) <141 (14 w(6)exp(v(s) [ exp(-w0)dr) = Ko
0
(4.36)
for all 0 < s < z. From (4.9) with v = 0 we get
101 < i [ =0 D st
for all 0 < s < z. Applying (4.36), we obtain
|f(s)] < ) /Os(s — )" K (t) dt. (4.37)
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Also from (4.9) we have

D7 f(s)] <

1 ° v—y;—1 v
et R R R (OILT

forall 0 <s <z, i=1,...,r. Finally, by (4.36) we find

(D7 f(s)| <

1 ’ v—y;—1
TOEEA) /0 (s—1) K(t)dt (4.38)

forall0<s<zandi=1,...,r.
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Opial-type LP-Inequalities for
Riemann-Liouville Fractional
Derivatives

This chapter presents a class of LP-type Opial inequalities for generalized
Riemann—Liouville fractional derivatives of integrable functions. The nov-
elty of this approach is the use of the index law for fractional derivatives
instead of a Taylor’s formula, which enables us to relax restrictions on the
orders of fractional derivatives. This treatment relies on [65].

5.1 Introduction and Preliminaries

The Opial inequality, which appeared in [315], is of great interest in differ-
ential equations and other areas of mathematics, and has attracted a great
deal of attention in the recent literature. For classical derivatives it has
been generalized in several directions (see, for instance, [3, 4, 323]). Love
gave a generalization for fractional integrals [261]. This chapter is inspired
by the author’s paper [15]. Here we consider Lebesgue integrable functions,
whereas [15] dealt with continuous functions using a different definition of
the fractional derivative.

Our brief survey of basic facts about fractional derivatives is based on the
monograph [366] by Samko et al.; most of the results needed in the sequel
are contained in Chapter 1 of [366]. The crucial result is Theorem 5.4,
which replaces Taylor’s formula in the derivation of various estimates.

Throughout the chapter, x denotes a fixed positive number. By C™ |0, z]
we denote the space of all functions on [0, z] that have continuous deriva-
tives up to order m, and AC|0, z] is the space of all absolutely continuous

G.A. Anastassiou, Fractional Differentiation Inequalities, 53
DOI 10.1007/978-0-387-98128-4_5, (© Springer Science+Business Media, LLC 2009
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functions on [0,z]. By AC™[0,z] we denote the space of all functions
g € C™[0,z] with ¢(™=Y € AC|0,z]. For any a € R we denote by [a]
the integral part of o (the integer k satisfying k < o < k+ 1). If p € R,
p > 0, by LP(0,z) we denote the space of all Lebesgue measurable func-
tions f for which |f]P is Lebesgue integrable on the interval (0, ), and by
L>°(0,2) the set of all functions measurable and essentially bounded on
(0,2). For any f € L>(0,z) we write ||f|ls = supycpo,4] [f(t)]- We observe
that L>°(0,2) C LP(0,z) for all p > 0.

For any a € R we write ay = max(a,0) and a_ = (—a)4.

For the sake of completeness we give a proof of the following known result
which provides a basis for the existence of fractional integrals and is needed
in another context in the chapter.

Lemma 5.1. Let f € L'(0,z) and let « > —1 be a real number. Then

F(s) = / (s =) f(t)dt
0
exists for almost all s € [0,z], and F € L'(0,z).

Proof. Define k: Q:=[0,2] x [0,z] — R by k(s,t) = (s — t)] ; that is,

(s—t) if0<t<s<u,
k(s,t) =
(5,) {0 if0<s<t<ua.

Then k is measurable on €2, and

/Oz k(s,t) ds = /tk(s,t) ds+/l k(s,t) ds — (/tz(sft)o‘ ds = (a+ 1)~z — 1>+,

J O t

Because the repeated integral

/0 dt / K(s, 0| f(8)]ds = (o + 1) / (& — )| f (1) dt

exists and is finite, the function (s,t) — k(s,t)f(t) is integrable over Q by
Tonelli’s theorem, and the conclusion follows from Fubini’s theorem. O

Let a > 0. For any f € L'(0, x) the Riemann—Liouwville fractional integral
of f of order « is defined by

1 S

I%f(s) = —/ (s =) f(t)ydt, s€][0,x]. (5.1)
I(a) Jo

By Lemma 5.1 the integral on the right side of (5.1) exists for almost all

s € [0,2], and I%f € L'(0,x). The Riemann—Liouville fractional derivative
of f € L'(0,z) of order « is defined by

D (s) = (;’S)mm-aﬂs) P (j)m [ e-omiwa,
(5.2)
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where m = [a] + 1, provided that the derivative exists. In addition, we set

D% = f=1%, I % :=D%if a>0, D f:=I%if0<a<l.
(5.3)
If «v is a positive integer, then D*f = (d/ds)*f .
A more general definition of fractional integrals and derivatives uses an
anchor point other than 0: let f € L'(a,b), where —oo < a < b < co. For
any s € [a,b] set

I I
806) = ey [ =0T 0 B = s [0 ) an
The two fractional derivatives are then defined by an obvious modification
of (5.2). All our results stated for the specialized fractional derivative (5.2)
have an interpretation for the fractional derivatives with a general anchor
point.

Let a > 0 and m = [a] + 1. A function f € L'(0,x) is said to have an
integrable fractional derivative D*f (see Definition 2.4 in [366, p. 44]) if

Im=°f € AC™[0, ). (5.4)

We define the space I%(L" (0, z)) as the set of all functions f on [0,z] of the
form f = I%p for some ¢ € L*(0,z) (see Definition 2.3 in [366, p. 43]). We
express these conditions in terms of fractional derivatives.

Lemma 5.2. Let a > 0 and m = [a] + 1. A function f € L*(0,z) has an
integrable fractional derivative D*f if and only if

D> *f cCl0,z], k=1,...,m, and D*"'f € AC|0,zx]. (5.5)

Furthermore, f € I“(L1 (0,2)) if and only if f has an integrable fractional
derivative D*f and satisfies the conditions

DRf(0) =0 for k=1,...,m. (5.6)

Proof. Notice that

d\" d\"
v Imfozf B el ka(aferk)f _ Da7m+k:f
ds ds

in view of the definition of fractional derivative and the equation [ — m + k]
+1 = k. Then (5.5) is equivalent to (5.4) and (5.6) is equivalent to condition
(2.56) in [366, p. 43]. (For k = m we use the convention D*~"f = [~ %f
in (5.5).) O



56 5. Opial-type LP-Inequalities

We need the following result on the law of indices for fractional integra-
tion and differentiation using the unified notation (5.3).

Lemma 5.3. (Theorem 2.5 in [366, p. 46]) The law of indices
[7f = [y (5.7)

1s valid in the following cases.:

(i) v>0,pu+v>0and f € L' (0,z).

(ii) v <0, p >0 and f € I7YL*(0,x)).

(iti) p < 0, u+v <0 and f € I7FY(L(0,x)).

The following theorem is a powerful analogue of Taylor’s formula with
vanishing fractional derivatives of lower orders. In this chapter it is used
as the main tool for deriving inequalities. Observe that we do not require
a > 3+ 1 but merely a > .

0,2) have an integrable

Theorem 5.4. Let « > 3 > 0, let f € L(
0) =0 fork =1,...,[a] + 1.

fractional derivative Df, and let D~ Ff(
Then

153 s :# 857 a—FB—1na s T
DPf(s) F(a—ﬁ)/o( DD () dt, s e (0,2 (5.8)

Proof. Set y = a — 3 >0 and v = —a < 0. According to Lemma 5.2,
f e I"YL'(0,z)). Then case (i) of Lemma 5.3 guarantees that the law of
indices holds for this choice of u, v; namely

197D = MV = IMHVF = [-PF = DPf:

this proves the result. Notice that the existence of the integral on the right
in (5.8) is guaranteed by Lemma 5.1. O

5.2  Main Results

We assume here that x, v are positive real numbers, and that f € L'(0, ).
The standard assumption on f is that f € IY(L'(0,z)); this is equiva-
lent to f having an integrable fractional derivative D¥f satisfying (5.5).
In addition we require that D”f be essentially bounded to guarantee that
D*f € L?(0,z) for p > 0. We tabulate the notation used in this section.
The inequalities between v and p; are assumed throughout.
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l A positive integer.

x, v, r; Positive real numbers, : =1,...,1[.

r r= 22:1 ;.

i Real numbers satisfying 0 < p, <v,i=1,...,1L.
Q; o =v—p,—1,i=1...1L

a a=max{(q;)_:i=1,...,1}.

I3 O=max{(q;)y:i=1,...,1}.

w1, wz  Continuous positive weight functions on [0, z|.

w Continuous nonnegative weight function on [0, z].

Sk S}, sp>0and 1/sp +1/s, =1, k=1,2.

For brevity we write g = (uq, ..., ;) for a selection of the orders p, of
fractional derivatives, and » = (r1,...,r;) for a selection of the constants
;.

We derive a very general Opial-type inequality involving Riemann-—
Liouville fractional derivatives of an integrable function f, which is analo-
gous to [323, Theorem 1.3] for ordinary derivatives and to [15, Theorem 2]
for fractional derivatives.

Theorem 5.5. Let f € L*(0,2) have an integrable fractional derivative
D¥f € L>(0,x) such that DY7If(0) =0 forj=1,...,[v]+ 1. Fork = 1,2,
let s, > 1, let p € R satisfy

52

ase < 1, D> (5.9)

1—ass’

and let 0 = 1/s9 — 1/p. Finally let

x 1/s) x , r/sh
Q1= (/ wi (7)1 dT) and Q9 = (/ wg(T)_S2/” dT) .
0 0

(5.10)
Then
T l T r/p
/ wi(r) [T 1D ()" dr < Q1Q2 CraPtt/ (/ wa (7)| DV f(1)|P dr) ,
Jo il 0
(5.11)
where p := 22:1 a;r; + or and
O.T‘O'
CVl :Cl(V,[J/7'I°,p,51,82) = .
[Tio T = 1) (e + 0)757 (psy + D)1/
(5.12)

Proof. First we show that the conditions on so and p guarantee that,
fori=1,...1,

(a) p>s2>1, (b) ajsa >—1, (c) a;+0>0. (5.13)
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This is clear if « = 0. If & > 0, then 0 < 1 —asy < 1 and p > s5/(1 —

asy) > s9 > 1. Foreach i € {1,...,1}, a; > —«, and a;82 > —asy > —1;
furthermore,
1 1 14+ a4 1 1— 1
witomar Lol lfam 1 l-as 1,
S22 P 52 p 52 p

For brevity we write
ki(r,t) = (r =)y, i=1,...,1, &) = |Df(t)], 0 <7, t < x.
From (5.13) it follows that
ki(r,-) € L°2(0,2) and k;(7,-) € LY7(0, z). (5.14)

Let i € {1,...,1} and 7 € [0,2]. We then apply Holder’s inequality twice
(with the conjugate indices sb, so and p/sq, p/(p — s2)) taking into account
(5.14) and the fact that w; ', wy, and ® are (essentially) bounded:

/x ki(r,t)@(t) dt = /w wa (1) Y Pwq ()Y PD (1) ey (7, t)dt
0 0

z , 1/s),
< </ wg(t)SQ/pdt>
0

</O wQ(t)sz/pcp(t)szki(T,t)Sth>

<Qy" (/01 wg(t)fb(t)pdt)l/p (/Ox ki(T7t)1/adt)a

z 1/p o _aj+o
_ é/r (/ wz(t)(I)(t)pdt> oTr
0

(Oél' +0)0.

1/82

By Theorem 5.4,

Dy — )| Dif(r)] < /OT(T—t)O‘i‘I)(t) it = /O k(B dt. (5.15)
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Therefore

[ 1_1 D7)
< /Owwl(T)HF(V_lW (/Ow ki (7, 8)D(t) dt>n dr

: /OI wi(7) J ﬁ Q5" </0w wa () ®(t)P dt) i

=1

i dr

o

a

7_(041‘,“’0) i dT
(a. + 0—)7i0

ro

=T Z> (i + 0)rio ) (/ox w2 (t)®(t)" dt> "

" 1
/ w1 (7) (H T(ai“’)“) dr
0 i=1

= AQ, ( /O ’ Wy (£)D(t)P dt) o /0 ’ wi ()P dr

<80 ([Ceatmnera)” ([Coiriar) ([Foae)

A * e +1/
= wa(t)P ()P dt xPT/s
where A = 0”""/(]_[2:1 (v — p;)"(e; + 0)"7). This completes the
proof. [
Next we consider the extreme case p = oo in analogy with [15,

Proposition 1].

Theorem 5.6. Let f € L*(0,x) have an integrable fractional derivative
D¥f € L>=(0,z) such that D=If(0) =0 for j =1,...,[v] + 1. Then

]l o0 2

]
pILica T(w — s +1)

. l
| eI s ar < D%l (5.16)
i=1

wh@']‘e p= ij:l(y — /147)7’7 + 1.

Proof. By Theorem 5.4,

Hy T 1 TT_ [e73 v
DM < ey [ (=000
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which implies

[1D"flloo 777 [IDfllooT” ™"
Pv—p)v—p;, T—p+1)
The result then follows when we raise (5.17) to the power of r;, take the

product from 1 to I, multiply by w(7), and integrate with respect to 7 from
Otozxz. O

|DFif ()] < (5.17)

We have the following counterpart of Theorem 5.5 with s;, so € (0,1)
and p negative.

Theorem 5.7. Let f € L'(0,x) have an integrable fractional deriva-
tive DYf € L°(0,x) that is of the same sign a.e. in (0,z) and satisfies
DY=if(0)=0,7=1,...,[v]+1. Fork =1,2,let 0 < s, < 1, let p < 0, and

let c =1/sy —1/p. Then
z l T r/p
/ wr(r) [P f ()] dr > Qi QaCrat ™1/ ( / wa(7) D F (7)) dT) ,
0 i 0
(5.18)

where p = Ei:l a;ri + or, Q1 and Qo are defined by (5.10), and C is
defined by (5.12).

Proof. Combining Theorem 5.4 with the hypotheses on DYf | we have

F(z/—,ui)|D“if(T)|:/OT(T—t)”"iCI)(t)dt:/Oxki(T,t)é(t)dt, (5.19)

where ®(t) = Df or ®(t) = —D"f (depending on the sign of D”f in (0, x)).
Because a; > —1 and 0 < s < 1, we have «;sy > —1. Furthermore,
o =1/sy —1/p > 0. Writing k;(7,t) = (r —t){" (i =1,...,1), we have

ki(r,-) € L2(0,2) and ks(r,-) € LY7(0,z). (5.20)

We can now retrace the proof of Theorem 5.5, relying on (5.20) and
using the reverse Holder’s inequality in place of Holder’s inequality proper
(asO0<sp<lfork=12andp<0). O

A possible choice of p in this theorem is p = (s153)/(s1s2 — 1). This
results in an inequality similar to the one obtained earlier by the author
[15, Theorem 3].

We obtain yet another counterpart of Theorem 5.5 if we assume that
s1, S2, and p lie in the interval (0, 1). In this case the hypotheses on s1, s2,
and p are of necessity more restrictive.

Theorem 5.8. Let f € L'(0,x) have an integrable fractional deriva-
tive D¥f € L*°(0,x) that is of the same sign a.e. in (0,x) and satisfies
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DY7Iif(0) =0,5=1,...,[v]+ 1. Fork=1,2,let 0 < s < 1, let rs; < 1,
p €R,
S92 S92

<p<—2 5.21
P<17 5s (5.21)

1— ass + 59

and leto = 1/s9—1/p. Then the inequality (5.18) holds where p = Zli:l Qi+
or, Q1 and Q2 are defined by (5.10), and C is defined by (5.12).

Proof. We show that condition (5.21) guarantees that, for i = 1,...1,
(a) 0<p<sy <1, (b) —1<a;+0<0. (5.22)

Because 1 — asy 4+ s3 > 0 and 1 + fsg > 1, inequality (5.22) (a) follows
directly from (5.21). Furthermore, we have a; + 0 = (1 + a;s2)/s2 — 1/p,

and
1-— 1 1 i 1 1 1
asy I _ltasy 1 1485 1 _,
p 52 p 52 p

-1<

52

This proves (5.22) (b).
Because a; > —1 and 0 < sy < 1, we have «a;s9 > —1. Furthermore,
0 <0, and a;/0 > —1. Writing k;(7,t) = (7 —t)%* (i =1,...,1), we have

ki(r,-) € L2(0,2) and ksi(r,-) € LY7(0,z). (5.23)

As in the proof of the preceding theorem we have

D(v — )| D¥ f(r)] = /OT(T—t)ai@(t) it = /OI ki, D®(1) dt,  (5.24)

where ®(t) = Df or ®(t) = —D"f (depending on the sign of D”f in (0, x)).

We can now retrace the proof of Theorem 5.5, relying on (5.23) and
using the reverse Holder’s inequality in place of Holder’s inequality proper
(as 0 < s < 1for k=1,2and 0 < p < 1). For the last application of Ho
lder’s inequality we need 77 € L*'(0, ). This follows from

1
psy = Z(ai +o)risy > —rsy > —1

i=1

taking into account the assumption rs; < 1. [

We present a version of Opial’s inequality with [ = 2 motivated by Pang
and Agarwal’s extension [323, Theorem 1.1] of an inequality due to Fink
[160] for classical derivatives. This was further extended in [15, Theorem 4]
to fractional derivatives. Our proof is similar to the one given in [323]. In
view of the auxiliary inequalities used, in particular of (5.27), the theorem
does not extend easily to | > 2.
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Theorem 5.9. Let f € L*(0,2) have an integrable fractional derivative

D¥f € L>=(0,x) such that D*7If(0) =0 forj =1,...,[v]+1. Let v > sy >
wy+1>1.Ifp, g > 1 are such that 1/p+1/q =1, then

x x 2/17
[ 1D DR ()] dr < Gt ( / ID”f(T)IpdT> ,
0 0

(5.25)
where Co = Co(v, iy, pha, p) is given by
CQ =
(1/2)7
(v —p) TV = pg + D)((v = py)g + DVU((20 — py = prp = D)g +2)1/0
(5.26)

Proof. First an auxiliary inequality: write a; = v — pu; — 1 for ¢ = 1,2;
in view of the hypothesis py > 1y + 1 we have oy — g — 1 > 0. Let
0<t<s<z Then

/0”” [(T — )3 (T =)+ (T —s)3 (17— t)iﬂ dr

— (z =) (z— s)2tL, .
e G RCED) (5.27)

This is verified by estimating the integrand in (5.27) (with 7 > s > ¢):

(1= (r—8) 4+ (r— ) (1 —1)*
= (1 =ty 7ozl (r )2 tl(r _5)%2 4 (7 — g) 2Tl (p _ g)eetl(z _pyon

<(x— t)alf‘”*l [(7‘ - t)a2+1('r —8)*+ (1 — s)o‘2+1(7 - t)a2]

(where the last inequality requires a; — as — 1 > 0); (5.27) follows from

[ =0 = o+ s -3 ar =

—le— =9

In the following calculation we abbreviate
cp = (D(v — p)T(v — )", ¢y = (D(v — py + DI(v — py)) ",
3= (V—pg)g+1, €=2V—p —py —1+1/q.

By Theorem 5.4,

DHif(r) = )/OI(T—t)i"D”f(t) dt, i=1,2.

L(v —p,;
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Using this representation, the auxiliary inequality (5.27), and Holder’s in-
equality, we obtain

/0 DI f ()| [DFf ()] dr

<o [ ([ 101 -0 dt) ([ s =2 as) ar

— [l ([ i

([ 0=+ -0 dr) s ) a

<02/ IDYF(#) </ IDYF(s)| (2 — )™ (2 — )a2+1ds)dt

_02/ DY) (2 — 1) (/ D¥F(s)|( )O‘2+1ds) dt

< [0l — o ([ D”f(S)I”dS) v ([ o= sreas) i
S NI / ’ D”f(S)I”dS) "

o ([ ([ naea) ) ([-1s)

P
< eacy (g + 1)V g leat/a ( </ |DVf(t |pdt>>

This implies (5.25). O

In the following theorem we address the case when the function |D¥f| is
monotone.

Theorem 5.10. Let f€ L'(0,x) have an integrable fractional derivative
DVf € L*>=(0,x) such that D*=If(0) = 0 for j = 1,...,[v]+1 and that |D"f|

is decreasing on [0,x]. Let | > 2. If p, ¢ > 1 are such that 1/p+1/q =1
and Zi:l a;p > —1, then

1/q
/H|D“ (7)| dr < CazOPHIP+H/P </ |DVf( )|lth> . (5.28)

where v := Zizl a; and

Co = Ca(v, p,p) = P . (5.29
B ) = et DT T g 2
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Proof. By Theorem 5.4,

I — )/I(Tt) \DVf(1)] dt.

(v =) Jo

The integrand t — (7 —t)" |[DVf(t)| is decreasing (and integrable) on [0, z]
for all 7 € [0,2]. By Chebyshev’s inequality for the product of integrals
183, p. 1099],

l

[ 10" ()] < / H )% [DVF(D)| e

i=1 11 V_Hz

IA

m /0 (r =1 [D"f(t)[ dt

e (L o) ([ orea)”

=1

21 < Typtl >1/p (/w |DVf(t)|lq dt) 1/q
I T(v—p;) \p+1 0

1=1
2=l (p+1)/p /g
= (/ |DVf(t |lth> .
('7p+1)1/p H¢:1 V_/%

Integrating with respect to 7 from 0 to z, we get the result. Condition
22:1 a;p > —1 was needed in order to apply Ho lder’s inequality to fox (r—
07 1D (1) dt. O

IN

IN

The following extreme case of the theorem resembles [15, Proposition 4].

Theorem 5.11. Let the hypotheses of Theorem 5.10 be satisfied, but let
p=1and qg= oco. Then

/ H|D“ (1) dr < Caa Y DVFIL, (5.30)
0

i=1
1
where y:= Y. | a; and

04 = C4(V,H) = ! . (531)

(Y + Dy + 1+ DT, Dv — p)
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Proof. As in the proof of Theorem 5.10 we have

l
DHFif DY f(¢) dt
zl;[l | = Hi 1 — ;) / | -

Tl—l

T o [ty
<t oo | f||oo/0<r 1 dt
D
(7"‘1)1_[1 1F(V_/J’i).

Integrating over [0, x] with respect to 7 we obtain (5.30). O

65
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Opial-Type Inequalities Involving
Canavati Fractional Derivatives of
Two Functions and Applications

A wide variety of very general but basic L, (1 < p < co)-form Opial-type
inequalities [315] is established involving generalized Canavati fractional
derivatives [17, 101] of two functions in different orders and powers.

The above rely on a generalization of Taylor’s formula for generalized
Canavati fractional derivatives [17]. Several other concrete results of special
interest are derived from the developed results. The sharpness of inequali-
ties is established there. Finally applications of some of these special in-
equalities are given in establishing the uniqueness of solution and in giving
upper bounds to solutions of initial value problems involving a very gen-
eral system of two fractional differential equations. Also upper bounds to
various fractional derivatives of the solutions that are involved in the above
systems are presented. This treatment relies on [26].

6.1 Introduction

Opial inequalities appeared for the first time in [315] and since then many
authors have dealt with them in different directions and for various cases.
For a complete recent account of activity in this field see [4], and there
still remains a very active area of research. One of the main attractions to
these inequalities is their applications, especially to establishing uniqueness

G.A. Anastassiou, Fractional Differentiation Inequalities, 67
DOI 10.1007/978-0-387-98128-4_6, (© Springer Science+Business Media, LLC 2009
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and upper bounds of the solution of initial value problems in differential
equations. The author was the first to present Opial inequalities involving
fractional derivatives of functions [15, 17] with applications to fractional
differential equations.

Fractional derivatives come up naturally in a number of fields, especially
in physics; see the recent book [197]. Some topics include fractional kinetics
of Hamiltonian chaotic systems, polymer physics and rheology, regular vari-
ation in thermodynamics, biophysics, fractional time evolution, and fractal
time series among others. One also deals there with stochastic fractional-
difference equations and fractional diffusion equations. Great applications
of these can be found in the study of DNA sequences. Other fractional
differential equations arise in the study of suspensions, coming from the
fluid dynamical modeling of certain blood flow phenomena. An excellent
account of the study of fractional differential equations can be found in the
recent book [333]. One can also have applications of fractional calculus to
viscoelasticity, Bode’s analysis of feedback amplifiers, capacitor theory, elec-
trical circuits, electronanalytical chemistry, biology, control theory, fitting
of experimental data, and fractional-order physics. The study of fractional
differential equations ranges from the very theoretical topics of existence
and uniqueness of solution to finding numerical solutions.

The study of fractional calculus started in 1695 with L’Hospital and
Leibniz, and was continued later by Fourier in 1822 and Abel in 1823, and
continues to our day in an increased fashion due to its many applications
and the necessity of dealing with fractional phenomena and structures. So
this field is keeping a lot of people active and interested.

In this chapter the author is greatly motivated and inspired by the very
important article [3]. Of course there the authors are dealing with other
kinds of derivative. So here the author continues his study of fractional
Opial inequalities now involving two different functions and produces a wide
variety of corresponding results with important applications to systems of
two fractional differential equations. Dealing with two functions makes the
study more complicated and involved.

We start in Section 6.2 with preliminaries, we continue in Section 6.3
with the main results and we finish in Section 6.4 with the applications.

To give a flavor to the reader of the kind of inequalities we are dealing
with, we briefly mention

/ q(w)[[(D fu) () [(D fu) () + (D fo) (w) [ [(Dy fo) (w) | ]dw

S C(CL, ba q(w)7 717 v, >\a7 Auap(w)vp)
((AatA0)/p)

b
: [ / p(w)[[(D 1) (w)|? + (DY f2) (w)|?]duw ,
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for certain continuous functions fi, fa, p(w), ¢(w) on [a,b] , all exponents
and orders are fractional, and so on. Furthermore, one system of fractional
differential equations we are working on briefly looks like

(D f5)(t) = F; (&, {(Dg f1) () iz, {(Dg7 f2)()}iz), allt € [a, b],

for j = 1,2, and with f;z)(a) =a;; €R, i=0,1,...,n—1, where n := [v],
v > 2, and so on.

In the literature there are many different definitions of fractional deriva-
tives, some of them being equivalent; see [197, 333]. In this chapter we use
one of the most recent due to J. Canavati [101], generalized in [15] and [17]
by the author.

One of the advantages of the Canavati fractional derivative is that in
applications to fractional initial value problems we need only n initial con-
ditions, as with the ordinary derivative case, whereas with other definitions
of fractional derivatives we need n + 1 or more conditions; see [333].

6.2 Preliminaries

In the sequel we follow [101]. Let g € C([0,1]). Let v be a positive number,
n:=[v],and a:=v —n (0 < a < 1). Define

(Jg)(x) = ﬁ /Ox(a: — i lgndt, 0<z <1, (6.1)

the Riemann—Liouville integral, where I" is the gamma function. We define
the subspace C"(]0,1]) of C"™([0,1]) as follows.

C*([0,1]) := {g € C"([0,1]): J1—aD"g € C*([0,1])},

where D := d/dx. So for g € C¥([0, 1]), we define the Canavati v-fractional
derivative of g as
D"g:=DJ,_,D"g. (6.2)

When v > 1 we have the fractional Taylor’s formula

S = 90)+g O+ O+ + g0
+ (J,D"g)(t), forallt e [0,1]. (6.3)

When 0 < v < 1 we find

g(t) = (J,D"g)(t), forallte]l0,1]. (6.4)
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Next we carry the above notions over to arbitrary [a,b] C R (see [17]).
Let x, 20 € [a,b] such that x > xq, where x is fixed. Let f € C([a,b]) and
define

N = [0 0 msash 65)

the generalized Riemann—Liouville integral. We define the subspace CY_ ([a, b])
of C"([a, b]):

C% (la,b]) :== {f € C™([a,b]): J{°, D" f € C*([xo, b))}

For f € CY ([a,b]), we define the generalized v-fractional derivative of f
over [xg,b] as

Dy f = DJi f" (f = D"f). (6.6)
Notice that
1 x
(J12 0 f ) () = m/ (z — ) f™) (t)dt

exists for f € C¥ ([a,b]).

We recall the following fractional generalization of Taylor’s formula (see
[17, 101]).

Theorem 6.1. Let f € C¥ ([a,b]), xo € [a,b] fized.
(i) If v > 1 then

(x — x0)?

F(@) = f(ao) + f'(w0) (@ = x0) + " (w0) = —— 4+

n—1 (.’E—Q]‘ )n—l
ft )(l‘o)Tol)!

(i) If 0 < v <1 then

+ (J° Dy f)(z), for all € [a,b] : & > x0. (6.7)

f(x) = (J5° Dy, f)(x), for all x € [a,b] : > 0. (6.8)

We make

Remark 6.2.
(1) (D, f) = f™, neN.
(2) Let f € C% ([a,b]), v > 1, and f(zg) =0, i = 0,1,...,n—1,
n = [v].
Then by (6.7)
f(x) = (J7° Dy, ().
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That is,

x

f(a) = % / (x — 1"~ (DY, )()dt, (6.9)

Lo

for all z € [a, b] with > x(. Notice that (6.9) is true also when 0 < v < 1.
We need from [17]

Lemma 6.3. Let f € C([a,b]), p,v > 0. Then
S (00 ) = T8 () (6.10)

We also make

Remark 6.4. Let v > 1, v > 0, be such that v — v > 1, so that v < v.
Call n:=[v], a:=v—n;m:=[y], p:=~—m. Note that v —m > 1 and
n—m > 1. Let f € C¥ ([a,b]) be such that f(20) =0,i=0,1,...,n—1.
Hence by (6.7)

f(x) = (J;° Dy, f)(x), for all x € [a,b] : x > xo.
Therefore by Leibnitz’s formula and T'(p + 1) = pI'(p), p > 0, we get that
f (@) = (J22,, D% f) (), for all z > . (6.11)
It follows that f € C7 ([a,b]) and thus

(DY, M)(x) == (DJfﬁpf(m))(a:) exists for all x > xq. (6.12)

By the use of (6.11) we have on [z, b],
T, (f0) = IR (5 DY ) = (2, 0 J30, ) (D, f)
- J:2m+1_p(DZ0f) = J537+1(D;0f)7

by (6.10). That is,

(2,0 @) = p—s [ =0 02, o

e F(V_’Y+ 1) To o
Therefore
1 xr

(D}, f)(@) = D((J7° ) (x)) = m/ (x =)D, f)(t)dt;

(6.13)
hence (D7, f)(z) = (J;2, (D5, f))(x) and is continuous in  on [z, b].
In particular when v > 2 we have

T

(D% i) = [ (DL oz (6.14)

o
That is,
(Dy'f) =Dy f, (Dt (o) = 0.
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6.3 Main Results

We present our first main result here:

Theorem 6.5. Let v > 1, v;,75 > 0 be such that v —~; > 1, v—7, > 1,
and f1, f2 € C¥ ([a,b]) with {7 (x0) = f57(x0) = 0, i = 0,1,...,n—1,
n := [v]. Here x,x¢ € [a,b] : x > xo. Consider also p(t) > 0, and q(t) > 0
continuous functions on [xg,b]. Let A\, > 0 and Ao, A\g > 0 such that A\, < p,
where p > 1. Set

Pulw) = [ 0 ), k= 1,2, 2y S <
B (6.15)
q(w) - (Py(w))*P=1/P) - (Py(w)) o ®P=1/P) (p(w)) A+ /P

Alw) = (T =P (D = 7)) » (616)

x (p=Xv)/p
Ap(z) = (/ A(w)p/p_)‘“dw> , (6.17)
o
and
21=((QatX)/P) i A + A, < p,
8y = (6.18)
1, if Ao + A0 > p.

If A\g = 0, we obtain that

/z a(w) [[(DZg fu)(w) > - [(DE, fr) (w)[ >+

0

+H (DL f2) (W) - (D, fo) (w) ] dw

>\u Av/p
< (Ao(lf)|>\5:0) ‘ (m) <01
((Aat+Av)/p)

([ v 10z, P + (05 P ] (6a0)

Zo

Proof. From (6.13) we have

(D35 fi)(w) = ﬁ / o - )N (DY, fi) (bt

for k=1,2, j=1,2, and for all xg < w <b.
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Next applying Holder’s inequality with indices p, p/(p—1) we get

(D3 ) (w)] < ﬁ / =T p(0) P e0) P I(DE, 1) ()1t

(/ R RO v

(p—1)/p

B 1 Y w v, 1/p

=ty P ([ polos o)
That is, it holds

i 1 p—1/p v v P 1/p
(D3 ()] < o (el ([ piol(D2, ) 0P
’ (6.20)
Put "
slw)= [ p0lD5) 0P,

thus

2j(w) = p(w)|(Dy, f) (W), zj(x0) =0, j=1,2.
Hence we have
1

w)@=D/P (o ()P
Ry () O ey ) 7,

(D2 fi)(w)] <

and
(D%, £) ()| = p(w) /P (w) /P, j=1,2.

Therefore we obtain

q(w)[(D3 o) (w) (D32 fo) (W) |(Dy, fr) (w) |

w ! w)) e @=1/P) (o (1)) e /P 1
= G e R e g
(Pa(a) P29 () P (p(a)) /7 (2 )
= Aw) (21 () (2o (0)) M )

Consequently, by another Hélder’s inequality application, we find (by p/A,
>1)

/w q(w)|(D3 fu)(w) = [(D32 f2) (w) [ [(DE, f1) (w) [ dw

Av/p

< Ap(x) |:/w(zl(w))>\a/)w(ZQ(U})))\ﬁ/)‘Vzi(’UJ)dU} . (6.21)
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Similarly one finds

/x q(w)|(DYz f1)(w)|* [(DFy fo) (w) [+ (D, f2) (w) [ dw

0

]Mp (6.22)

< Ap(x) {/x(zl(w))m/xu(Zz(w))xa/xuzfz(w)dw
Taking A\g = 0 and adding (6.21) and (6.22) we obtain
/ “afuw) [|(D3 1) () P 1Dy £1) )+ (D33 £2) ) (D%, F2) () | do

0

< (Ao(®)|x,=0) { {/;(Zl(w))xa/,\,,zi(w)dw} Ao /p

0

0

Av/p
= (Ao(x)|)\5=0) {(zl(m))(AaJrAu)/p + (zz(x))(AaJrAu)/p} <)\a:i’>\u)

= (Ao(x)|x,=0) ()\a):%)/\u/p{</:p(t)(Dgofl)(t)y’dt) AatA)/p

+(f :p(t)|(DZOf2)(t)|pdt>WHVW} i (9)

In this chapter we frequently use the following basic inequalities.

27 Na" ") < (a+b)"<a" +b", a,b>0,0<r<1, (6.23)
a”+b" < (a+b)" <27 a" ), a,b>0, r>1. (6.24)

Finally using (6.23), (6.24), and (6.18) we get

() < (Ao(x)|rs=0) - (AQ:VAV)MP~51

z AatAv)/p
{ [ o0 10, 0P + 102, £)0F) dt} -

0

Inequality (6.19) has been established. O
It follows the counterpart of the last theorem.

Theorem 6.6. All here are as in Theorem 6.5. Denote

5y e { /M 1 i Ay > A\,

1, if Ag < A, (6.25)
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If \o, =0, then it holds

x

/ a(w) [I(DF2 f2) @) - (D, f1) (@) + [(DF2 1) ()| (DY, f2) () ™| duw

Zo

(r—A0)/ A M i

< _ pP—Av)/p v v .

< (Ao(@)lruz0)2 ( — A) 5 (6.26)
x ((Av+25)/p)

~ ( | ) [ 1)@ +1(D%, 20w dw) Lallzg <a <b
o

Proof. When )\, = 0 from (6.21) and (6.22) we obtain

/96 q(w)|(D32 f2) (w) [ (DX, f1) (w) [ dw

:|>\,,/p

< (Ao(@)lr—0) [ / () (w)dw| L (6.27)

and
[ a0z )P0, o)) e
< Gofeauo) || ()7 i " ey
all 7o < z < b. Adding (6.27) and (6.28) we get
[ atw) (D3 0P (D P + 103 1))
(D2, 2) )] dw < (Aof@)], o)

(S R

< (Ao(@)|ra=0) - 277 (M ()P =2 (%), (6.29)
by 0 < A, /p < 1 and (6.23), where

M(z) := / ()M 2 (w) + (21 ()M 2 (w0) o (6.30)

Call
5o i 1, if A\g > Ay,
2T 2 i g <\,
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Next we work on M (x). We have that

M(x) = / (@) ¥+ (o)) (B () + 2 (w))dw

0

= [ [aw) s ) + o) )] du

o
(by (6.23), (6.24)) z
= & / (21 (w) + 22(w)) /™ (21(w) + 25(w)) dw

Zo

_( Ay ) [(Zl(x))((z\,,—&-/\a)/z\u) +(Z2(w))(/\,,+>\ﬁ/,\y)}
= 6 ((1(2) + z2(2)) A2 (AV%E > - (Aﬁ&)

[(zl(x))((xuﬂs)/m) + (zQ(w))((A,,+)\5)/)\U)}

= L d2(21(z) + ZQ(JE))(()‘"+)‘B)/)\V),
T\t A L ((za (@) QA /X (25 () (Qetrs)/A))

(6.24) A, B
2 (/\5+>\ )[522<<Au+xg)/xu) ! (@) )

+ (zg(x))((AyHB)/Au)) _ ((Zl(w))((xﬁm)/xu) +(Z2(x))((xu+xg)/xy)>}

A
= - o220/ A 1
()‘B+)‘V)( ’ )

[(zl(x))((ku-‘r)\ﬂ)/)\u) n (zz(x))((xuﬂﬁ)/x,,)} (notice 5o = 5,20/ h _ 1)

(6.24) )\y
< (5250 ) a4 s A0

That is, we present that

M(z) < (Aﬁ):/\) 03(21(x) + 2zo(x)) (Pwtre)/ A, (6.31)

Consequently by (6.29) and (6.31) we get

)\u )‘V/P
(9 = (Ao@h-0) 20 (2 ) T R P (a) () O

Av/p
= (Ao(@)|n,_o) 2P (2 §hu /P
o g+ A 3

z ((Ae+X25)/p)
~ ( [ o0 10z, 0P + 10, £)0F) dt) .

Zo

We have established (6.26). O
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The full case when A, Ag # 0 follows.

Theorem 6.7. All here are as in Theorem 6.5. Denote

- 2((AatAs)/Av) _ 1 if Ao + g > Ay,
M= { 1. it Ao+ Ag < A, (6.32)
and
U B if A\a + g+ Ay, > p,
V2 = { 91=(Aa+As+Au/p) if Ao +Ag + Ay < p. (6.33)
Then
/ g(w) [[(D2 f1)(w)[ (D2 f2) (w)[*| (DY, f1) (w) [
o
+ (D32 f1) (W)} (D fo2) (w) M [(DE, f2) (w)[*] dw
A SN A/ M/
< A v A\ /P5 QP=Av/P (5. \ ;) /P
z ((AatXs+A0)/p)
([ 0@z, + 105, 2w L (634)
o
all xog <z <b.
Proof. Here we use the basic inequality
P q
< ¥ (6.35)
p q

where a,b > 0 and p,q > 1 such that 1/p+1/¢g = 1. From (6.21) we obtain

[ w20 (D32 ) @) (D2, ) ) s

0

= [/mj (()\a/\:,\ﬁ> (21 (w)) Patrs)/X)
()\a)f)\ﬁ) (zz(w))((kaﬂﬁ)/,\y)) y (w)dw] A /p

)\a>\l/ (’Zl (x))(()‘a+>\[3+)\y)/)\y) )\l,/p
<()\a+)\ﬂ) (Ao +Ag +A) >

‘ )\/8 A A A / atle
" </x (Aa +A@> (zau)) P2 V)Zl(w)dw) '
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Therefore
xT
/q(w)\(Dggfl)(w)Pa|(D;gf2)(w)W\(D;Ufl)(w)ﬁvdw
zo

Ao
< .
< Aole) { (()\a F23) e+ Ag + A

+( A >A”/” (Lj(@(w)yuau,;)/xnzi(w)dw) MP} .(6.36)

>\a+>\ﬁ

Av/p
)) (z1(z))(PatAat+rn)/p)

Similarly using (6.22) we find

/m q(w)[(D32 1) (w) [ |(DFy f2) (w) [ |(Dg, f2) (w) | dw

Aa+As+ A

As M XatAs)/A) o1 Ao/
+ (Aa +)\ﬁ> <AO (Zl(w))(( atAg)/ u)z2(w)dw> . (637)

Next adding (6.36) and (6.37) we observe

Av/p
< Ap(w) { ((/\a - Ag))xy)\a )) (20(2)) (e tAs 0 /)

0= [ alw) (D21 w) 1032 2)(w) P (D%, o) )

+ (D22 fu) (w) (D f2) (w) = (D, f2) (w) ] dw

Ay Ml
< Ao(z) { <(/\a +2A3)(Aa + A+ /\u)>

[(Zl(x))((kﬁf\aﬂu)/p) + (ZQ(x))((Aa+Aﬁ+Au)/p):|

+ (/\aiﬁ)\ﬁ)&/p [(/:(21(w))(AaHﬁ/A,)Zé(w)dw) A /p
+ (/g:(zz(w))((Aﬁ,\ﬁ)/,\y)Zi(w)dw) )\,,/p‘| }

(6.23) M Av/p
<A
= “””{((Aaﬂﬁ)(xa“ﬂﬂy))

[(zl(x»((xawﬂuvp) + (22(x))((/\a+/\5+/\u)/1))}

As Aolp /P (T Ao/
LQP= AP (T v/P
+(25) )b
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where

T(x) := / () Ot 4 ) - (2 w) O3/ 24 ()

Zo

Again, see (6.30) and (6.31), we get

= T
(x) < (A +35+A )<z1<w>+Zz<x))<“a“ﬂ“">/*">. (6.38)

Hence by (6.38) we obtain

A Av/p
QSAM@{<QQ+A@@Q+AQ+&J)

[(21 (x))((Aa+>\5+Ay)/p) + (22(33))((>\a+>\5+xy)/p)}

A A\ e (e N (Catrstr)/p)
“(otw) () e@ e

4 /\V/\a Av/p
< i
< Ao(@) ((Aa )0 A») 2

-~ by A,,/p X >\V )\,,/p
e </\a f/\ﬂ) (Aa :;5 + Au) (21 () +22(x)) e Aot X)/P)

Y
%@%MMJMM+M+M

Aofp A A A
) P e )

z ((Ma+2r3+20)/p)
~ [ [ o0 105, 2@ + 108, 1200 dt} ~

0

We have proved

Ay

Av/p
Q < Ao(x)( )) [)\g‘ér//?,;?_,'_Q(P—)\u)/P(:Yl)\ﬂ))\u/P

P ((Aa+Xs+A0)/p)
: [/ p(w) [[(Dz, f1) ()P + [(Dz f2) (w) ] dw} :

o]

We have established (6.34). O
A special important case follows.

Theorem 6.8. Let v > 2 and v, > 0 such that v — v, > 2. Let f1, fa €
C¥ (la,b]) with f(zo) = f37(w0) = 0, i =0,1,...,n — 1, n := [v]. Here
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x,x0 € [a,b]: @ > x. Consider also p(t) > 0, and q(t) > 0 continuous
functions on [xg,b]. Let Ao, >0, 0 < Aq41 < 1, and p > 1. Denote

- 2/\a/>\a+1 -1, if Ao, > >\a+17
on={ 1 s (6:39)
’ (1/1=Aat1) (=2ett) 1 g5 o\
L = (2 —Aat+1) ] _erew A
@)= (2 [ tatw) o) () e
and
Py() = /(a:—t)(”*“’””/(”’”(p(t))’”(”*l)dta (6-41)
o
_ (Na+rat1)
Py(x)® 1/P)>
T(x) = 1A C ) N e A— , 6.42
(@) ) (F(V—%) 042
and
wy = 2(E=D/P)Aatrasts) (6.43)
O(x) :=T(z)ws. (6.44)
Then .
/ q(w) [I(DZs fu) ()= [(DI3 f2) (w) M+ (6.45)
zo

(D33 £2) (@) (D fr) (w)+] doo

z ((AatAa+t1)/p)
< &(x) [/ p(w) (|(D, f1)(w)[” + (D, f2)(w)[F) dw ;

0

all xog <z <b.

Proof. For convenience we set v, := vy, + 1. From (6.13) we obtain

1 w
D7k f. < AL e Tt DY f. = .
(D250 < gy [ =7 D £) Ol =gy, ),

(6.46)

where j = 1,2, k= 1,2, all z9 < w < b. We observe that
(D21 fi(2)) = (DT ) (@) = (D32 £)(w), (6.47)

all g < 2 <b. And also

(9js (W) = gjry(W);  Gjy, (0) = 0. (6.48)

Notice that if v — vy, =1, then

Gjy, (W) = /w (D3, fi)(t)|de.

0
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Next we apply Holder’s inequality with indices 1/Aq41, 1/(1—Aq+1); we

obtain

/ )P ) )P (D2 o) P

0

</ (1) 015, () (92, () P

0

x (1=Xat1)
< ( / <q<w>><1/“a+1>dw>

Zo

T Aa+1
( / <gml<w>>Aa/*w+l<gz,%<w>>'dw) |
zo
Similarly we get

[ D3 2P (D2 3w+ s

0

z (I=Xa+1)
< ([ ttwn0r o)
€T

0

([ s wyan) ™

0

Adding (6.49) and (6.50) we observe

/w q(w) [I(DZy fo)(w) P [(D23 T f2) (w)[ 2+

0

+ (D3 ) @)= |(DF+ ) (w) =] duw

* (1=Xa+1)
< ([ awnorean)

(/(9 (W) (g2, (w))’dw) o

°0

1

' (/(g (W) (g1, <w>>’dw>

o]

(6.23) T (1= Xat1)
< (2t
Zo

0

(6.49)

(6.50)

z Aat1
- [ [ 01, P g2, ) + 20, 0> 01, (w»’} dw}
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(note (6.30) and the proof of (6.31); accordingly here we have)

’ (1/1=Aat1) (72 Xap1fs )
< (2 —Aat1) g R A A
B < /zo (Q('LU)) w) </\a + )‘Ot+1>

(Aa+Aat1)
: (91,71 (1‘) + 92,4, (z)) o

(Aat+Aat1)
= L(2) (91,4, (2) + g2.v, (2)) "

L(z)

= (F(V — 71))()\&4_/\%1) {/IO (x - t)u_'“_1(p(t))_1/p(p(t))l/p [|(D;Of1)(t)|

+ |(D;’0f2)(t)” dt}(A“H‘aH)

(applying Holder’s inequality with indices p/p—1 and p we find)

L(x)
T 7)) ihee)

T (pfl/p)()‘a‘i’)‘a )
. (/ (z — t)(”““1)p/p1(p(t))1/p1dt> i

0

x ()‘a+)‘a+1/P)
~ ( [ 102,50 0]+ I(DZsz)(t)det)

:| (Aa+Aat1/p)

x) (Do SO+ (D3, f2) () ])P i

T (
< O(z) (Do )OI + (D, f2)(@)[P)dt

0
RZL

Zo

x ()‘a+)‘a+l/17)
[ o ]

zo
We have proved (6.45). O

Next we treat the case of exponents A\g = Ao + A,.

Theorem 6.9. All here are as in Theorem 6.5. Consider the special case
Ag = Aa + Au. Denote

~ A Av/p
T(z) := Ao(x)<)\ H) 2(P=2Xa=3A)/p, (6.51)

Then

[ ) 103 £ @) (D2 £2)) P (D%, o) )

0

H(D22 1) (w) (D3 fo) (w) P (DY, £2) (w)[*] dw
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N . 2((Aa+he) /)
< T(a) ( | oz, e+ I(DZsz)(w)l”)dw) |

(6.52)
all vog <z <b.

Proof. We apply (6.21) and (6.22) for A\g = Ay + A, and add to find
/ q(w) [[(DZy f1) (W) P (D32 f2) (w) P2 | (D, fr) (w) ™
o

H(DZz f1) (w) P2 ((DY3 f2) (w) = (D, f2) (w)[*] dw

AU/P

< Ap(z) { |:/x(31(w))>\a/>w(zg(w))(ka/Au)+1z1(w)d’w:|

+ |:/x(21(w))(AQ/Au)+1(Zz(w)))\a/)\uzé(w)dw} Au/p}

(6.23) z
< Ao(x)f“”/”){/ (1)) (g (w)) X212 () +
xo

(=1 (w)))\a/Aerl(Zz(w))/\a/)\,,zé(w)] dw})\u/P

Av/p

= o2 { [ Gatw)sa(w) > ealw)ih (0) + 1 w0l

Av/p

—ag(opi e { :<zl<w>zQ<w>>Aa“v(a(wm(w))'dw}

_ Av/p
=A =X, (21(2)22(2)) Ae/ 2+
0(x)2 /p ( v

A
Av/p
> (Zl(x)zz(aﬂ)(ka‘%ku)/p

A
— P—Au /P v
Ao()2 (Aa A
v Aat+Ay
< Ag(z)2P—A/P Ay Mo/p (z1(x) + 22(x))? Pt Au/p)
=0 Ao + A 1

= T(x)(21(w) + 25())* P F)/P

2((Aa+X0)/p)

— T(a) ( [ vt (02, @ + (52, B @) dw)
We have established (6.52). O

Next follow special cases of the above theorems.
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Corollary 6.10. (to Theorem 6.5; A\g =0, p(t) = q(t) = 1)
It holds

/I[I(DZ; D (@) (D, f1) (w) [ + (D2 f2) (w) [+ [(Dy, fo) (w) ] dw

0

z ((Aa+Xv)/p)
< Ci(x) - (/ (D7, 1) (w)|” + (DZsz)(w)l”)dw> (6.53)

0

all xg < x < b, where

)\y Av/p
Ol(x) = (Ao(z)b\ﬁzo) ’ <>\ T\ > ! 517 (654)
s [ 2P i, <,
71, ifAg+A,>p
We find that
—1 ((Aap=Aa)/p)
(Ao(2)[x5=0) = {( (f ) (Car—a)/ >>
(L' —y1) e (vp — y1p — 1)(Rep=Aa)/p
_)\U (p=2v/p) vp— _ _
. (()\al/p — )\ag/plp = )\)a T ) )}-(m—xo)((/\a P=Aav1P—Aa+P—Av)/p)

(6.55)

Proof. Here we need to calculate Ag(z)[x,—o. From (6.17) we have

T p/p—A (p=Av)/p
Ao(.’t)b\ﬁzo = </ (A(w)b\ﬁ:()) v dw) ,
T

0

where from (6.16) we find

(Py(w))re((P=1)/P)

A= ==, 5

and here from (6.15) it is

Py (w) = /w(w - t)((l’_%—l)/(?—l))pdt.

°0

Therefore we obtain

~1
Py(w) = (p—) (w — o) P~ 1P=1/(P=1),

vp—7ip—1
and
(Aap_ka/p)
A(w)|r,—0 = _p-1 R
- vp—yp— 1 (T(v =)

(w — zg)AavPranP=Aa)/p
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That is,

(p — 1)Pap=2a/p)
( (vp — y1p — 1)Rap—Aa /’”(F(V—%))*a)

((p=Av)/p)
(/ w — xg) AP AamP=Aa /PN )dw>

—1)RXar=2a/p)
- {( V_r}/l (yp_fylp— 1)((>\ap_)‘a)/p)>

(p— A,)P=2/P)
(/\ Up— AaY1P — Ao+ D — A )((p—/\u)/p))}

zo) AP AamiPmAatp=Au /)

Ao(2)[xs=0

Corollary 6.11. (to Theorem 6.5; A\g = 0, p(t) = q(t) =1, o = A\, =1,

2). In detail:
Letv>1 71,72>0 such that v — vy, > 1, v —v9 > 1 and f1, fo €
c (la,b]) with £ (z0) = f52(x0) = 0, i =0,1,...,n— 1, n := [1]. Here

x,x € [a,b]: & > x9. Then

/m (1D 1) () (D, f1) (w)] + (D3 f2) ()| (D, f2) (w)]] dw

0

(z — xo)(val)
: <2F(V — YV =7V =2y, - 1)
([ 1ot @) + (@2, m)Pa). (630

all xg < x <b.

Proof. We apply Corollary 6.10. Here 6; = 1 and

A\
(Aaﬂu) V2

1
W) = (rp=sy=m=)

Furthermore we have

1 _
. <\/§—> . (m - xo)(l/ ’Yl)'
N

Finally we get

((E — :1;0)(”_'71)

Cile) = =y )V =1 V2v =27 -1 -
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Corollary 6.12. (to Theorem 6.6; A, =0, p(t) = ¢(t) = 1).
It holds

/I [1(DZ2 f2) (w) (D, fu) (w) [ + [(D3z f1) (w) [ (D, fo) (w) ] dw

Zo

x ((Aw+25)/p)
< Ca(x) (/ [1(DF, f) ()P + (D, f2)(w) ] dW> , (6.57)

0

all vg < x < b, where

Av/p
Co) = (Ao (@) o) 201w [ v s/ (6.58)
2(x) - 0\L)[xa=0 As + A 3 :
oo [ 2= i ag >,
T, ifAg <A, [
We find that
(p — 1)((Asp=23)/p)
A —_ =
(Ao(z)|x.=0) { ((F(u T (0p — yap — 1)Oar)/7)

(p— A,)P=2/P)
. ((/\gl/p —AgYaD — Ag+p— /\V)((P—/\V)/P) > }
(z— xo)()‘ﬂl’?*)‘ﬂ’hpf/\ﬁJFP*)\u/P)' (6.59)

Proof. Here we need to calculate

Ao ()], =0-
From (6.17) we have

T (P*)‘V)/P
Ao(@) |0 = ( | s,y dw)

0

where from (6.16) we find

(Py(w))*s((=1)/p)

Athe= = =g

and here from (6.15) it is

w
Py(w) = / (w — t)(v—vz—l)p/(p—l) dt.
x

0

Therefore we obtain

p—1 (vp—2p—1)/(p—1)
P. - - _ P—"Y2P P
> (w) (Vp P 1) (w = ) ;
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and
A(w)| B <p _ 1)(>\ﬁp—/\ﬁ/1’) (w _ mo)(ABDP—AEWQP—Aﬁ/P)
=0T T (0 — ap — DO R IN(T( — 7))
That is,
- ( 1)()\51)—)\5/1’)
Ao(z)|ra=0 = <I/p Yop — 1)PAoP=2s/P)(D(1 — ,))*e
((p—=2)/p)
(/ W — ) MYPTAEY2P A5 DA )dw)
_ 1)(k5p A3 /p)
a {( (vp— ’sz—l )Qop= Af*/’”(l“(lf—%))”)
(p— A )(p v /p)
( (Agvp = Agvap — Ag +p = Ay) (77 V)/p)>}
)()\Byp )\B’y2p >\5+p A /p)
O

Corollary 6.13. (to Theorem 6.6; Ao, =0, p(t) = q(t) =1, Ag =X, =1,
2). In detail:
Letu>1’yl,7220 5uchthatu—71>1 v—r9y > 1, and f1,
f2 € CF (la, ])wzthfli( 0) = fz( 0)=0,i=0,1,...,n—1, n:= [v].
Here x,x € [a,b]: x > xo. Then

/w [1(D22 f2) ()] [(D, f1) (w)] + (D32 f1) ()| (D7, f2) (w)[] dw

Zo

_ ( (z — 20)¥=72) )

B \/§F(V—72)\/V—’72 V2v =27, — 1

: (/ (DY, f)(w))? + (DY, fa(w))?) dw) ; (6.60)
all xog <z <b.

Proof. We apply Corollary 6.12. Here 5;”/” =1,20" /P = /2,

AN\
Furthermore we have

(Ao(z)|r,=0) = ( (z —zg) ) .
° \/§F(V_72)\/V_’Y2\/2V—272—1
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Finally we get

Cy(x) =

( (z — 20)¥=72) ) -
ﬁF(V_’YQ)\/V_’Yz\/QV_Q’Yz_l .

Corollary 6.14. (to Theorem 6.7; A\, = Ag = A\, =1, p = 3, p(t) =

q(t) =1).
It holds

x

/[[I(D“ V)(@)[|[(Dg2 f2)(w)[|[(Dg, f1)(w)]

Zo

Dz f))[[(DZ5 f2) ()| (D, f2) (w)[Jdw < Ao ()

(\3/5+ %> ' (/;((Dzofl)(w)ﬁ + |(D;Of2)(w)|3)dw> , (6.61)

all vo < x <b. Here
Ao() =
4(x — xo)(ZV*%*vz)

L —=v)T (v =72)BBv =3y, = 1)Bv — 37, — 1)(2v — v, — 72)]2/3.
(6.62)

Proof. We apply inequality (6.34). Here 4; = 3, 75, = 1, and

Ay Alp
(()‘Oé+)‘ﬁ)(>‘a+)‘ﬁ+)\u)> :%.

Furthermore

(X\ /P5, 4 2= /p(5 ) /p> =1+ 12,

The product of the last two quantities is (\3/5 +1/ \3/6) It still remains to
find Ag(x) for this case.

Here by (6.17),
T 2/3
Ag(z) = ( / A(w)3/2dw) :

(Pr(w))*3(Py(w))*?
P =)0V —7,)
Also by (6.15) we have for k = 1,2,

and by (6.16),
A(w) =

Pe(w) = / " (w = 1)(Br=3m-3)/2) gy

0
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That is,
2(,w _ xO)SV—S—yk—l/Q
P = k=1,2
() Bv—3y,—-1) e
and
Aw) = 24/3 (w — 1) (0¥ —311-372-2/3)

D(v —7)T (v = 75)(Bv = 3y, — D)2/3(3v — 3y, — 1)2/3

Finally we find

A - 24/3
ole) = <r<u R TN RS T W S T C 1>2/3)

T 2/3
. ( / (w — $0)<<6v3w13v22>/2>dw>
zo

4 . (x — .’L‘o)(QV_'Yl_’Y?)
L —=v)T'(v —172)

1
B(3v — 3y, — 1)(3v — 3y, — 1) (20 — vy — 79)]?/3"

O

Corollary 6.15. (to Theorem 6.8; A\, =1, A1 = 1/2, p=3/2, p(t) =
q(t) =1). In detail:

Let v > 2 and v, > 0 such that v —y; > 2. Let f1, fo» € C¥ ([a,b]) with
fl(l)(zo) = fQZ)(xo) =0,i=0,1,...,n—1,n:=[v]. Here z,xq € [a,b]: x
xo. Then

I [I(D”fl)( W DR ) w)l+

0

3@ I0 fw)] au
< é(x)'{/gﬂ(l(D” D) (W) 72+ (DY, f2) (w )|3/2)dw}, (6.63)

0

all xg < x < b. Here we find

_ 2 (& — @) (Bv=371-1)/2)
(z) = <\/m> T —n7,))32 (6.64)

Proof. We apply inequality (6.45). Here w; = v/2; that is, ®(z) = v/2 -
T(x), and 03 = 3. Furthermore we find L(z) = \/2(z — z0), and
(z — zo)(Bval%)

h@) = =75
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Thus
3/2
(l' — xo)(31’737172/3)
T() = 2@ -w0)- |-
V(Bv =3y, =2)I'(v — 1)
V2 (z = x)BY =31 -1/2)
(I'(v _’71))3/2 “V3v =3y, — 2 .
U

Corollary 6.16. (to Theorem 6.9; p = 2(Aon + \,) > 1, p(t) = q(t) = 1).
It holds

/I[I(Dlgfl)(w)lk“l(Dlg 2) (W)t |(DY, fr) (w) [

0

+H(D22 1) (w) (DY fo) (w)| = (D, f2) (w) ] dw

< T() ( D2 @ PO+ (0, )20 d“’) ,

Zo

(6.65)
all xg < x <b. Here
N )\ >\u/2()‘a+)\u)
T(x)=A v 6.66
(@) = A} (5555 ) , (6.66)
and
Ag(z) = oo™ (z — x0)?, (6.67)
where
1
o=
(T — 1) e (T(v — 7)) retAv
9\ L2\, — 1 (2A24+2Xa X0 —Aa )/ (2Aa+2A,)
(e} v
<2>\al/ + 2 v =2 0y — 20y — 1)
2N, +2)\, — 1 ((2Aa+22,—1)/2)
. @ Y 6.68
(2)\al/ + 2 0 — 2XqY9 — 27y — 1) ( )
o* = [(2ha + M) (AN20 + 6Aa A0 — 2027, —
—17(@xa+20)/2(Xa+20))
*2)\(1)\1/71 - 2)\272 - 4)\04)\V72 + 2>‘12/l/ - 2)‘572) 1} )
(6.69)
and
0 :=
ANZY + 6Aa Ay — 2)\2% — 2 oAy — 2)@72 — AN Ay, + A2y — 2)\12,72
2\a + 2\, '

(6.70)



6.3 Main Results 91

Proof. We apply inequality (6.52). The constant 7(z) comes from (6.51)
and the assumption on p here. Still we need to determine Ag(x). Here from
(6.17) we have

@ (2Xa+2A0)/2(Aa+A)
tofe) = ( [ (Ao )
xT

0

b

where from (6.16) we find

(Pl(w))xa(2>\a+2>\f1/2/\a+2/\y)(pQ(w))((zAaJrz,\Vq)/g)
(T —71) e (T(r = y9)) et 7
and from (6.15) we find for k = 1,2,

A(w) =

Pk:<w) = /w(w — t)(V_'Yk_l)((2)‘a+2>‘u)/2>‘a+2)‘u_1)dt_

0

Hence for k =1, 2,

(2M +2X, — 1) (w — xo)((2Aau+2Ayu—2Aam—2Auwk—1)/(2Aa+2Au—1))

P =
k(w) (2Aav + 2\, v — 20477, — 20,7, — 1)

and

4)%1/ + 6o A — 2/\371 — 2/\i'y2 — 2 Ay

2 2 /(2xa+2Xy)
A(U)) _ O_(w _ -TO)< — 4A()¢Ay’yz — 2)\,/')/2 + 2)\1,1/ — QAD‘ — )\y ) )

Finally we obtain

Ap(z) =0
(2xa+Ay)
ANZU 4 BAa ot — 202, — 2027, — 2Xa Ay, ZRa+As)
— AN Yy — 202795 + 2020 — 200 — Au
/ (w —z0) (2Aa + M) dw
zo

=o0*(z — x0)°.
O

Corollary 6.17. (to Theorem 6.9; p =4, Ay, = A, =1, p(t) = q(t) = 1).
It holds

| 103 @I 5D, 1))

Zo

(D32 f1)(w))? (D3 f2) ()] [(DZ, f2) (w)]] dw
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<7 ([ (@0 mw) + (@ ) hie), 6
all xg < x <b. Here ~
won_ Ao(@)
T*(z) = 7 (6.72)
and ~ .
Ag(z) = 66" (x — x0)?, (6.73)
where
o 1 3 3/4 3 3/2
T )T (47/ — Ay, — 1) ' <4v — Ay, — 1> ’
(6.74)
N 3 3/4
and
0:=3v—7, — 27, (6.76)

Proof. By Corollary 6.16. [
We continue with related results regarding the sup-norm || - ||o-

Theorem 6.18. Let v > 1, v1,7v9 > 0, such that v —~v; > 1, v —7, > 1,

and f1, f2 € C¥ ([a,b]) with {7 (x0) = f5)(x0) = 0, i = 0,1,...,n —1,
n = [v]. Here xz,xy € [a,b]: x > xo. Consider p(x) > 0 a continuous
function on [zg,b]. Let Ao, Ag, A\, > 0. Set

(2 = o) a1 bR 2355 () | o

P e A + 7hs — 7 ¥ DI =7+ D) (M — 7 T D)
(6.77)
Then
/ p(w) [[(DJ2 fr)(w) = [(Dz f2)(w) 2| (DY, fr) (w)]
zo
(D32 1) (w) 2| (DF3 f2) (w) P (DY, f2) (w)[* ] dw
< 29 (D2, B 1 D2, 20 + DS 222 4+ D%, fl 202 )]
(6.78)
all xg < x <b.
Proof. From (6.13) we get for j =1,2; k = 1,2, that
1 w
D7k f. < - AL S it DY f.
xRl < g ([ w1
1 (w—x0)"~

Tk
= 1Dz, filloo-
L(v =) (v =) !
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That is,
(V=g
Zo
D < =2 e (6.79)
all zg < w < b. Then we have
w—x (V*’h))‘a v
DuM@P < G sl (650

. ) (w — x0) 72078
|(Da:g.]62)(uj)|A (F(V*’}/ +1))AB

(D, ) < IDY fill% (6.82)
Multiplying (6.80) through (6.82) we obtain
(D22 1) (w) = (D32 f2) (w) MDY, f1) (w) [

(PAa=71AatVAg—72 Aﬁ)

1D, f2115, (6.81)

N

(w — )
T (T =+ D))P(T (v — o + 1))

Similarly we observe

v v A
1D, fill3e ™ 1D, f2115 - (6.83)

(w — x0) =278
(T =yp + 1))

(w — xo)(Vf’)ﬁ))‘a

(T(v — 7y, + 1))e 1D7, f2 113 (6.85)
1D, Fall- (6.86)

(D22 f1) (w) P DY fillaE,  (6.84)

(D33 f2) (w)[*
|(Dy, f2) (w)

Multiplying (6.84) through (6.86) we find

(D22 £1) ()| (D3 fo) (w) [ (D, fo) (w) [

IN

(w — xo)(VAﬁ*'YQAﬁJFV)‘a 771>‘ )
T (T =yt DM (I (v =y + 1))
Adding (6.83) and (6.87) we have

(D23 f1) () (D22 f2) (w) P [(Dy, fu) (w) [
+(D2 f1) (w) 7| (D3 fo) (w)| = (D, f2) (w) [

(w — xo)(”a*%)\aJrV)\ﬁ*Vz/\ﬁ)
T Ty F D) (T =g + 1))

DL, AR DY, fal 2. (6.87)

v A ot
PR 1% + 11Dz, A I ID%, 2] (6:88)
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It follows that

/xp( )I(D2 1) (w) P=(D2 f2) (w) ¥ [(DY, 1) (w)| ™

0

(D32 £1) () (D33 fo) () P2 (D, fo) (w) P dw
(@)l [ (w0 = ) Ao A2 =100 iy

ST W+ DY = D)

1Dz, AR 1D, £l + (D2, £ 12D, ol

P 2X 2X v
< PO [0y, 720 1 1D, A2 + 1D, S22 + D%, fl20++).

We have established (6.78). O
Some special cases to the last theorem follow.

Theorem 6.19. (as in Theorem 6.18; A\g = 0).
It holds

€T

| pw) [0 ) w)P (D%, £ )P+

Zo

(D23 f2) (w) [+ [(Dy, f2) (w)|*] dw

(1 — a0) A1) (i)
= ((m e T+ 1))%)

IDE fllZe ™ + 1D fall 22, (6.89)

all zg < x <b.
Proof. As in Theorem 6.18, similarly. [

Theorem 6.20. (as in Theorem 6.18; A\g = Ay, + Ay).
It holds

/w p(w)[|(DZy fr) ()= [(DFz £2) (w) [P (Dy, fu) (w) |

0

|(D72f1)(w)‘/\a+>\, (D2 fo) (w )P (D:sz)(wﬂ)‘”]dw
(x — xo)(z’/)‘a —Y1 AaFVAL =Y Aa =V A +1
<
<(2V/\a — Y1 Aa VAL = YoAa — Yo A + 1)

. [p(2) ][ >
T =7 + 1))>“* (T(v =y + 1))/\u+>\u

(1D, A 4 (DY, ) allag <@ < b (6.90)
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Proof. As in Theorem 6.18, similarly. [

Theorem 6.21. (as in Theorem 6.18; A, =0, Ay = Ag).
It holds

x

p(w) [[(D33 f) () [(DF: f2) (w) [+

Zo

(D22 1) (w)|* (D33 f2) (w) ] dw

< pt(@)[[ID%, f112 + 11D%, f20120°], all mg < 2 < b, (6.91)
Here
“(x) ( (2 — 2p) e 1de 1At D - p(a) | )
p(x) = .
(2V>\a - ’Vl)\a - 72>\a + 1)(F(V - 71 + 1))>\a (F(V - /72 + 1())/\a )
6.92

Proof. As in Theorem 6.18, when A\, = 0, we follow the proof and we
obtain

/mp(w) [1(DZ3 f1) (w) (D3 f2) (w)*+

(D32 f1) () [ [(D3 f2) (w) ] dw

v « v A v A v «
< p(@)[|ID, fr1135 11Dy, £2115 + 1Dy S1llE 1| DY, foll3s ], (6.93)

all zg < & < b, which inequality is by itself of interest. Then setting Ao, = Ag
into (6.93) and (6.77) we derive (6.91). O

Theorem 6.22. (as in Theorem 6.18; A\, =0, A\g = \,).
It holds

T

p(w) [[(D3z f2)(w)|*|(Dg, fu) (w) |+

Zo

(D22 f0) () |(Dy, f2) (w)[*] dw

< ( (2 — )XY - |p(a) | oo ) .
= \(WAs —72hs + DTV — 7y + 1)*s
1Dz, f1)I1527 + 1D, f2) 1271, (6.94)

all zg < x <b.
Proof. Again we follow the proof of Theorem 6.18. [

Corollary 6.23. (to Theorem 6.21; all are as in Theorem 6.18; \, = 0,
Aoz = >‘B7 Yo =71 + 1)
It holds

x

p(w) [[(D23 1) (w)[*= [(DL* fo) (w) [+

Zo
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(D3 f1) ()M (D2 f2) (w) ] duw

(z — a0) BAa 21120 =2 D) | p(7) | o
= ((2Ma =271 = Ao + 1) (v —y1) e (T(v - 71))”“)

v 2o v 2o
D fillee + 1Dy f2l[55°], all g <z <b. (6.95)
Proof. Obvious. O

Corollary 6.24. (to Corollary 6.23). In detail:
Let v > 2,7y > 0 such that v — vy, > 2 and f1, fo € C¥ ([a,b]) with

fl(i)(xo) = 2(1‘)(360) =0,i=0,1,...,n—1, n:=[v]. Here z,z¢ € [a,b]:
xo. Then

[ Izl )+

0

(DL ) (w)| (D23 f2) (w)]] dw

= (2@ - 7_1;%;:_11;1»2)

1D, fill% + 1Dz, f213],  all zg <2 <b. (6.96)

Proof. Obvious. O

Proposition 6.25. Inequality (6.96) is sharp, in fact it is attained when
fi=f.

Proof. Clearly (6.96) collapses to

( (x — x0)2(v—v1)

'z iy Har: w <
| 102 @003 e < (5=

o

) D%, fules

(6.97)
all xp <z <b.
n [17], see Propositions 9 and 10; there we proved that (6.97) is sharp.
In fact it is attained. [

6.4 Applications

We present a uniqueness of solution result for a system of fractional differ-
ential equations.
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Theorem 6.26. Letv > 1,7, >0, v—v,>1,i=1,...,r e N, n:=[v],
fi € C:la,b), j=1,2; f;z)(a) =a;; €R,i=0,1,...,n—1. Furthermore
we have for j = 1,2 that

(D fi)(8) = Fj (¢, {(Dgr 1) (0) Yiza, { (DG f2) (D) }izh) , all £ € [a,b]. (6.98)

Here F; are continuous functions on [a,b] x R" x R", and satisfy the
Lipschitz condition

|Fj(t, 21,2y Yts ooy ) — Fy(E 20, o2 Yy )|

< lqnig M)z — 21 + a2 Oy — vill, 5 =12, (6.99)
where q1;;(t), g2,5,;(t) >0, 1 < i <r are continuous functions over [a,b].
Call

My ;= max(||q1,i,1ll00s |92,i,2[l00) and My ; := max({/g2,i,1 0 [1q1,i,2l00)-
(6.100)

Assume here that

s0=3 ("3 +38) (o) <!

i=1

(6.101)

Then if the system (6.98) has two pairs of solutions (f1, f2) and (f{, f3)
we prove that f; = fF, j =1,2; that is, we have uniqueness of solution.

Proof. Assume there are two pairs of solutions ( fl, f2), (ff, f3) to sys-
tem (6.98). Set ¢g; := f; — f¥, 5 = 1,2. Then g = f() f% @ and
9(a)=0,i=0,1,...,n— 1, j =1,2. It holds

(Dzg;)(t) = Fi(t,{(Dg: f1)) =1, {(Dg f2) () }iz1)
Fy(t, {(Dg 1) (@) Yizr: {(DY f2) () }iza)-
Hence by (6.99) we have

O <> lanis (OIDFg1) (0] + g2,i,5 (£) (D7 g2) (D).
i=1

Thus

r

(Dzg)(0)] < D lllaviglloo (D g1) (8)] + llg2.i.g

i=1

The last implies that

ool (Dg g2) (B)]]-

r

(DEgOF <Y lllavislleol (D3 g0) (D]1(Digs) (1]

i=1

Hllg2..5lloc | (D37 g2) ()] [(Dg g5) (1)]
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Consequently we observe

b
I= / (D) ()* + ((DZg2) (1))t
r b
<y [qu,uw / ((DY91)(8)] |(DEgn) (1) i+
b
il / |(DZ"92)(t)||(D591)(t)|dt]

b
lnalloe / (DY g1)(8)]| (D292 (1) dt-+

2
i=1

b
||QQ,i,2||oo/ I(DZ"gz)(t)lI(DZQQ)(t)Idt]
" b
< ZMM/ (D3 g1)O(Dggn) (D] + [(Dg?g2) ()] [(Dgg2) (t) [l dt
i=1 @

+ZM2,1'/ (D3 g2)O(Dgg1) ()] + [(Dgg1) (D] |(Dg g2) (B)[1dE =: ().

However by Corollary 6.11 we obtain

b
/ (D32 g1) O (Dgg1) ()| + [(Dgrg2) ()] [(Dgg2) (1)1t

(b—a) 7
: (QF(V—%)\/V—% \/QV_Q’Yi—l) -l (6.102)

Also by Corollary 6.13 we find

b
/ (D37 g2) O (Dggn) ()| + [(Dgr 1) ()] [(Dgg2) (1)1t

(b—a) T 6.103
: (\/if(v—%)\/v—%\/%—?%—l) ' (0109

Therefore by (6.102) and (6.103) we find

T

SEEDY {M (2r(u - w&bv_—av): 727? T 1> B

. (b _ a)yivi . — A
A (ﬁF(V VIV =V =2y 1) I} v
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We have established that
1<¢ (). (6.104)
If 7 # 0 then ¢*(b) > 1, a contradiction by the assumption (6.101) that
¢*(b) < 1. Therefore I = 0, implying that
((D791)(t)* + ((Dgg2)(1))* = 0, a.e. [a,b].
That is,
(Dyg)(®)* =0, ((Dyg2)(t)* =0, ae. [a,b].

That is,
(Dyg1)(t) =0, (Dyg2)(t) =0, ae. [a,b].

But for j = 1,2 we get that
9(a) =0, 0<i<n-—1.

Hence from fractional Taylor’s Theorem 6.1 (see (6.7)) we find that g;(t) =
0 on [a,b]. That is f; = f7sJ = 1,2, proving the uniqueness claim of the
theorem. [J

Next we give upper bounds on DY f;, solutions f;, and so on, all involved
in a system of fractional differential equations.

Theorem 6.27. Letv > 1,7, >0, v—v, > 1,i=1,...,r e N, n:=[1],
fi€Cy(lab]), 5=1,2 f{"(a)=0,i=0,1,....,n 1, and

(D7 fi)(a) =A,; eR.

Furthermore for a <t < b we have holding the system of fractional differ-
ential equations

(Dg f3)'(t) = Fj(t, {(D3 f1) () }izys (Dg £1)(8), {(D3 f2) (8) }iea s (Dg%)(t)),)

6.105
for j =1,2. Here F; are continuous functions on [a,b] x R™ x R"* such
that

|F] (t,fEl,.’L’Q, vy Ly L1, Y1, - - '7y7"7y7°+1) |
s

< lavig 0)ls] + g2, Olyill, (6.106)
=1

where q1;;(t), q2;(t) > 0,1 <i<r, j=1,2, are continuous functions
on [a,b]. Call

My ;= max({|q1,i1 oo, 92,0 2ll00); and Mz ; := max(|[g2,i,1]lcs 191,200 )-
(6.107)
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Also we set (a < x <)

0(z) = (Dyf)(@)*+ (D} f2)(x))?,
pi= A7+ A3

T

Q(z) = Z(Mlz + \/§M2z) :

i=1

( (x —a)’ i
D=y )Vv =7 V2v =27, — 1

and

x(z) = \/ﬁ-{l +Q(z) - (/& Q(s)ds) [/j (e—(fi Q(S)d5)> dt] }1/2_

Then

Consequently it holds

(D2 f) ()]
£5(@) % / (z — )" Ix(b)dt,

IA
=
&

IN

forj=1,2, a <z <b. Also it holds that

1
L(v—)

forj=1,2;i=1,....,r,a<z <D

(D3 fi)(@)] <

/ C@ — 0 (),

Proof. We see that

(6.108)
(6.109)

(6.110)

(6.111)

(6.112)

(6.113)

(6.114)

(6.115)

(D7) (1) - (DFf)' () = (D fi)(E) - Fi (8, {(Dge f1) () Yizr, (D f1)(1),
t

(D2 O (D7),
We then integrate the last equality
| @ @y
= [0 B A0z RO,

(Dg f1) (), {(Dg* f2)() Yizs» (Dg f2) (1)) dt.

all a < ax <b.
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Hence we find

(Dgf)(1)? =
2 a

IN

/w (D £ O E - |dt
/ o))

IN

[Z{ql,m‘(t)|(D3'if1)(t)| + Q2 (t)I(DZ"’fz)(t)l}] dt

T

> {lnssle [ 100Gz 0L

i=1

IN

sl [ DO )0t |

Thus we obtain

(e < a423 flale [ 100G

Hlazasloe [ DL I(Dlifz(t)ldt} .

Consequently we write
O(z) <p+ 2i:
{3 [C10EmOND2 RO+ DL RO ) Ol
+ 0 [ ILEIONDE O]+ DL f) Ol

(by (6.56), (6.60)) "
20y
=1

(v = rimsmr) ([0

b <\/§F(u — 7()gi/z_/ Ci):/_\;;u — 27, - 1) | </: 9<t)dt> }

— p+Q(x) / o(t)dt.

That is, we get .
0(z) < p+ O(x) / o(t)dt, (6.116)
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all a <2 < b Here p >0, Q(x) >0, Q(a) =0, 0(x) >0, all a < z < b.
Solving the integral inequality (6.116), exactly as in [17] (see pp. 224-225,
Application 3.2 and inequalities (44), (47) there) we find that

O(z) < x(z), a<ax<hb.
Then (6.113) is obvious.

Next from (6.9) we have

1 ‘ v—1 v ‘ v—1
5@ < 555 [ w0 DEROl < s [ @0 o

all a <2 <b, j=1,2, proving (6.114).
Finally from (6.13) we find
1

Ly —;)
1

Ly —7;)

alla<ax<b,j=1,2,i=1,...,r, proving (6.115). O

[(Dg: f;)(2)]

IA

AN
[ =i,

In the final application we give similar upper bounds to Theorem 6.27,
but under different conditions.

Theorem 6.28. Leta #b,v>2,v, >0, v—~,>1,i=1,...,r € N,
ne=[l, fj € Ci(ab]), j=1,2; fP(a)=0,i=0,1,...,n 1, and

(Dyfj)(a) = A; €R.

Furthermore for a <t < b we have holding the system of fractional differ-
ential equations

(Dgf)'(t) = Fi(t,{(Dg: f)(O)}izr, (DF f1)(0),
{(D3 f2)()Yizrs (D f2) (1)), for j =1,2. (6.117)

For fized i, € {1,...,r} we assume that vy; . =, +1, andv —~,; >2,

where v; , Vi 41 € {71V Callk i=,; , vi=,; +1 (i.e., vy =k+1).
Here F; are continuous functions on [a,b] x R™1 x R™! such that

|Fj(t7m17'"amrax’r‘+17yla--~7yrayr+1)|

< q Ol |V IYio+1] + @2, Olyi V@i 4], (6.118)

where
Q15,925 #0,q1,5(t),q2,5(t) > 0
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are continuous functions over [a,b]. Put

M = max(||q171Hoo, ||Q2,1||00’ lq1.2l0s |92,2][00 )5 (6.119)
0(z) == [(Dg f1)(@)| + |(Dg f2)(z)|, a<z<b, (6.120)
pi=|A1] + |Asl. (6.121)

Also we define

o 4M (x — a)(sy_gk_l)
Qz) := (m) R PSR (6.122)
o :=|Q(x)]co, a<z<h. (6.123)
We assume that
(b—a)oy/p < 2. (6.124)

Call

o) W) (= Q@) [ —a) 4 kg

2 oya(z —a)?

alla < x<b. Then
b(x) < p(o); (6.126)

in particular, it holds
|(DZf])(£C)| < (,Z?(:E), J=12 (6127)
all a < x < b. Furthermore we find
5@l < g | -0 e (6.125)
(DY fi)(x)] < F(V;_%) /j(x — )i p(t)dt,  (6.129)
1=12,1=1,...;r,all a <x <hbh.
Proof. For a < z < b we find
[ winywa = [ EeA0p O,
(Dg f1) (), {(Dg? f2)(t) Fiers (Dg f2) (8))dt.
That is,
(DLt = Ay + [ Bt )i
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Then we observe

(DY F)(@)] < |4 +/z (.t

<1451+ [ a0t OO ) 0]
a2y OIS L) O |(DE 1) (1)
<tajt+ ([ 1ot/ il
(DEL)ONIDE 0] ).

Hence

o) < o201 ([ [[0ER O IOF 01
(DE£)(0) I(D’£+1f1)(t)|] dt)

(by (6.63), (6.64)) aAM (z — a)((Br=3k=1)/2)
=" o () G )
3v—3k 2 (T(v = k)Y

-(/:(I(D” OP + (D f )()I3/2)dt>

oz ( - 4_1\; _ 2) , <(as (F()y((iuk;;z/?/g)>
([ 1@zl oz a)

We have proved that

o) < p+ Q) [ (002 (6.130)

all @ <z <b. Notice that 0(x) >0, p >0, Q(x) > 0, and Q(a) = 0; also it
iso > 0.

Call
0 <w(zx):= / O(t)>2dt, w(a)=0, alla<z<b. (6.131)
That is,
w'(z) = (0(x))*/* = 0,
and

0(z) = (w'())¥3, alla<az<b. (6.132)
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Hence we rewrite (6.130) as follows,

(W' (2)?? < p+ Q(x)w(x), a<az<b. (6.133)

So that
(w'(2))¥? < p+ow(z) < p+ e + ow(z),

for € > 0 arbitrarily small. Hence

w'(x) < (p+e+ow(x)? a<z<b
Here (p + & + ow(z))?/? > 0. In particular it holds

w'(t) < (p+e+owt)? a<t<u,
and

w'(t)
(p+e+ow(t)*?

<1. (6.134)

The last is the same as

<—§@+e+aMﬂr”ﬁ/<L

Therefore after integration we have

_/m d((p+¢e+ow(t)"V?) < %(33 —a),

and -
(p+e+ow) /23 < 5z —a)
That is,
(p+8)"2 = (p+e+ouw@) < Z(a—a),
and o
(p+e) /% - 5(3: —a) < (p+e+ow(x) V2
That is,
_ 1/2(p —
2—o(p+e)/*(x—a) < 1 ' (6.135)
2(p+¢)1/? (p+e+ow(x))l/?

By assumption (6.124) we get
(x—a)o/p<2, alla<z<b.
Then for sufficiently small € > 0 we still have

(x—a)o(p+e)/? < 2.
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That is,
2 — (x—a)a(p—l—e)l/Q >0, alla<z<b
From (6.135) and (6.136) we get

1/2 < 2(p+e)t/?
“2—o0(p+e)/2(x—a)

(p+ ¢+ ow(a))

Solving (6.137) for w(x) we find

w(z) < (”:g) [(QG(W—ES)@a))? - 1]’

for € > 0 sufficiently small and for all a < z < b.
Letting ¢ — 0 we obtain

wir) < (£) [(2 - m4<x —a)? 1] ’

for all a <z <b.
That is,
4p*%(x — a) — op*(x — a)?

w(r) < )
R N
for all @ < 2 <b. Then by (6.130) and (6.140) we find

492 (@ — a) = op*(x — a)?

0(z) < p+Q(z) 2—0/p(z —a))? = o(z),

all a < x <b.

(6.136)

(6.137)

(6.138)

(6.139)

(6.140)

(6.141)

for all @ < & < b. That is, (6.141) implies (6.126). Then by (6.120) and

(6.126), inequality (6.127) is obvious.

Finally by (6.9), (6.13), and (6.127), the inequalities (6.128) and (6.129)

are clear, respectively. [J
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Opial-Type Inequalities for Riemann—
Liouville Fractional Derivatives of Two
Functions with Applications

A wide variety of very general but basic L,(1 < p < oo)-form Opial-
type inequalities [315] is established involving Riemann-Liouville fractional
derivatives [17, 230, 295, 314] of two functions in different orders and
powers.

From the developed results are derived several other concrete results of
special interest. The sharpness of inequalities is established there. Finally
applications of some of these special inequalities are given in establish-
ing the uniqueness of solution and in giving upper bounds to solutions of
initial value fractional problems involving a very general system of two
fractional differential equations. Also upper bounds to various Riemann—
Liouville fractional derivatives of the solutions that are involved in the
above systems are presented. This treatment is based on [48].

7.1 Introduction

We start in Section 7.2 with background, we continue in Section 7.3 with
the main results, and we finish in Section 7.4 with the applications.

To give the reader a flavor of the kind of inequalities we are dealing with,
we briefly mention

/09” g(w)[[(D7 f1) ()| |(DY f1) (w) [ + (D7 fo) (w) (D" f2) (w) | ]dw

G.A. Anastassiou, Fractional Differentiation Inequalities, 107
DOI 10.1007/978-0-387-98128-4_7, (© Springer Science+Business Media, LLC 2009
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< C(.’E, q(w)avl’ v, )\0‘7 )\V’p(w)’p)
Ao+ /P

' [/ pw)[|(D f1)(w)? + (DY fo) (w)["]dw x>0,

for functions f1, fo € L1(0,2);p(w), g(w),1/p(w) € Lo (0,x), all exponents
and orders are fractional, and so on. Here D?f stands for the Riemann—
Liouville fractional derivative of order § > 0. Furthermore one system of
fractional differential equations we are working on looks briefly like

(D f5) (1) = Fj (8, (D™ f1)(0)}izy - {(D7 f2) () }izy) all £ € [0, ],

for j = 1,2, and with D*~'f;(0) = d;; € R,i = 1,...,n + 1, where n := [1/]
is the integral part of v > 0, and so on.

7.2 Background

‘We need

Definition 7.1. (see [187, 295, 314]). Let « € Ry — {0}. For any f €
L1(0,2); = € Ry — {0}, the Riemann—Liouwville fractional integral of f of
order « is defined by

(Juf)(s) = ﬁ/j(s — O f(t)dt, Vs € [0, 2, (7.1)

and the Riemann—Liouville fractional derivative of f of order o by

D16 = s (1) [ -0 a @

where m := [a] + 1,[] is the integral part. In addition, we set D°f :=

f=Jdof, J_af=Df if a>0, D™*f:=J,f,if 0<a<1.If a€eN,
then D*f = f(®) the ordinary derivative.

Definition 7.2. [87]. We say that f € L;(0,2) has an L. frac-
tional derivative D*f in [0,z],z € Ry — {0}, iff D% f € C([0,z]),k =
1,....,m = [a] + 1;a € Ry — {0}, and D*"1f € AC([0,z]) (absolutely
continuous functions) and D f € Ly (0, ).

We need
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Lemma 7.3. [187]. Let a € Ry, B> a, let f € L1(0,z), x € Ry — {0},
have an Lo, fractional derivative D®f in [0,z],and let DP~*f(0) = 0 for
kE=1,...,[8]+1. Then

D%f(s) = - ! )/S(s—t)ﬁa1Dﬁf(t)dt,vse[o,x]. (7.3)

Here D*f € AC([0,x]) for B —a > 1 and D*f € C([0,z]) for f—a €
(0,1), hence D*f € Loo(0,x) and D*f € L1(0,x).

7.3 Main Results

We present our first main result.

Theorem 7.4. Let ay, a0 € Ry, 8 > aq, a0, 8 —a; > (1/p),p > 1,i =
1,2 and let f1, fo € L1(0,2),2 € Ry —{0} have, respectively, L, fractional
derivatives DP f1, DP fy in [0,x], and let DP=F f;(0) = 0, fork =1,...,[8]+
154 =1,2. Consider also p(t) > 0 and q(t) > 0, with all p(t), 1/p(t), q(t) €

0o(0,2). Let Ag > 0 and Aoy, Aoy, > 0, such that \g < p , where p > 1.
Put

Pi(s) = / (5 — )PB—o=D/=1 ()" 0=D) gy ;= 1.2:0 < s < z,
0

(7.4)
o) e q(s)(Py(s)) 2 P=1P) (Py(5)) R (P=1)/P) (p(5)) A0/

A(s) == TG o) (05 —an) (7.5)

. (r—2p)/p
Ag(z) == ( /0 (A(s))p/(”_’\ﬁ)ds) , (7.6)

and

21=((Rey +26)/P) 4 f A, + A5 < 1,

& :{ 1, 7 e e @.7)

If Ao, = 0, we obtain that

Aﬁ

/0 “4s) 1D fu(s) 2 [DP L)+ (D fols) o [DP a(s)| ] ds <

by Ag/p
(Ao(2)[ra,=0) (T‘f)\ﬁ)

((Aay+25)/p)

5, [ / “p() [|D7 A + D7 as)] ds} @)
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Proof. From (7.3) we have

1

DU = 55— an

S
/O (s — )~ D fi(t)dt,V s € [0,2], i =1,2; j =1,2.

(7.9)
Next, applying Holder’s inequality with indices p,p/(p — 1), we find

Qi f(g 1 ° s — f—a;—1 —1/p 1/p 11 ¢
[D f5(s)] < F(ﬁ—ai>/o( t) (p(2)) "7 (p(t))"7 [D7 f;(t)|dt
(7.10)
(p—1)/p

=T 1__%) (/0 ((8 - t)ﬁ‘“i‘l(p(t))‘l/”)p/(pfl) dt) (7.11)

s 1/
x ( /0 p(t)\Dﬁfj(tht) J— (Pi<s>><f’—“/f*( [ [ so10° 550 t>|pdt)
(

LB —as)
7.12)
That is, it holds

X f (g 1 (s))P—1/P ° B (+)|P e
D601 < gy PO ([0t swra) L @
Set .
5= [ 0Dt g, (7.14)
thus,
z;(s) = p(s)\Dﬁfj(s)\p,a.e. in(0,x),2;(0) =0;5 =1,2. (7.15)
Hence, we have
(D fi(s)] < (3 1_ ) (Pi(s))P~ 1P (2 (s)) 7, (7.16)

and

IDP [ ()M = (p(s))/P(25()*/7 e, in(0,2),i = 1,255 = 1,2,

(7.17)
Therefore we obtain
q(s)|(D* fr)(s)[*1 [(D2 f2) (s)| 2 |(D” 1) (5) [
< 4s) e (PU(s) P OV ()0 (7.1)

(D(8 = ax))re

! (Pa(s)) 2 P=1/P) (35 (5) Yo 2 (p()) ~ 20/ (2 (5)) 207

(T(8 — ag))*=
= A(s)(21(5))’\°1/”(zz(8)))‘“2/1’(zi(s)))‘ﬁ/”, a.e.in(0, ).
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Consequently, by another Holder’s inequality application, we find (by
p/Ag > 1)

Ag

/om a(s) (D f1) ()1 [(D°2 fo) (s) 2 |(DP 1) (s)| ™ ds

Ag/p

< aofo) ([P Pl st sas) L

Similarly, one finds

/ox q(s) [(D* f2) ()1 [(D2 f1) ()2 [(D? fo) ()| ds

T Ag/p
< Ap(x) (/ (z1(s))N2/A0 (zz(s)))‘al/)‘f’zé(s)ds> . (7.22)
0
Taking A,, = 0 and adding (7.21) and (7.22), we get
T by A
[ oo [0 e [0 | + [0 e [0 e[| as
T Ag/p
< (Ao(x)l,\azzo) (/ (2’1(5))>\a1/>\5 (zi(s))dS)
0
T As/p
+ (/ (ZQ(S))AQl/ABZé(S)dS) = (7.23)
0
A Ag/p
((May+28)/P) ((Aay+28)/p) | [ 28 =
(40@) I, o) [(21(x) + (a2) | (5-2)
(7.24)
A As/p z 5 ((Aay +A5)/p)
A - _— t)|D t)|Pdt
@b (25) [ s ncore)
x ()‘Oq +>‘ﬁ/p)
+ </ p(t)Dﬁfg(t)|pdt) =: (%). (7.25)
0
In this study, we frequently use the basic inequalities,
27 N a" + ") < (a+b)" <a" +b", a,b>0,0<r <1, (7.26)
and
a"+b" < (a+b)" < 2" a" 4+ b"), a,b >0, r > 1. (7.27)

At last using (7.7), (7.26), and (7.27), we find

Ag/p
(%) < (Ao(2)[xa,=0) (MA—-T-)%) 51



112 7. Riemann—Liouville Fractional Derivatives

(Aay+23/p)

x
[/ p(t) |[D° 1@ + D7 o) dt] (S
0
Inequality (7.8) has been proved. [
The counterpart of the last theorem follows.

Theorem 7.5. All here are as in Theorem 7.4. Denote

2)\a2/)\ﬁ - ]-7 Zf /\a2 > )‘Ba
5y = { ! GoaAm I (7.29)

If Ao, =0, then

[ oo ([0 ) P [0 |+ (0 ) ()

(Dﬂf2> (s)’ﬂ ds

_ )\ AH/P N
2

(Ast+Xaz)/p

~ ( [ o) 106 + 10 25 ds) S (w30)

Proof. When \,, =0 from (7.21) and (7.22) we obtain

A B

/ " 4(9) [ID o) [DP () + 1D () (D fol)| ] s <

Ag/p

(Ao(2)[x.,=0) [(/OZ(ZQ(S))A”/AB (21(8))ds>

T ( /0 m(21(5))A“2/’\/’Z§(S)d5) W} < (7.31)

(Ao(@) [ra,=0) 27 (M ()27 =: (), (7.32)
by 0 < A\g/p < 1 and by (7.26), where

MGa) = [ [Calo) s 6) 4 a) V(o] s (139

Call
if Aay = Ag,

1,
(52 = { 217()\0(2/)\[3)’ ’Lf >\a2 S )\B- (734)
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‘We observe that

M(z) = /Ox((a(S))A"‘?”B + (22(8))2/27) (2 (s) + 23(5))ds

. /0 (G122 (3) + (zals) 2/ ¥ 24(s) | ds - (7.35)

(by (7.26),(7.27))
<

mzs 29(8)) 2728 (21(8) + 29(5)) ds
52/0<1<>+ ()22 (24 (5) + 2a(5))'d.

As ((Aas+25)/A9) ((Aaz+28)/Ag)
- (5225) [t + (@) LD

A
— Nag+Ag/2p) [ 2B
2(21 () + 22(x) ( " Aﬁ)

A
- (525 ) [ @ g o] (ra)
Aas + A8

Aas + s
|:(Zl($>)(/\a2+>\,6/>\6) + (22(x))(/\a2+/\ﬁ//\s)ﬂ (7.38)
T (52 ) [ 2 (a2 (g ool
az B
_ {(21 (z))PeztAs/Aa) (32(33))(%#%)/%” (7.39)
= <%) (69202/28 — 1) [(Zl(x))()\(‘2+>\ﬁ//\ﬁ) + (ZQ(x))()‘a2+Aﬁ//\B):|
a 8
: (7.40)
(notice that d3 = do QAean /s _ 1)
(7.27)
: (%) 03(21 () + 22(x)) ez FA0)/20), (7.41)
az B
That is, we get that
M(z) < (A—B> 03(21(2) + za(2)) PRz tAa)A0), (7.42)
Aas + )\g

Therefore, by (7.32) and (7.42), we find

Ag

g/
M ) ’ 6%/?(,21(20) + 29 (:c))(k“2 +As)/p
AO‘Q + )‘[3 s

(7.43)

(%) < (Ao(x)|>\(¥1:0) o(P=Ap)/p (
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A x
— (AO(x)|AQ :0) 9(p=Xs/p) ()‘—ﬁ) o 5§f*/T’ [/ p(s) “Dﬁfl(s){p—i—
i )\Oé2 + )\ﬁ 0

D o) as] (7.49

We have established (7.30). O
The complete case An,, A, # 0 follows.

Theorem 7.6. All here are as in Theorem 7.4.

Denote
((Xag +Xaz)/Xs) ; >
’)71 o { 2 1 2 1, Zf )‘041 + /\a2 > )\ﬁ, (745)
1, if Aay tAax < Ag,
and
~ 17 Zf )‘oc +)\o¢ +>\,BZP7
V2 = { 21=((ay Xay +00)/P) i f Aai i Aaz A < p. (7.46)
Then "
(a7 fe" (o7 fe" A
a(s) [ID° fu () 1D fo(s)] ™2 [ D fu(s)] ™ +
0
|Da2f1(8) Ao DOleQ(S) Aoy Dﬁfz(s)r‘ﬁ} ds <
A As/p oo / 3
A . )\aﬁ P~ 2(P Ag)/P (o A Ag/p
0(1“) (()\Oq +)\a2)()\a1 +)\042 +)\ﬁ)) |: 1 Y2 + (’YI 012)
((7.47))
x » P ()\(,1 +)‘a2+AB)/p
([ o0 (A0 + 10 0] )
0
Proof. Here we use the known inequality
P pa
ab< &+ =, (7.48)
p q

where a,b > 0 and p, ¢ > 1 such that 1/p+1/¢ = 1. From (7.21) we obtain

/ox a(s) [D* fo ()1 1D fo(s) ™2 | DP fu(s)] ™ ds <

(#) (22(5))(/\%“&2/@)} zi(s)ds} ol (7.49)

>\041 + )\(12
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(7.26) (Mo FAan F25)/A5) \g/p
< Ao(a) (( Ao b ) (22(2)) s Fha+39) /2 )
)\al + )\a2 ()‘061 —+ )\az + Aﬁ)

+ (/OT <#) (22(8))((/\%“&2)//\17)21(s)ds> Aﬂ/p] . (7.50)

>\OL1 + >\OL2

Consequently,

/0 q(5)| D fi(s)[A1 | D fo(s) 2| DP fr(s) M ds <

A
Ao(x) ( Aa; Ag ) 5P (21 (2)) Qe FAez +20)/P)
()‘041 + Aaz)(Aal + )‘a2 + /\5)
(7.51)

Ao Ag/p @ NI Ag/p
(i) (et

Working similarly, we get
x
/(1(8)|D“1f2(8)|“1\D‘”fl(S)IA‘”\Dﬁfz(S)Ik"ds
0

Ao A3
<A L
B o(CE) { ((/\al + )‘az)(/\oq + /\az + )‘ﬁ

)\ Aﬁ/P x )\/-;/p
()\ f)\ > </ (Zl(s))()\alJr)\ag/Aﬁ)zé(s)ds> . (7.52)
aq (6%) 0

Next, adding (7.51) and (7.52), we observe

Ag/p
)> (2 (2))(PerFhaa+30)/p) |

i [ a(s) [ID™ AP D7) D () +
0

1D fo(s) 1

D2 fy (s)|)“’2 |Dﬁf2(s)‘/\ﬁ] ds

Aoy Mg As/p
<A E
N 0($) {(()\(Xl + )‘(X2)(/\Ot1 + )‘az + Aﬁ))

((Zl(g;))()\a1+>\u2+>\ﬁ/ln) + (ZQ(.’E))(()\"‘1+>“12+)‘[3)/17)) "

Ay Ag/p z NIRRT A/p
() | e Onasoan)

( /0 m(zl(5))((/\al+>\02)/Aﬁ)zé(s)d8> Wp] } (7.53)
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(7.26) Aoy Ag Ag/p
< A L
= Aol { (ot )

((21 (2)) Qe Az $A0) /)y (Z2(x))((Aa1+Aa2+>\5)/p)) n

Ao/
( Aas ) " g 1) (e () (7.54)
)\Oél + >\042 ,

x
F*((Ij) = / ((22(5)>((>\a1 +)\O‘2)/AB)Z£(S) + (Z](S)>((>\QI+AO‘2)/A5)Z§(S)) ds.
0
(7.55)
Again see (7.33) and (7.42). Similarly we obtain

As71
]_—‘* < Y L S ((/\041 +>‘0¢2+A5)/)‘ﬂ). .
@< (5 ) () + ) (7.56)

So by (7.56) we find

)\a )‘ﬁ Aﬂ/P
<A L
N O(x) {(()‘al +>‘az)()‘a1 +)‘042 +>‘ﬂ)>

((Zl(gg))(Aa1+>\ag+>\ﬁ/P) + (ZQ(.Z))(()‘O‘1+/\(12+)‘[3)/P)) "

N Ag/p N Xg/p
) 9(P=2p)/p 871 (21(z) + 2o(z))Po1 Tz tA5/P)
Aag + Aay Aoy T Aag +As
(7.57)

by (7.26<),(7.27) o) Aoy As As/p
x
< 0 Aoy + o)Ay + Aay + Ag)

To(z1(z) + 22($))(Aa1 Fray +As/P) |

N Ag/p Ao Ag/p
as o(P=25/p) BY1 (21 () +z2(x))(ka1+ka2+k5/p)
Aoy + Aay Aay +Aay + s
(7.58)

Aoy A3 Aslp
= A 1
O($> {((/\Otl + )‘042)(>‘0£1 + /\OLQ + Aﬁ)) T2t

Ag/p ~ Ag/p
Aay o(p=2rg)/p As7h (zl(x)JrZz(x))()\al +Xag+Ag/P)
Aoy + Ay Aoy + Ay + Ap
(7.59)
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AB Ao/P A /p ~ A
—A Ao o(P=2p)/p W Ag/p
o(@) ((Aal T her) O e ms)) [P’ 7+ (Ti2ea)" |
x ()‘a1+>‘0¢2+)‘5)/p
[ | 0 aer+ |Dﬁf2<s>f’1ds] S 160)
0
We have proved that
5 )Aﬁ/p Aﬁ/p 3 (p=2p)/ g/
O< A Ao 4+ 2\PTAB)/P Ao, ) B/P
S Aofa) ((Aal joen) e (Tihe)"|
x (>\o<1+>\a2+)‘5)/p
[ | 0 nip + |Dﬁf2<s>f’]ds] S e
0

We have proved (7.47). O
We need

Theorem 7.7. Let 0 < s <z and f € Loo([0,2]),7 > 0. Define

Fls) = /0 (s — 1) F(t)dt. (7.62)
Then there exists

F'(s) = r./os(s — )" f(t)dt, alls € [0, z]. (7.63)

Proof. Fix s¢ € [0, z] and notice that

F(sy) = / " (50— O (1)t = / o (1) (50 — O F(1)dt.

We call g(s,t) := X[o,5(t)(s — )" f(t), which is a Lebesgue integrable func-
tion for every s € [0, z|.
That is g(so,t) = X[0,50](t) (50 — )" f(t), all t € [0,z], and F(sg) =

fo 807

We Would like to study if there exists

dg(so,t) . X[0,504+h] (D) (S0 + R — )" = X[0,5(t) (80 — )"
os 1®) <flblg%) h

(7.64)
We distinguish the following cases.
(1) Let x >t > s¢; then there exist small enough h > 0 such that
t Z S0 + h.
That is,
X[0,s0:£h] (1) = X[0,50) (£) = 0.
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Hence, there exists

89(507 t)

=0, 1 t:s9<t<u. 7.65
99 a So ST ( )
(2) Let 0 < t < sp; then there exist small enough h > 0 such that
t < sgxth.
That is,

X[0,504h] (1) = X{0,s] (t) = 1.
In that case

dg(so,t) . (so+h—=8t)"—(so—1t)"
—5:——f@(#% 0

) =l =0 500

(7.66)
exists for almost all ¢:0 <t < sq.
(3) Let t = sg. Then we see that

99+ (s0,50) _ 5 ( lim Z) — £(s0) ( lim hT‘1>. (7.67)

0s h—0+ h h—0+

The last limit does not exist if 0 < r < 1, equals f(sg) if » = 1, and may

not exist, and equals 0 if r > 1.
Notice also that

99— (s0, 50) - X[0,s0+h) (80)R" . r—1
T os Flso) |t OT = Flso) { ,im Xo,s0+117 =0,

by X{o,s0+n(S0) =0, h <0.
That is,
9g-(s0, %0)
s
In general as a conclusion we get that dg(sg,t)/0s exists for almost all
tel0,z].
Next we define the difference quotient at s,

X[0,50-+h] (E) (80 +h — )" = X[g,50) (£) (50 — 1)"

D)= £10) ) ). o

= 0. (7.68)

for h # 0, and D, (0,t) := 0.

Again we distinguish the following cases.

(1) Let x >t > s¢; then there exist small enough h > 0 such that
t>sgth.
Clearly then Dy, (h,t) = 0.

(2) Let 0 < t < sp; then there exist small enough h > 0 such that
t < sg £ h. Thus

(7.70)

D, (£h,t) = f(¢) ((80 +h— tIh— (5o — t)’“) .
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Call p :=sg —t > 0; clearly p < x. Define

gD(h) — (p + h}); - pr _ (80 + h— t);; - (SO - t)T (771)

for h close to zero, r > 0.
That is, Dy, (h,t) = f(t)p(h). If r = 1, then p(h) =1 and

Dy (hyt) = f(2). (7.72)
We now treat the following subcases.

(2(z)) If r > 1, then v(p) := p",0 < p < z, is convex and increasing.
If h > 0, then by the mean value theorem we get that

o(h) < ra" "t
That is,
Dy, (h, )] < ra" 7Y f(2)]- (7.73)
If h < 0, then, similarly, again we get
T h)"
w(h) = powr (—ph+ ) <ra"h

That is, for small |h| we have
Dy (ht)| < vt |f(B)], r>1. (7.74)

(2(17)) If 0 < r < 1, then ~v(p)
increasing. Let h > 0; then ¢(h) < p"
p(h) < p"t=(so—1)""".

That is,

P, 0 < p < zis concave and
= (sg—t)""! and for h < 0, again

Dy (h, )] < (s0 = )" (D)1, (7.75)

for small |h].
(3) Case of t = s¢; then

Dy, (h,s0) = f(so) A", for h >0, (7.76)

and
Dy (h,s9) =0, for h<D0. (7.77)

So, if 7 > 1 we obtain
| Dy, (h, 50)] < [£(s0) 2", (7.78)

for small |h|.

If 0 < r < 1, then for small h > 0 the function Dy, (h,so) may be
unbounded.

In conclusion we get:
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(I) For r > 1, that
Dy ()] < 72" M| (1) |oo < +00, (7.79)

for almost all ¢ € [0, z].
(II) For 0 <r <1, that

|Dso (R, t)| < A(t) for almost all ¢ € [0, z], (7.80)
vhere ( )]
f (so— Y@, 0<t< s,
A#) = { 0, for sp<t<uz. (7.81)

Clearly A is integrable on [0, x]. Then by Theorem 24.5, pp. 193-194 of [10]
we get that dg(sp,)/0s defines an integrable function, and there exists

F/(SO) = /OI W(lt = ’I"/OSO(SO — t)Tflf(t)dt_’_
/GC Odt=r /Oso(so —t) (). (7.82)

That proves the claim. [
We proceed with a special important case.

Theorem 7.8. Let § > oy + 1, aq € Ry, and let fi1, fo € L1(0,x), x €
Ry — {0} have, respectively, Lo, fractional derivatives DP fi, D f5 in [0, x],
and let DPFf,(0) = 0, for k = 1,...,[8] + 1;i = 1,2. Consider also
p(t) > 0 and q(t) > 0, with p(t),1/p(t), q(t) € Loo(0,2). Let A\, >0, 0 <
Aat1 < 1, and p > 1.

Denote N .
] 20e/Aeatl) — 1 ’Lf Ao > )\a+17
0s { 1, if Ao < Aatis (759
‘ (1/(1=Aat1)) Aot/ gsdags )
L(z) := 2/ s T et ds) (—a) , (7.84
@ = (2 [ o) T (784
and "
Pi(z) ::/ (@ — )PP/ =D (p(5)) =1/ P~V s, (7.85)
0
_ AatAatr)
Py (x)(P 1)/p)>
T(z) = L(z) ( —o4——— ; 7.86
1= 240 (U5 e
and
wy = 2(@P=1/P)ARatdaty) (7.87)

O(x) :=T(x)w;. (7.88)



7.3 Main Results 121

Then
x Aat1 Aat1
/0 q(s) |:|Da1f1(8)|)\a Da1+1f2(8)’ + n |Da1f2(3)‘)\a Da1+1fl(s) + :| ds
x » » (Aa+Aat1)/p
<o) | [ o) (D5 + 1D a)]") ] - (189)
0
Proof. For convenience, we set
g = ay + 1. (7.90)
By Lemma 7.3, we have
1 S
D fi(s) = —/ s —t)yP T IDBf(tde, 7.91
58 = Fg=ay | oD 7i(t) (791)

Vsel0,z], i=1,2, and

az _ poatlp _ 1 ° _ f\B—a1—2nB £
D2 fi(s) = DT fi(s) = F(ﬁ—al—l)/o (s —1t) D? f;(t)dt,
(7.92)
Vsel0,z], i=1,2.
By Theorem 7.7 we obtain that
(D™ fi(s)) = DU *! fi(s) = D fi(s), (7.93)
Vsel0,z], i=1,2.
So we have
|D* fi(s)] < ;/S(S—t)ﬁ*aHIDﬁf'(t)ldt =: gjai(s), (7.94)
J — F(ﬁ _ Oéz‘) o J = G9j,ai ’ '

where 7 =1,2, 1 =1,2, 0 < s < x.
We also have by Theorem 7.7 that

(gj,cu (S))/ = Gj,as (S)a 95,0 (O) =0. (795)

Notice that, if 5 — as = 1, then

Bea) = [ DR (1)t (7.96)

Next, we apply Holder’s inequality with indices 1/Aq41,1/(1 — Aq11) to
find

/ " 4D i () DO fy(s) i ds <
0
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/0 4(5) (91,01 (8))* (92,04 (5)))Yo+1ds < (7.97)
T (I=Xa+1) T Aat1
( [ taten 1—Aa+1>ds) ( [ (@ranton > W(gz,al(s))’ds)
(7.98)

Similarly, we get

[t Do o Do o) s <

([Tt 1—*a+1>ds)(1_m) ([ (6> (01,05 as) o

(7.99)
Adding the last two inequalities (7.98), (7.99), we get

/0 a(s) [0 fu ()P (DU (o) 4 DY L) DY fi(s) P ] ds <

([ taten =eas) e [( [ @) 2 s 01 s Ty
([ 2 (g1 (5105 A] (7.100)

(7.26) © (1=Xat1)
2 (2 [ ) <1/1-*a+1>ds) x
0

z Aat1
Uo [(gl,al(S))A"”““ (92,0, (5))" + (gz,oq(8))““““(91,041(8))/} ds
(7.101)
(notice (7.33) and (7.42), so similarly we have)
* 1/(1-Aas1 A WY A N
< (z /0 (g(s)) /0= ))ds) (—Aa fml)
(91,01 (%) + g2,a, () P FAern) (7.102)
= L(2)(g1.01 (%) + g2,0, ()P FAe) (7.103)
- L(z) "
~(D(B — o)) Patrat)
x Aat+Aat1)
[ o= 0P o) o) 0710 + 1D o)
(7.104)

(applying Holder’s inequality with indices p/(p — 1) and p, we find)
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L(z) [/z(z ) (B=a1 =D/ (=) (p(£)) =1/ =D g

(p=1/P)(Xa+Xa41)
= B —an)atrar |, ]

(Aa+Aat+1/p)

[ [ 10 nc) + D%(t)wdt} _ (7.105)

L(””()ﬁfg(f)l(f)}xiﬁff - [ /0 ") (I nw]+|p"r0))" dt}

(Aat+Aa+1/p)

(7.106)

T » (AatAat1/p)
=160 | [ 90 (D 5:0] + 10 0] (7.107)
T p P (/\a )‘a+1/P)

< T(z)2lr /P hen) { /0 ) (|D° )|+ |0 )] ) e '

(7.108)

x v (Aa+Aat1)/p
= ®&(x) [/0 p(t) (|Dﬁf1(t) [P+] Dﬁfz(t)| ) dt] . (7.109)

We have proved (7.89). O
We continue with

Theorem 7.9. All here are as in Theorem 7.4. Consider the special case
of Aoy = Aoy + Ag.
Denote

. A As/p
T(z) = Ao(z) (ﬁ) 2(P=2Xa1 =32s) /P (7.110)

Then

/0 a(s) [ID7 fa ()0 [D% fa(s) 3 (D7 fu(s)|™ +

(D2 fi () D fo(s) | D2 fo(s)| | ds <

2(Xay +Xs)/p

T(x) (/pr(s) (\Dﬁfl(s)y” + ;D%(S)F) ds) . (7.111)

Proof. We apply (7.21) and (7.22) for Ao, = Aa, + Ag, and by adding
we find

| [P p@ P i oo (07 )+
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|D°‘1f2(s)|>‘“1 ‘Da2f1(3)|)\a1+)\ﬂ ‘Dﬁf2(3)|/\ﬁ} ds

Ag/p

< 4ol@) (Aaaw»%MM@xgﬁw+M“%u@“>

x AB/P
([ om0 g o) 5y ] (7.112)

(7.26) ©
< Ag(x)2' e/ x U (21(5)) 12 (25 () e Aot (5)+
0

(21(8))(/\“1//\3)+1(22(5)) a1 /As ! !(s )) ds} As/p (7.113)
x Ag/p
Ao | [ (61226 )t () + ()50 s =
(7.114)
x Ag/p
Ag(z)2P=s)/p {/ (21(8)22(8))()\0‘1/)\B)(Zl(S)ZQ(S))IdS:| (7.115)
0

A As/p
= Aafa)20 7N e 0)zafa)) P ) () (7.116)

)‘041 + )\5
A Ag/p 21(z) + 20(2) 2(Xa; +Ag)/p
< Ag(z)2r—)/r (28 = 11
< Ao() Ny + A 9 (7.117)
= T(z)(z1(x) + zo(x))2ParTAa)/P — (7.118)

}2(>‘°‘1 +Xg)/p

[/ ( ) (|D° fu(s)[” + |D5f2(3)|”) ds

We have proved (7.111). O

(7.119)

Next follow special cases of the above theorems.

Corollary 7.10. (to Theorem 7.4) Set Ao, =0, p(t) = q(t) = 1. Then

A{IDalf a1 | DB £y (5)] M+ [D* fols) M1 | DP fio )|Aﬁ]d5§

Ci(z) {/Of UDﬁfl(s)‘P + ‘Dﬂf2(s)’p} ds] (Aay +A5/p)

: (7.120)

where

As/p
Cl(.%‘) = (A0($)|)\a2:0) (/\a)\—j)\ﬂ> (517 (7.121)
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(e A0)/0)
5 ;:{ 2 o i A F A<, (7.122)

1, if Aoy Az >p.
We find that

(Ao(@) )_{< (p— 1)(Oerp=3e)/0) ).
0 Aay=0 (F(ﬂ_al))kal (/@p_alp_ 1)((A0¢1p_ka1)/p)

(p— Aﬁ)((il’*)‘ﬁ)/p)
<()\a15p — Ao, 01D — Aoy +D — Aﬁ)((P—Ma)/p) > }

s ((RarBP=Xay1p—Aa; +p—Xs)/p) (7.123)

Proof. Here we need to calculate (Ao(z)|x,,=0). From (7.6) we have

* p/(p—Xp) .
Ao(x)|/\a2 —0 = (/ (A(S)\)\%:o) dS) , (7.124)
0

where from (7.5) we get

(Py(s))rer(e=1)/p

A(s)|x,, =0 = , 7.125
(reym0 = o5 (7.125)
and here, from (7.4), it is
S
Pi(s) = / (s — t) PB=a=D/(p=1) gy, (7.126)
0
Therefore we obtain
Py(s) = (_p 1 > S((ﬁpfoclp*l)/(pfl))’ (7.127)
Bp—ar1p—1
and
p— 1 ()‘alp_koq/p) 1 vy BP—2 N
A o= (P b agBp—ragaip—ray)/p,
(S)|>\(,270 (/3]7—041}7—1> (F(ﬁ—al))kals 1 1 1
(7.128)
That is,
—1 ((Aoqp*)‘oq)/p)
Ao(a), o= ( b =)
(Bp—aqp — 1){ReaP= e IP(D(B — ) o

€T
</ (s Bp—Aa 010- 20y )/ (0-29)) g

((p=Ag)/p)
| )
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(p— 1)(Carp=Aay)/1) oo
{ ((F(ﬁ —ap)) (Bp —aap — 1)(()‘“1p)‘“1)/p)> ) (7.129)

( (p— )\ﬁ)((p_)\ﬁ)/P) ) }
(Ao BP = Aay €1 — Aay +p — Ag) (P 20)/)

wp((Aa1BP=Aay@1p—Aa; +p=Xs)/p)

O
We continue with

Corollary 7.11. (to Theorem 7.4: set Ao, = 0, p(t) = q(t) = 1, Ao, =
Ag = 1,p =2.) In detail: let on € Ry, 0 > o, B — a1 > (1/2), and let
f1, f2 € L1(0,2),z € Ry —{0}, have, respectively, Lo, fractional derivatives
DB f1,DP fy in [0,z], and let DP~Kf;(0) =0 fork=1,...,[8] + 1;i =1,2.
Then

x

(1D f1(s)[ | D fa(5)] + D fa(s)| [ D fa(s)]] ds

< (21“(,3 - 0‘1)\/;(5;011\)/%— T 1) (/Oz {<D5f1(5)>2 + <D5f2(s)>2} ds) ‘

(7.130)
Proof. We apply Corollary 7.10. Here, §; = 1 and
)\ AB/p 1
(—ﬁ> = —. (7.131)
>‘041 + /\ﬁ \/§

Furthermore, we have

(B=an)
(Ao(2)ra,=0) = <F(ﬂ — ozﬁW) <\/;m> . (7.132)
Finally, we get
p(B-an)
2T(6— o) VB — a2 — 20, — 1

O(z) = (7.133)

O
We continue with

Corollary 7.12. (to Theorem 7.5, Ao, =0, p(t) = q(t) = 1). It holds

/ [ fa( )P (D2 A 4 D ()P [0 fo(s)] ] ds <
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(Ast+Xay)/p

Co(2) (/Oz [|Dﬂf1(s)\” + |Dﬁf2(s)ﬂ ds> . (7.134)

Here

Y Ag/p N
Cs(x) := (Ao(®)|x., =0) 2P A)/P (—5) 6,7, (7.135)

Aas + A
B 9Aan /A _ 1, if Aoy > Ag,
5y i { , 0o (7.136)

We find that

(Ao(@)[xa, =0) = {( (p = 1)(QoaP=2ez)/P) )
0 Aoq:O (F(B - 062)))\(12 (ﬁp — Quap — 1)(()‘0¢2p_)\a2)/p)

(p— Aﬁ)((P*Aﬁ)/P)
(()\agﬁp — Ao Q2D — Aoy +P — Ag)((P—Aﬁ)/p) > }

g (RazBP= Xz 02 p= Aay+p=23)/p) (7.137)

Proof. Here we need to calculate (Ao(z)|x,, =o)-
From (7.6) we have

(p—2p)/p

(Ao(@)l., o) = ( /0 (A, o) ds) L (1139)

and from (7.5) we get

(p2(8))/\a2(p—1)/p

A o) = , 7.139
( (S)b\alfo) (F(B_OZQ)))\O‘Q ( )

also by (7.4) we have
Py(s) = / (5 — )B=aa=DP/ G-V gy 0 < 5 < g (7.140)

0

Therefore, we obtain
Py(s) = (p_—l) s((Bp=c2 p=1)/(p=1)) (7.141)

Bp—azp—1

and

(p — 1)(()\0210_)\042)/17) S((Aa2ﬁ p_)\ag [e32} p—kaz)/P)
(A6 rny=0) = e e 12)
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That is,

(Ao(fﬂ)b\alzo) = (

(p — 1)((>‘a2p7>‘a2)/1))
(Bp — agp — 1)(Gozp=2ag) /D)(E(B-a2)2 |-

i ((p=As)/P)
< / 5{(aaBp=Ragazp=iay)/ <PAB>>ds> (7.143)
0
(p — 1)((Aa2p—ka2)/p)
- { ((51? — agp — 1)(Ca2P=2a2) /PN (DB — ) ) o2 ) '
< (p— /\ﬁ)((P*Aﬁ)/P) >}
(MazBP = Ay @2p = Aoy +p — Ag) (P 20)/2)
L e (7.144)
0
We give

Corollary 7.13. (to Theorem 7.5, A\, = 0, p(t) = q(t) = 1,A, =
Ag =1, p = 2). In detail: let ag € Ry, 8 > as, f—ags > (1/2) and let
f1, fa € L1(0,2), 2 € Ry —{0}, have, respectively, Lo, fractional derivatives
DB f1, DPfy in [0,x], and let DP=F£,(0) =0, fork=1,... [f]+1;i=1,2.
Then

Or [1D°2 fo(3)] [ DP ()] + [ D% fu(s)| | D? fo(s)]] dis
< Cj() (/0 [}D@fl(s)f + |Dﬁf2(s)ﬂ ds) , (7.145)
where

p(B—az)

T V2 T(B—o2)VB-0a 2B —20, -1

C3(x) : (7.146)

Proof. We apply Corollary 7.12. Here (5;\[3/10 =1, 20=2)/P = /2,
by Ag/p 1
5 =, (7.147)
Aoy + )\5
Furthermore, we have

m(ﬁ—ou)

(Ao(@) 12, =0) = <\/§ D(3 — a2) VB — 02 2B — 202 — 1

) . (7.148)
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Finally, we find
C3(x) = (Ao(2)|r.,=0) , (7.149)

proving the claim. [J
We continue with

Corollary 7.14. (to Theorem 7.6, Ao, = Ao, = Mg = 1,p = 3,p(t) =
q(t) =1). It holds

/ 1D Fu(5)] 1D fals)| | DP £ ()] + 1D% f1()] D fo(8)] [ D° fa(s)]] ds

< Ao(x) <{3/§+ 1) (/Ox (yDﬁfl(S)Hg + |Dﬁf2(s)|3) ds) . (7.150)

V6
Here,
4 ( )_ 4p(2B-a1—az)
" T (B = an)l (B — a2)B(36 — 3a1 — 1)(36 — 30z — (26— a1 — az)*”
(7.151)
Proof. We apply inequality (7.47). Here v, =3, 7, = 1, and
>\B/p 1
( 4t ) === (7.152)
(/\Otl + )‘042)()‘011 + )‘0t2 + )‘5) \/6
Furthermore,
AN2/77y + 20730 (7,00, )77 | = 1+ V12 (7.153)

The product of the last two quantities is (\3@ + 3%/6) Next we find Ag(z)

in our case. Here, by (7.6),

Ag(z) = </0 (A(s))*? ds)2/37 (7.154)

and, by (7.5),
(P1(s))*/3(Pa(s))*/*

A = TG T (5 - o)

(7.155)

Also, by (7.4) we have

Pi(s) = / (s —t) B 3/2 gt 5 =1, 2. (7.156)
0
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That is,
P, 280030 1y 7.157
z(S) m ) 4y ( . )
and
24/3 S((6ﬁ73a173a272)/3)
A(s) = (7.158)

T8 — a1)T(5 — a2)(36 — 3a1 — 1)2/3(30 — 3as — 1)2/3°

Finally, we get

24/3
Aol) = (F(ﬂ —a1)D(B — az)(36 — a1 — 1)2/3(38 — 3as — 1)2/3) |

x 2/3
(/ s((65—3a1—3a2—2)/2)d8> _
0

4p(2B—a1—az)

(B —a1)T(B —a2)[3(36 — 3an — 1)(36 — 3az — 1)(28 — oy — ap)]?/3”
(7.159)

O
We give

Corollary 7.15. (to Theorem 7.8, here Ay, = 1, A\n41 = 1/2,p = 3/2,
p(t) = q(t) = 1). In detail: let 3 > a1 + 1l,a1 € Ry and let f1,f2 €
Ly(0,z), * € Ry — {0} have, respectively, Lo, fractional derivatives DP fi,
DB fy in [0,x], and let DP=*£,(0) =0, fork=1,...,[8]+ 1;i = 1,2. Then

10 56 VDTRG0 £a(5) VPR ds

< @*() U;(IDﬁfl (@) + D7 )!3/2)ds] (7.160)

where
9 p(38—3a1—-1)/2

R B TEN s e

(7.161)

Proof. We apply here Theorem 7.8. We have 05 = 3, L(z) = v2 /z,

2 30—301-2
M= G530, -2y
and (36—3a1—1)/2
T a1—
1@ = (Gmares): )
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also, wi = V2.
Finally, we find
9 p(38-3a1-1)/2

(F(ﬂ — 0[1))3/2\/ 3ﬂ - 3&1 — 27

which proves the claim. [

o*(z) =

(7.163)

We continue with

Corollary 7.16. (to Theorem 7.9, here p = 2(\o, + Ag) > 1,p(t) =
q(t) = 1). It holds

[l pePe 1 (o) Do)
D% ()P (D% () | D7 fo(s)] ] ds <

7o) ([ (125 4 02" as) . (e

Here,

- - A (A5/2(Xay +2p))
T(z) =4 YR : 7.165
(7) o(z) <2(>\a1 n AB)> ( )
and )
Ag(a) =0 o*a?, (7.166)
where
1
o=
(T(B — ax)) 1 (T(B — ag))rea e
M, + 20y — 1 (232, 4200y Aa—Aay)/(Zha; +275)
. 1
(2/\mﬁ TN - 2ha, a1 — 2hpan - 1)
2y + 205 — 1 ((2Xa; +225-1)/2)
' e ., (7.167)
2Aa1ﬂ + QABQ — 2/\(110(2 — 2)\50[2 — 1

00 = [(2Aa; + Ag)

—1
(4A§15+6Aalxﬁﬁ— 202 a1 — 2ha; Agan — 222z — 4ha; Aoz +2A§5—2,\§a2) ] ,
22a; +25)/2(Aa; A
o = g A FA2 e A9), (7.168)

and

. ANZ B+ 6hay Mg — 202 a1 — 2Xa, Agory N
' 2)\041 + 2)\/5
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(7.169)

(=22, 2 — AXay Mgz + 2038 — 2X3as)
2Xay + 223 '

Proof. We apply Theorem 7.9. The constant T'(z) comes from (7.110)
in our case.
Still, we need to determine Ag(z).

From (7.6) we get here

~ z (@Aa;+28)/2(Aa; +25))
AO(:E) — (/ (A(S))Z(Aal +)‘ﬁ)/(2Ao¢1 +)‘B)ds> ,
0

(7.170)
where, from (7.5) we get also here

- {Pl(s)%q (@Aa; +225-1)/2(Aaq +>\5))p2(5)((2>\a1 +2>\ﬁ—1)/2)}

A =
) (T3 — )= ({3 = az) o ’
(7.171)
and, from (7.4), we find for i = 1,2 that
Pi (s) N /S(S _ t)[(2>\a1 +2>\B)(ﬂ_ai_1)/(2>\a1+2>\ﬁ_1)]dt7 (7172)
0

all 0 <s<ua.
Hence for i = 1,2 we obtain
(2)\@1 + 2>\B _ 1)5((2)\01,34*2)\5['}72)\(,1Ozi72)\5aifl)/(2)\al+2)\571))

(2)\a1,6 + 2)\ﬁﬂ — 2)\alai — 2)\g0[Z — 1) ’
(7.173)

Pi(s) =

and

(4>\§1[3+6>\a1 Aﬁﬁ—2kal alfzxglasz\al Agar—4iaq Aﬁa2—2>\%a2+2>\%ﬁ—2>\al —2g)
Tha, T2%5)
A(s) = os

(7.174)

Finally, we find

Alzg) =0

(2Xay +A3)/2(Nag +2g)
(4)@1;? + 6Xay A8 — 2A§1a1 - 2>\i1a2 — 2o Agal

—4Xag Agag — 20 Fag + 2038 — 2Xa; — Ag)
/a;s (2Xay +A3) ds
0

=oo*a?. (7.175)
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We present the following interesting special case.
Corollary 7.17. (to Theorem 7.9, here p =4, Ao, = Mg =1, p(t) =

q(t) =1).
It holds

/oI (1D f1(s)[(D2 £2(5))?| D fu(s)| + (D2 f1())[ D fa(s)|| D7 fo(s)]] ds

< T*(x) (/O ([Dﬁfl(s)]“ + (D%(S))“) ds) . (7.176)
Here 43(2)
T (x) = S/i ; (7.177)
and _
Aj(x) = 55" a0, (7.178)
where
~ 1 3 3/4
7 T TB-a)T(B - a2))? <4ﬁ —day - 1)
3 3/2
(46 — 1) , (7.179)
3/4
5= (125_421 _8a2> : (7.180)
and
0:=303—a; —2a. (7.181)

Proof. By Corollary 7.16. [J
We continue related results regarding the Lo, — norm || - ||oo-

Theorem 7.18. Let ai, 0 € Ry, 3 > aq, 0, and let f1, fo € L1(0,2),x €
R, —{0}, have, respectively, Lo, fractional derivatives D f1, DP fy in [0, x],
and let DP=%£,(0) = 0 for k = 1,...,[8] + 1;i = 1,2. Consider p(s) >
0, p(s) € Loo(0,). Let Aoy s Aoy, Ag > 0.

Set
plx) =
11p(3) |00 2(Bray =1 Xy +BAay —a2Aay +1)
(T(B—a1+ 1)))\“1 (T'(B— a2+ 1))>‘a2 [BAa; — a1)a; + BAa; — a2da, + 1] .

(7.182)
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Then

x

p@DDmh(M”HWW e |DP fi(s)[ +

(D% fi() (D fa(s) | DP fals) ] ds <

) [ )+ D 2+ |72 + 020,

2
(7.183)
Proof. From (7.9) we get
. 1 # i
D fi(s)] < m/o (s — )7~ DP f(t)|dt
K3
1 ® e
STB-a) (/0 (s 1) 1dt> 1D £l (7.184)
IDP filloo 87 sh—o 5
= = DP fillco- 7.185
T@-a) B-a) T@-a+p (7.185)
That is,
o sf—
D f(s)] < —IID filloss (7.186)
LB —ai+1)
V osel0,z], i=1,2; j=1,2.
Then we have
(B—a1)Aa
o S 1 Ao
7 Erray (7187)
(B—a2)Aa
a S 2 Ao
D™ < gy s 12721 (7188)
1DP fi(s) < |D°fr135. (7.189)

Multiplying the last three inequalities (7.187) through (7.189), we obtain
[D fi(s)]*1 D2 fo(s)[*2 | D f1 ()M <
s(ﬁAal _CVl)\al +5/\a2_a2ka2)

(T(B— a1+ 1)) 1 (D(B — ag + 1)) e

Similarly we see that

Aa A Ao
D7 s DP fafl5s?. (7.190)

S(IB_O‘Q)AO/Q
S A
(T(B = az + 1))t
5(1370‘1))‘&1

ST@-—arP=

(e} Aoz
| D2 f1(s)| > ~| DO filse2, (7.191)

o Ao
D1 fo(s)[ e ID” fol |5, (7.192)
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D2 fa(s) < D7 (7.193)
Multiplying the last three inequalities (7.191) through (7.193), we get
D f1(s) |2 D2 fo(s) o1 [DP fo(s)|* <
5(Fray =2 Xy +Na; —a1)a;)

(T(B = oz + 1))*2 (T(B — aq + 1))*
Adding (7.190), (7.194) produces

a Aa; HA
|07 f1]| 3521 D° fol 351 (7.194)

|D1 f1 ()21 D2 fa(s)[*2 |DP f1(s) 18 + | D2 fi(s)[*2 [ DY fa(s)| 1| DP fa(s)| N0

5(5>\o¢1 _Oll>\a1 +ﬂ)\a2_a2>\o¢2)
<
(T(B =g +1)*1 (D(B — ag + 1))
[ T i P el P il B

(7.195)
It follows that

/0 p(s) [ID fi(s)P1 [ D2 fy(s) o2 [ Dy (s) P+

|D0t2f (5)|)\a2 |Da1f2(s)|/\al ‘Dﬁf2(5)|>\ﬁ] ds <
[p(5) o (J7 0Pesmsdes ke 0sres) )
(T(B—ai + 1)1 (T(B — ag + 1)) 2
doa A Ao o Aoy +A
(107 2l 2 ([0 o] 2 4+ 1|07 ] 22 17 ] ]
llp(s)[lsc 2(Broy —a1da; +BAay —a2Xa, +1)

T (DB — a1+ 1)1 (T(B — ag + 1))*2 [BAay — a1hay + Bras — 2dag + 1]

(7.196)

[”Dﬁf 2D Rl + DA D2l o)
5 (1 o 00 2 [

(7.198)
We have proved (7.183). O

We present some special cases of the last theorem.

Theorem 7.19. (all are as in Theorem 7.18; \,, = 0).
It holds

/0 p(s) [[D* fi(s)[* [DP fr(s)[ + [D fo(s)[*2 | D7 fo(s) ] ds <

Ip(s)lee 2P —rher 1)

Aag A Aaq +A
(T8 — a1+ 1)) [Fha; — a1ha; +1] |DP f1 |58 ey ||Dﬁf || ﬁ] )

(7.199)
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Proof. As in Theorem 7.18, similarly. [
We continue with

Theorem 7.20. (all are as in Theorem 7.18; Ay, = Ao, + Ag).
It holds

/0 p(s) [ID2 o (8)1 [ D2 fy(s) s+ Dy () Mo+

Ay

D22 fi(s)[ =172 | D fos) M1 |DP fa(s)| ] ds <

{ [1P(8)l0

(T(B — a1 + 1)1 (T(B — @z + 1)) er T8
2(262a; —a1da; +BAs—a2Xa; —a2Xs+1)
(200, — 01 Aa, + 0Ag — a2do, —a2Xg+ 1) }

(1P 3042 || D8 py 202 (7.200)

Proof. As in Theorem 7.18, similarly. [
We give

Theorem 7.21. (all are as in Theorem 7.18; A\g =0, Ao, = Aa,)-
It holds

/0 p(s) [ID° fu(s) 1 |D°2 fa(s) M1 + [ D2 fo(s) P2 | D™ fo(s) M ] dis

w 220, 2Xa
<@ [ID7 Al + DRl (7.201)
where
(@) O
xT = .
P (T(B— a1+ DI(B— az + 1)1 (262a; — a1 hay — azda; + 1)
(7.202)

Proof. As in Theorem 7.18, when A\g = 0, we follow the proof and we
obtain

/ p(s) [|D% fy(s) P Az 4| DO fy ()| Ar] ds
0

Da2 f2 (8)

Da1 f2 (8)

< (@) [IDP A3 [ D R 22 + IDP AR | D2l 0], (7.203)
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which inequality is in itself of interest, and so on. Then setting A\, = Aq,
into (7.203) and (7.182), we finally derive (7.201) and (7.202). O

We give

Theorem 7.22. (all are as in Theorem 7.18; Ao, = 0, Ao, = Ag). It
holds

/0 p(s) [[D2 f2(s) 22 |DP fu(s) A2 + | D2 fa(s)[ 2| D fo(s) 2] ds

< #Peaeron D p(s) oo
T\ (B Aoz — a2day + D(T(8 — ag + 1) e

> [nDﬂflniﬁw - HD%H:”] :
(7.204)

Proof. As in Theorem 7.18. O
We continue with
Corollary 7.23. (to Theorem 7.21; all are as in Theorem 7.18; \g = 0,

Aoy = Ay, @2 = a1 + 1).
It holds

/o p(s) [|[D fr(s)]1 D fo(s)Per + [DUF i (s) o1 D fo(s) P ] ds

< ( e 11O )
T \(20 Aoy — 201 A0y — Aoy +1)(B — 1) (D(8 — a1))* e
2Aq 2Xa
(1D 12 + D2 g 2 (7.205)

Proof. By Theorem 7.21. O
We give

Corollary 7.24. (to Corollary 7.23) In detail: let a1 € Ry, 8 > a1 + 1
and let f1, fo € L1(0,z), x € Ry — {0}, have, respectively, Lo, fractional
derivative DPf1, DPfy in [0, 1], and let DP=kf;(0) =0, fork = 1,...,
8] +1;i=1,2.

Then

/0 (1D fi(s)] [D™ o ()] + [D T fa(s)] [D* fa(s)]] ds
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m2(ﬁ*0¢1) 5
B 2 3
: <2(ﬁ—a1)2(F(ﬁ—a1))2> 1Dl + 1D 2] (7.208)

Proof. In (7.205) set Ao, =1 and p(s) =1. O

Proposition 7.25. Inequality (7.206) is sharp; in fact it is attained when
fi=Jfa.

Proof. Clearly (7.206) when f; = fo collapses to

2(B—on)
= ) IR
2(8 — a1)*(I(8 — )
(7.207)
In [64] (see Theorem 2.5, Remark 2.6) we proved that (7.207) is sharp; in
fact it is attained by fi(s) = s%. O

/ "D fi()] (D fu(s)ds < (

7.4 Applications

We present a uniqueness of solution result for a system of fractional differ-
ential equations involving Riemann—Liouville fractional derivatives.

Theorem 7.26. Let a; € Ry, >y, f—a; > (1/2),i=1,...,7r €N,
and let f; € L1(0,z), j = 1,2; = € Ry — {0}, have, respectively, L
fractional derivative DP f; in [0,z], and let DP=*£;(0) = ax; € R for k =
1,...,[8] + 1;4 = 1,2. Furthermore for j = 1,2 we have that

DO fi(s) = Fy (s, {D* fi(s)} =y - {D™ fa(8)} i) - (7.208)
all s €10,x].
Here Fi(s,21,. .., 2r, Y1, ..., Yr) are continuous for (z1,...,2r, Y1, -, Yr)

€ R?", bounded for s € [0,z], and satisfy the Lipschitz condition

‘Fj(sazlv'~‘7Z7”7y17"'7yr)_Fj(svziv"'721/~7y117"~uy':‘)| S

T

> g (9)|zi — 2] + g2 ()i — il (7.209)

i=1

Jj = 1,2, where qi1,;(s), G2,:,;(s) > 0 are bounded on [0,z], 1 <i <.
Call

My ; = max({|q1,i1

loos 1g2,i,21l00) and Ma; := max(||gz2,i,1 /o0, [[q1,i,2]l00)-
(7.210)
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Assume here that

* o - My; My, i
¢($)—;< 2 * ﬁ)(r(ﬂai)\/ﬁai\ﬂﬂ?ail)<l.
(7.211)

Then, if the system (7.208) has two pairs of solutions (f1, f2) and (f5, f3),
we prove that f; = fF,j =1,2; that is, we have the uniqueness of solution
property for the fractional system (7.208).

Proof. Assume there are two pairs of solutions (f1, f2), (fT,f5) to
system (7.208). Set g; := f; — f5, j =1,2. Then

DPkgi(0) =0,k =1,..,[8] +1; j = 1,2. (7.212)
It holds
DPgi(s) = Fj (s, {D* fa(s)}i_y . {D* fa(s)}i_y)
Fy (s, AD* f1 (s)}iy ,AD™ f5 ()} i) - (7.213)
Hence by (7.209) we have

[DPg;(s)| < Z 91,5 (8)| D g1(s)| + 92,1,5(5)|[ DV g2(s)|]. (7.214)

Thus

T

D795 () < Y Mlgn.iilloo DY g1(8)] + llg2.i.5 oo

i=1

(D% ga(s)[].  (7.215)
The last implies that
(DPg;(s) Z 916.3ll0e| D g1.(5)] | D7 g;(s)|+

192.i.5 10| D% g2()| D% g5 (5], j = 1,2. (7.216)

Consequently we see that
I /O ((DPg1(5))? + (DPga(s))?) ds <
T

x z
{Hgl,i,lﬂoo/o D% g1 (5)] D" g1(s)\ds + ||92,i,1\|oo/0 |D% g3(5)| | D g1 (s)lds
1=1

+3 lgrazlloe [ 1D g1(s)] [D?ga(s)lds+
i=1 0
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mmﬂw/zwm@>wbww% (7.217)
0

<ZM(/uwmmmmwﬂmmww%@wﬁ

0

+Zm(/Dwmw%@mmmemm@:®.
(7.218)
However by Corollary 7.11, (7.130) we have
/ (D% g1()| D% g1(5)| + | D g2(5)| | D ga(s)|]ds
0
A I 7.219
< . .
B (ZF(ﬁ_ai)\/ﬁ_ai\/2ﬁ_2ai_l) ( )
Also by Corollary 7.13, (7.145) and (7.146) we find
/ [1D% g2(s)| D% 91(5)| + D% g1(s)| | D ga(s)|]ds
0
x(ﬁfai)
( ) 1. (7.220)
\/_F —a;)VB—a;iv2B —2a; — 1

Therefore by (7.219) and (7.220) we get

E l‘(ﬁ ai) T
*) S;Ml,i (2]_"(/3_ai)\/ﬂ_ai\/2ﬂ_2ai_1>+ (7.221)

T

>t (5
i=1 2I(B — i)/ B — /2B — 20 — 1
‘We have established that

) =¢* ().  (7.222)

I<¢"(x)l. (7.223)
If T # 0 then ¢*(x) > 1, a contradiction by assumption (7.211) that

¢*(z) < 1. Therefore I = 0, implying that
(DPgy(s))% + (DPgy(s))? =0, ae. in|0,x]. (7.224)
That is,
(Dﬁgl(s))2 =0, (Dﬁgg(s))2 =0, a.e. nl0,z]. (7.225)

That is,
DPgi(s) =0, Dgy(s) =0, a.e. in]0,z]. (7.226)
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By (7.212) and Lemma 7.3, apply (7.3) for o = 0; we find g1 (s) = g2(s) =0
over [0, z].

The last implies f; = f,j = 1,2, over [0, z], thus proving the uniqueness
of solution to the initial value problem of this theorem. [

Next we give upper bounds on D f;, solutions f;, and so on, all involved
in a system of fractional differential equations involving Riemann—Liouville
fractional derivatives.

Theorem 7.27. Let a; Ry, B>y, B—a; > (1/2),i=1,...,r €N,
and let f; € L1(0,2),j = 1,2; © € Ry — {0}, have, respectively, frac-
tional derivative DP f; in [0,z] that is absolutely continuous on [0,z], and
let DO~k f:(0) =0 fork =1,...,[8]+1;j = 1,2. Purthermore (D" f;)(0) =

e R

y .
Furthermore for 0 < s < x we have holding the system of fractional differ-
ential equations

(0°5) )= By (s AD™ )}y (D711) (90, A0 o)}y (D7 12) )
(7.227)

for j =1,2. Here Fj is Lebesgue measurable on [0, x] X R x R™ such
that
T
|Fj($,.’E15L’2, vy Ty Tr4-1,5, Y1, ~“>y’l‘7y7"+1)| S Z [QLi,j(S) : |x’L| + qQ,Z,j(S)|y2H )
i=1
(7.228)

where q1;;(8),q2,,5(s) >0, 1 <i<r, j=1,2, are bounded on [0,x]. Call

My ;i = max(]/¢1,6.1l00s |22,i,2]|00), (7.229)

and
My ; = max(||q2,i,1/00s [141,4,2]00)- (7.230)

Also we set (0 < s <x)
0(s) == (D" f1)(s))* + (D f2)(s))?, (7.231)
pi= Al + A3 (7.232)
" B—oy
Q(s) = M,i+\/§M,i< i )a
;( ' %) (8 —ai)VB—aiv2B —2a; — 1

(7.233)

and

1/2

X(s) == /p- {1 +Q(s) - ello @M . [ /0 ) (e*(fon“)dt)) dz]} . (7.234)

0(s) <x(s), all 0<s<u. (7.235)
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Consequently it holds

IDP f;(s)] < x(s), (7.236)
561 75 | =07 0 (7.237)
forj=1,2, 0<s<u.
Also it holds that
a; 1 * B—a;—1
D fi(s)] < m/o (s—1) x(t)dt, (7.238)

for j=1,2,i=1,...,r, all 0<s<uz.
Proof. We observe that
(D f)(s)(DP f;)'(s) = (DP f;)(s) - j (5,{D* fus) iy -
(D” f1) (s),{D% fa($)}i—y » (D7 f2) (5)) , (7.239)

7=12 all 0<s<x.
We then integrate (7.239),

/0 (D8 £)()(DP £, Y ()ds = / (D)) Fy (5. (D™ Fu ()Y, . (DP 1) s),
(D f2(s)}i_,, (D f2) (s)) ds, 0 < y < a. (7.240)

Hence we obtain

(D7 £)(s))?
2

Y y 5 (7.228)
< [ Do) 18 fas <
0 0

T

JREEAC] [Z (91.04(5) D" i 5) + gz,i,j(8)|DC”’f2(8)|]1 ds (7241)

r

<3 {lmele ([ 107500107 50105 )

Hlaigll ([ 1075 D7 polas) . 2

Thus we find

(050 = 42 +23 {lasslle ([ 102500 10 (001

Hlasslle ([ D500 folas) b
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Consequently we write

0(y) < pt+2) {Ml’i /Oy [1D? f1(s)] D% fr(s)] + |D? fa(s)] D% fa(s)]] ds

i=1

s [ " 1108 ()| 1D fu(s)] + 1D° fu(s)] 1D fals)] ds} (7.244)

(by (7.130),(7.145)) r B=ai) (Yo(s)d
T p2 3 v Jo Se)ds
T(B — a)VB — aiv/28 —2a; — 1

Y=o [V (s)ds
i (ﬁr(ﬁ — )V —0042‘\/25 — 20, — 1) } (7245)
=p+Qy) /Oy 0(s)ds. (7.246)

That is, we get
y
) < o+ QM) [ 6s)ds, (7.247)
0
all 0<y<z.Here p>0,Q(y) >0, Q0)=0,0(y)>0,all 0<y<=z.
Solving the integral inequality (7.247), exactly as in [17] (see pp. 224-225,
Application 3.2 and inequalities (44), (47) there) we find that
0(y) <x(y), 0<y<u, (7.248)
proving (7.235).

Then (7.236) is obvious.
Next from (7.3), the case of a = 0, we obtain

() < — / (s — 0P DP £, (1) dt < ﬁ / (s — 0P (),

e ! (7.249)
proving (7.237). .
Finally, again from (7.3), we find
a 1 ) B-ai=1| b
|D fi(s)] < m/o (s —t) |DP f;(t)|dt (7.250)
1 S
< m/o (s — t)ﬁfaiflx(t)dt, (7.251)

thus proving (7.238). O

In the last application we give similar upper bounds as in Theorem 7.27,
but under different conditions.
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Theorem 7.28. Let o; € Ry, 8 > i = 1,...,7r € N, and f; €
Li(0,2), j = 1,2; © € Ry — {0}, have, respectively, fractional derivative
DB f; in [0, ] that is absolutely continuous on [0,z], and let DP~Hf;(0) =
0 for w=1,....[8]+1;j = 1,2. And (DPf;)(0) = A; € R. Further-
more for 0 < s < x we have holding the system of fractional differential
equations

(DP ;) (5) = Fj (5,{D fi(s) Yy, (DP f1)(5),

(D% fa($)}imr - (D°f2) (s)), forj =12, (7.252)

For fixed i, € {1,...,7} we assume that a;, 11 = a;, +1, where a;, , o, 41 €
{a1,...,a,}. Callk :== o,y := oy, + 1; that is, v = k + 1. Here F; is
Lebesgue measurable on [0, 2] x R™ x R™ such that

IFJ’(57$15 vy Ly L1, Y15 "'7y'r'ay7"+1)| S

a1, (8)|wi, |V 1Yi 1l + q2,5(8) i [V |76, 411, (7.253)

where both 0 % q1 4, g2.; > 0, bounded functions over [0, x]. Put
loos 91,2 l005 2,2l 0 ) (7.254)

6(s) = [(D° ()| +[(DPF2)(s), 0<s<a pi=|di|+|As|. (7.255)
Also we define

M = maX(HQl,l”wv ||q2:1

AM 5((36—3k-1)/2)
= 7.256
Q) <\/735 —3k - 2> (5~ k)P (7:256)
AM ((38—3k—1)/2)
= x : (7.257)
V3B —=3k—2) (L(B—k))3/2
all 0 <s<uz.
We assume that
xo\/p < 2. (7.258)
Call ( ( ))[ ) 3/2]
. s(c—Q(s)) |op*s —4p +4p
= 2
2(s) ey , (7.259)
all 0 <s<ux. Then
0(s) < @(s); (7.260)
in particular, it holds
IDPfi(s)] < @(s), j=1,2, (7.261)
for all 0 < s <x. Furthermore we find
561 < 15 [ -0 e (7.262)
R (I ’
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o 1 s -

|D ij(5)|§—l_,(ﬂ_al)/0 (s — )P~ 1p(t)dt, (7.263)
3

1=12;9=1,...,r, all 0 <s <.

Proof. Clearly, here DPf; are Lo, fractional derivatives in [0, z]. For
0<s<y<uz, by (7.252) we get that

[ @05y s = [ F 0" BY (0°5) 6

{D* fa(s)}i_y . (D f2) (s)) ds. (7.264)

That is, 1
(DPf)(y) = Aj + / Fj(s,...)ds. (7.265)

0

Then we observe

Yy
(D £)(w)] < |4;] + / IF(s,...)|ds < | A+

[ Tlans ol (0F £ VTGN + o (D 2) () TR s

(7.266)

< 451401 ([ [0 ) OIVIDFTRIEN + 1D o)V DT RIG] ds)

(7.267)
Therefore
0(y) < p+2M (/ [|D F1()|/|DFH1 fa(s)] + \D f2(9)| |Dk+1f1(8)|] ds>
’ (7.268)
((7.160),(7.161)) AM y(38=3k=1/2)
= (¢73ﬁ—3k—2> ROCEDIEE
y
(/ (IDﬁfl)(s)|3/2+|(D5f2(s)|3/2)ds> (7.269)
0
(7.27) (36—3k—1/2)
7§27 p+ <\/3/gziMw> (E/ T(6— k))3/2> </ (ID” f1(s )\+\Dﬁf2(5)|)3/2d5>~
(7.270)
We have proved that
Yy
) < p+ QM) [ (0(:))°ds, (7.271)
0

all 0 <y <.
Notice that 6(y) >0, p >0, Q(y) > 0, and Q(0) =0, also itis o > 0.
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Call
y
0<w(y):= / (0(s))3/2ds, w(0) =0, all 0 <y < .
0
That is,

w'(y) = (@(y)*? =0 over [0,a],

and
0(y) = (w'(y)??, all 0<y<u

Hence we rewrite (7.271) as follows,
(W' )** < p+Quly), all 0<y<a.

So that
(W' (y)? <p+ow(y) <p+etouwly),

for € > 0 arbitrarily small. Thus
w'(y) < (p+e+ow(y)®? al 0<y<a.

Here (p+¢+ 0 w(y))?*/? > 0. In particular it holds
w'(s) < (p+e+ow(y)¥? all 0<s<y,

and W (s)

1.
(ptetows)2

The last is the same as

<—§(P +eto w(S))_1/2>l <l

Therefore after integration we get

a

5Y,

- [+t o w7 <3
0

and 0
(p+e+ow(s) YV < % Y.
y
That is,
_ _ o
(p+e) 2= (p+etow(y)/?< 5
and -
(p+e) =Sy <(p+etouy)
That is,
2—olp+e)'?y) _ 1

2(p +e)t/? (p+et+ow(y)/?

(7.272)

(7.273)

(7.274)

(7.275)

(7.276)

(7.277)

(7.278)

(7.279)

(7.280)

(7.281)

(7.282)

(7.283)

(7.284)

(7.285)
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By assumption (7.258) we have
yoyp<2, al 0<y<u. (7.286)
Then for sufficiently small € > 0 we still have

yo(p+e)/? <2 (7.287)

That is,
2—yo(p+e)/?>0, all 0<y<uz (7.288)

From (7.285) and (7.288) we obtain

2(p+¢)'/?
12 < 7.289
(P-l—a-l—aw(y)) = (2—0(p+8)1/2y)7 ( )
all 0 <y <.
Solving (7.289) for w(y) we find
p+e 4
w(y S( ){ —1}, 7.290
W=\"") l[e=errowr (7290
for € > 0 sufficiently small and for all 0 <y < z.
Letting € — 0 we obtain
w(y) < (3) (% - 1> , (7.291)
o/ \(2=0yyp)
forall 0 <y <uz.
That is,
4y p*? — o y?p?)
w(y) < , 7.292
N R NGk (722
all 0 <y <.
Hence by (7.271) through (7.292) we derive
4y —oy?p®)] _
0(y) < p+Q(y) ( )| - e(y), (7.293)

(2-0yyp)?

all 0 <y <.

We have proved (7.260) and (7.261).

Next by applying Lemma 7.3, formula (7.3) for o = 0, and using (7.261),
we obtain (7.262). Finally by again applying Lemma 7.3, formula (7.3) for
a;, and using (7.261), we get (7.263). The proof of the theorem now is
complete. [
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Canavati Fractional Opial-Type
Inequalities for Several Functions
and Applications

A wide variety of very general L, (1 < p < oo)-form Opial-type inequali-
ties [315] is presented involving generalized Canavati fractional derivatives
(17, 101] of several functions in different orders and powers. The above
are based on a generalization of Taylor’s formula for generalized Canavati
fractional derivatives [17]. From the established results are derived several
other particular results of special interest. Applications of some of these
special inequalities are given in proving the uniqueness of solution and in
giving upper bounds to solutions of initial value problems involving a very
general system of several fractional differential equations. Upper bounds to
various fractional derivatives of the solutions that are involved in the above
systems are given too. This treatment is based on [27].

8.1 Introduction

Here the author continues his study of Canavati fractional Opial inequali-
ties now involving several different functions and produces a wide variety
of corresponding results with important applications to systems of sev-
eral fractional differential equations. This chapter is a generalization of
Chapter 6.

We start in Section 8.2 with preliminaries, we continue in Section 8.3
with the main results, and we finish in Section 8.4 with applications.

G.A. Anastassiou, Fractional Differentiation Inequalities, 149
DOI 10.1007/978-0-387-98128-4_8, (© Springer Science+Business Media, LLC 2009
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To give the reader an idea of the kind of inequalities we are dealing with,
we briefly mention a simple one

/’Eymﬂ W) (DL£;)(w)] | dw

: (21“(;/ - V)Efv_—av)i/;u — 2y — 1> /; i (D4 f)(w))? ] dw ¢,

all a < < b, for a certain kind of continuous function f;, j =1,...,M €
N;v>1,v>0,v—v > 1, and so on. Furthermore one system of fractional
differential equations we are dealing with is of the form

(D f3)(t) = F; (6, {(Dg7 f1) () iz, {(D37 f2) (D) }izr

7{(DgLfM)(t) ;:1)7 all t € [a’vb]v

for j =1,2,...,M € N and with f"(a) = aj; € R, i = 0,1,...,n 1,
where n := [v], v > 2, and so on.

In the literature there are many different definitions of fractional deriva-
tives, some of them equivalent (see [197, 333]). In this chapter we use one
of the most recent due to J. Canavati [101], generalized in [15] and [17] by
the author.

One of the advantages of Canavati fractional derivatives is that in appli-
cations to fractional initial value problems we need only n initial conditions
as with the ordinary derivative case, whereas with other definitions of frac-
tional derivatives we need n + 1 or more initial conditions (see [333]).

8.2 Preliminaries

In the sequel we follow [101]. Let g € C([0,1]). Let v be a positive number,
n:=[v],and a:=v —n (0 < a < 1). Define

() = s [ @0 gan 0se<1 s

the Riemann—Liouville integral, where T" is the gamma function. We define
the subspace C¥([0,1]) of C™([0,1]) as follows,

C*([0,1]) := {g € C"([0,1]): J1—aD"g € C*([0,1])},

where D := d/dx. So for g € C¥(][0, 1]), we define the Canavati v-fractional
derivative of g as
D"g:=DJ;_,D"g. (8.2)
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When v > 1 we have the Taylor’s formula

—a(0 (0 00 t* (n—1) 0 !
9(t) =9(0) + ¢'(0)t + g"(0) 57 + -+ + ¢ )(n—l)!
+ (J,D"g)(t), forallte[0,1]. (8.1)
When 0 < v < 1 we find
g(t) = (J,D"g)(t), forallte][0,1]. (8.4)

Next we transfer the above notions over to arbitrary [a,b] C R (see [17]).
Let x,x0 € [a,b] such that x > g, where x is fixed. Let f € C([a,b]) and
define

1 x
o = —trt <z < .
UEN@ =gy [ @0 @ d m<as<h 35
the generalized Riemann—Liouville integral. We define the subspace
C7, (la, b]) of C"([a, b]):

7, ([a,0]) = {f € C"([a,b]): Jy2, D" f € C*([x0, b])}-

For f € Cy ([a,b]), we define the generalized v-fractional derivative of f
over [xg,b] as
DY f:=DJ f™ (f = D"f). (8:6)
Observe that
1 x
zo f£(n) — _ e fln)
Ead o) = pgy [ =0

exists for f € CY ([a,b]).
We mention the following fractional generalization of Taylor’s formula
(see [17, 101]); see also Theorem 2.1.

Theorem 8.1. Let f € Cy ([a,b]), xo € [a,b], fived.

(i) If v > 1 then

(@) =1 (w0) + £/ (o) — 0) + (o) T2
+oee g f("l)(xo)%
+ (J;° DY f)(x), forallx € la,b]: x > xo. (8.2)

(ii) If0 <v <1 then

flz) = (JffOD;Of)(x), for all x € [a,b]: x > xp. (8.8)
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We make

Remark 8.2. (1) (D2 f) = f™, neN.
(2) Let f € C¥% ([a,b]), v > 1, and f(zg) = 0,i = 0,1,...,n — I;
n = [v]. Then by (8.7)

f(2) = (J2 DY, f)(a).
That is,
fa) = % / (x — )"~} (DY, F)(t) dt, (8.9)

0

for all z € [a,b] with & > x¢. Notice that (8.9) is true, also when 0 < v < 1.
We also make

Remark 8.3. Let v > 1, v > 0, such that v — v > 1, so that v < v.
Call n:=[v], a:=v—n;m:=[y], p:=~—m. Note that v —m > 1 and
n—m > 1. Let f € C¥ ([a,b]) be such that f@(29) =0,i=0,1,...,n—1.
Hence by (8.7)

f(x) = (J;° Dy f)(x), forallxela,b]: x> x.
Therefore by Leibnitz’s formula and T'(p + 1) = pI'(p), p > 0, we get that
) (x) = (J3° Dy f)(x), for all x> xo.

It follows that f € C7 ([a,b]) and thus (D] f)(z) := (DJprf(m))(x) exists
for all z > x.
We easily obtain

(D2,7)(@) = D2, ™) (w)) = =

ol I R S

(8.10)
and thus

(D3, N)(@) = (72, (D5, ))(x)

and is continuous in x on [z, b].

8.3 Main Results

Here we often use the following basic inequalities.
Let ay,...,a, >0, n € N; then

G,q+"'+a:lg(a1+"'+a'n)ry TZL (811)
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and
al+-4ah <n' T (ar+ o+ a,)’, 0<r <1 (8.12)

Our first result follows next.

Theorem 8.4. Let v > 1, v{,v9 > 0, such that v —v; > 1, v — vy > 1,
and f; € C¥ ([a,b]) with f;l)(xo) =0,i=0,1,....n—=1, n:=[], j=
1,...,M € N. Here x,x9 € [a,b]: ¥ > xg. Also consider p(t) > 0, and
q(t) > 0 continuous functions on [xg,b]. Let A, > 0 and Ao, A\g > 0 such
that A\, < p, where p > 1. Set

Pr(w) := / (w— ) OPp (p(e)) TP dt, k=1,2,  (8.13)

zo <w < b;
(P Aa(p=1/p) . (P As((p—1)/p) = /p
At o 20) - (PL() (P I
Ty = y1)2e - (T = 72))*
x (p=Av)/p
)= ( / A(w)p/p_’\“dw> . (8.15)
Call
/\V Ay /p
o) = (oo (5735) 1
* Mli(}er/\V/p)a Zf )\Oz + )\l/ é p,
0y = { 9(Xat+Au/p)—1 if Ao + A0 > p. (8.17)
If A\g = 0, we obtain that
/ atw (D (D33 (Dézofj)(w)l*”) du
. M ((Aa+Xv)/p)
< 5@ | [ ptw) | S IDL @ ) du ,
xo ]:1
(8.18)
all zg < x <b.
Proof. From Theorem 2 of [26] (see here Theorem 6.5) we get
/ q(w) [|(D33 f3) ()= |(DZ, £;) (w) |
+ (D2 fi1) (W) (D, fra1) (w) ] dw (8.19)
((Catrn)/p)

< 11 (a) [ / " o) [|(DY, £5) ()P + (DX, f42) ()] du ,
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7=12,...,M — 1, where

5 g1=((at)/p) AL A, <,
1=

Hence by adding all the above we find

- M—1
/ q(w)(Z[I(D”lf;)( )= (DY, f) (w) [

Jj=1

DR i) () <D:ij+1><w>|%]) du

[/:p(w)H(Dgofj)(w”p

<Aa+Au>/p)>

M—1

<oy (z) - (Z

Jj=1

(
(DY, fe) (w)]7] dw]

Also it holds

/m q(w) [|(D3 o) (w) M |(DZ, fr) (w) [

+ (D33 far) (w) [P (D, far) (w)[*] dw
< suas(o)| [ s AP + (D5, L) w)P]

Call
1, if Ao + A\ > p
13
' Ml_(’\‘*“”/p)7 if Ao + A\ < p.

Adding (8.21) and (8.22), and using (8.11) and (8.12) we have

/ (D (D3 ) (w)=| (DY fj><w>*v) dw

< am@{{MZ_l [ / :p<w>[|<D;ij><w>|p

j=1

(O‘a‘*‘)‘u)/p)
+|(Dgofj+1)(w)|p]dw] }

(8.20)

(8.21)

(8.22)

(atr)/p)

(8.23)



+{/sz(w)[l(D$0f1)(w)lp + I<DiofM><w>'p]dw}

w) P} dw} (Gatre) .

<ae@] [ oo [2% (D

0 j=1

We have proved
M

/g: (Z (D71 £

w)[*=|(Dy

< (ﬂaww)wl(@

8.3 Main Results 155

(Rat2)/p) }

fj)(w)|A”> dw

i u (atrn)/p)
: / p(w) [Z (D w)|p] dw . (8.24)
o j:1
Clearly here we have
(Y{ — 61 (2()\a+)\v/p>—1) £1. (825)
From (8.24) and (8.25) we derive (8.18). O
Next we give
Theorem 8.5. All here are as in Theorem 8.4. Denote
22/ 1 ifAg >\,
5y = RN (8.26)
17 Zf Aﬁ < )\1/7
1, if A+ Ag = p, (8.27)
Eg = .
M1—(>\V+/\5/p)) if A+ Mg < p,
and
)\ )\,,/p
Ao( or=ru/p) (A 5yv /P 8.28
eale) = (Ao, _,) T (3.29)
If A\ =0, then

M—-1

I q<w>{{ 3 D3 ) @)%,

Jj=1

i) w)
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n |<D;gfj><w>|xﬁ|<D;ij+1><w>|*"]}
+ 1032 ) ) 212, ) )
03 1)) P12 fo )]
S ER Y

o)

J=1

, x> x. (8.29)

Proof. From Theorem 3 of [26] (see here Theorem 6.6) we have

/ a(w) [[(D32 f141) () 2 [(D%, £)(w)
(D2 1) @)D, f40) ()] dus
< o) [ )02 )P +
0 ) ((w+20)/p)

(D%, fi1) (w) ] dw ; (8.30)

for j=1,...,M — 1. Hence by adding all the above we get

M—-1

[ atw) (X 105 £y @)P 0%, 1)
DR H DL, ) ()] ) du

M—1

< w){ ) ( / jp<w>[|<D;0fj><w>|p

j=1

(w+26)/p)
DY fen) ()P dw) } (8.31)
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Similarly it holds

/ " g [I(D22 Far) @) (D, f) )
(D3 ) @) (DY, far) ()] deo

< e [ w0z, mwp +

0

(D%, far) (w)[P] dw

) ((>w+>\ﬁ)/p)

Adding (8.31) and (8.32) and using (8.11), (8.12) we produce (8.29).
The general case follows.

Theorem 8.6. All here are as in Theorem 8.4. Denote

;5/ o 2(ka+>\ﬁ/)\u) _ 17 Zan + )\ﬁ Z )\y;
' 1, if e + Mg < A,
and
~ ]-a ian‘i“)\B“i’Avaa
T2 = 1— (Aa+As+A0/p) )
2 aTBTAIE) i Aa + Ag+ A <.
Set
)\ >‘V/P
= A . Y
#3(®) o(e) (()\a ) (e £ Ag + Ay))
: [Aiﬁ% +o(r2ir) (%A@)“/p} :
and

1, if Aa X5+ A 2 p,
E =
3 Ml,((,\ﬁ/\ﬁ/\y)/p)’ if Ao +Ag + A < p.

157

(8.32)

O

(8.33)

(8.34)

(8.35)

(8.36)
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Then

. M—1
[ a0 | X 02 1000003 510) )7 (0%, )
D 1) @) (D £y2) () [(D%, F4) ()]
(D2 @)= (D3 ) @) 71 (D, 1) )

+H(D22 1) (w) 1Dy far) (w) P [(D, far) (w)[*] | dw (8.37)

< 2()\,,+>\ﬁ+>\u/p) e504() - {/mp(w)

}((AaJr/\ﬁJr)\v)/p)

[i (02, )P | du

j=1

all zg < x <b.

Proof. From Theorem 4 of [26] (see here Theorem 6.7) and adding all
together we have

S / (D28 1)) (D32 Fr2) (1) 2 (D2, ) ()

j=1 %0

H(DI2 1) () (D32 Fi1) (W) (Dl F41) (w)[ ] dw - (8.38)
1

M- T
< p3(x) (w) (|(Dz, f5) (w)

®3 = (~/zop ( j
(Aatrs+2)/p)

(DY, Fi1) (w)]?) dw) ,

all o <z <b.
Also it holds

/ " g(w) [1(D22 1) (w)|* (D22 far ) (w) [P ( D f1) (w)

+ (D22 1) (W) (DI far) (w) [ (DY far) (w) ] duw (8.39)
(Catrs+2./p))

< os(a) ( / " p(w) (D% 1) (@) + (D% far) (w) ) dw) ,

all zg < x <b.
Adding (8.38) and (8.39), along with (8.11) and (8.12) we produce (8.37).
(|



8.3 Main Results 159

We continue with

Theorem 8.7. Let v > 2 and v, > 0 such that v — vy, > 2. Let f; €
% ([a,b]) with f{7(z0) =0,i=0,1,....n~1,n:=[v], j=1,...,M € N.
Here x,x9 € [a,b]: © > xq. Also consider p(t) > 0, and q(t) > 0 continuous
functions on [xg,b]. Let Ao, >0, 0 < Aq41 < 1, and p > 1. Denote

Aa/Aa _ .
gy | 207 1 e, (5.40)
]" if)\a§>\a+1

s = (2 (g 0120) dw)“‘*”

f3Na 1 >A
Oshat1 , 8.41
(Aa + )\ll+1 ( )
and
Pi(x) := / (w =) (p()) OV, (8.42)
)
Aat+rat1)
R F (LGl N (8.3
z):=L(x) | —F———— ) :
Ly —1)
and
wy = 2(=1/P)Ratrat) (8.44)
O(x) :=T(z)ws. (8.45)
Also put
1, Zf )\04 + Aa-i—l Z D, (8 46)
€4 1= : ’
Mt (Qabra/m) e o Aat1 <P
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Then

. M-1
J {{ 3 D3 £) @) (D3 Fra) )

HDZ fe) P03 ) P]

+{(D23 o) (w) = (D23 far) (w) o+

+|(D¥éfM)(w)|A‘*I(Dlé“fl)(w)lk"‘“]}dw

< 2(/\a+>\a+1/17) e4P(x) [/”3 p(w) (8.47)

(>‘cx+)‘a+1)/17)

(i (2 ) ) du | |
all xog <z <b.

Proof. From Theorem 5 [26] (see here Theorem 6.8) we get

M—1

/z q(w) Y (DL f) (w) P [(DL T fia) (w) Pt

j=1
HDZ Fi) @) (DL ) (w)] dw
M—-1

<o) Y [ / ") (DY, 1) (w)? (8.48)

j=1

(atArat)/p)
+|<D;0fj+1><w>|p)dw}

all zg < ax <b.
Also it holds

[ a2 )P D+ )P
D far) )P (D2 o) () P do
< 3(a) [ [ stz e (8.49)

((Aa+)\a+1)/z7)
(D, far)(@)]P] dw} 7

all xg < x < b. Adding (8.48) and (8.49), along with (8.11) and (8.12) we
derive (8.47). O
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Next comes the following theorem.

Theorem 8.8. All here are as in Theorem 8.4. Consider the special case
Ag = Aa + Au. Denote

i A, Av/p ( 2Xa —3A )
T(x) = A(x) <>\ Y ) 2(-2Aa=8N)/p) (8.50)
1, i 2(ha+ M) = p,
L . (851
5 Ml_(Q(/\a+>\u)/P), if 2()\a + /\u) <p ( )

Then
= M—1
/ q(W){{ > D £5) ()P (DR £40) (w) P22 (DY £) (w)]
) le

H (D22 £5) (w) =+ I(Dlgfm)(w)A“I(Digfm)(w)l“]}
+ (D2 fu) () [(D32 far) (w) oA (DY, 1) (w) [
+(D2 1) (w) 2Dy far) (w) P (D, fr) (w)] ] } dw

< 202 0) )| [yt (5.52)
(Sionsmr)a]

all zg < x <b.

Proof. Based on Theorem 6 [26] (see here Theorem 6.9). The rest is as
in the proof of Theorem 8.7. [

Next we give special cases of the above theorems.

Corollary 8.9. (to Theorem 8.4; \g = 0, p(t) = ¢(t) = 1). It holds

/(Dm WPl ) ) ) du
1 (a+r0)/p)

(8.53)

< 8101 (@) [ I [ENI 0L, 1| v

0

all xg < 2 <b.
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In (8.53) (Ao(q:)‘)\ﬁzo) of ¢, (z) is given in [26], Corollary 1, by Equation
(55) there; see here (6.55).

Corollary 8.10. (to Theorem 8.4; A\g = 0,p(t) = q(t) =1, a = Ay =1,
p = 2). In detail: let v > 1, v, > 0, such that v —~, > 1, f; € CY ([a,b])
with f;l)(xo) =0,i=1,....n—1,n:=1[],j=1,....,.M € N. Here
x,x0 € la,b]: x > xo. Then

/ (Z DY £5)(w)| (D% fj)(w)l> duw (8.54)

j=1

< (vt
2l(v—m \/V —NV2 =2y, -1
M

Loy,

=1
all ©g < x <b.

Proof. Based on our Corollary 8.9 and Corollary 1 of [26], especially
Equation (55) there; see here (6.55). O

Corollary 8.11. (to Theorem 8.5, A, = 0, p(t) = ¢q(t) = 1). It holds

o (M—1
/ {{ > D22 fi0) (w) 2 (DY, £3) (w) [

HIDRE) ) D%, fre) )]
D22 Fan) (W) (D, 1) ()
(D2 )W) P (D, Far) ()] } dw

< 20 t2/2) gy, (a):

y
{ /. [E_Z (D2, )P |

J

, (8.55)

}((A:/Jr/\ﬁ)/]ﬂ)

all zg < x <b.
n (8.55), (Ao(z)|, _,) of @y(x) is given in [26], Corollary 3 by Equation

(59); see here (6.59).
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Corollary 8.12. (to Theorem 8.5, A\, =0, p(t) = q(t) =1, A\g = A, =1,
p = 2). In detail: let v > 1, 75 > 0 such that v —v, > 1 and f; € C} ([a, b])

with fi(z¢) =0, i=0,1,....,n— 1, n:=[v], j = 1,...,M € N. Here
x,x0 € la,b]: x > xg. Then

o (M—1
/{{Z[I(D”"‘fyﬂ)( w)| [(D, f;)(w)]

Jj=1

H(Dz2 £) (W) (D fi41) (w )]}Jr[l(Dlng)(w)I(DZOfl)(w)l

+ (D2 f1) ()| (D7, far) (w)]] } dw
. ( V3 — o) 72) >

L = v) V=722 =27, — 1

s | M
{ / [Z((D;ijxw))“‘] dw} , (5.56)

Jj=1
all zg < x <b.

Proof. From our Corollary 8.11 and Corollary 3 of [26], especially
Equation (59); see here (6.59). O

Corollary 8.13. (to Theorem 8.6, A\, = A\g = A\, =1, p = 3, p(t) =
q(t) =1). It holds

o rM—1

/{Z[I(D” )W) (D32 1) (w)[[(Dg, f)(w)]

j=1
+H (D22 £) () (DY £i42) () (DT, fi41) (w)]
+[1(DZ f1) () [(DZ2 far) () |(DF, f1) (w)]

+(D22 f1) ()| (D¢ far)(w)| [(Dg, far) (w)] ] | dw
<2 |(D w) | dwl |, (8.57)
o | [ o ]]

all xg < x <b.
Here

p3(x) = <€/5+ 1) Ao(z), (8.58)
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where in this special case

4(:5 _ xo)(QV_’Yl_"/z)
(v —y)D(v = 72)[B(3v — 3y, — 1)(Bv — 3y, — 1) (20 — v —72)]?/3
(8.59)

Ag(z) :=

Proof. From Theorem 8.6 and Equation (62) of [26], which is here
Equation (8.59). O

Corollary 8.14. (to Theorem 8.7, Ao, =1, A\oy1 = 1/2, p =3/2, p(t) =
q(t) =1). In detail :

Let v > 2 and vy > 0 such that v — v, > 2. Let f; € CY ([a,b]) with
f;l)(xo) =0,i=0,1,....n—1,n:=[v],j=1,...,M € N. Here z,x¢ €
[a,b]: > xo. Call

L 9 (o — xo)(3”737171/2)
@)= () TR (8:60)
all g <z <b
Then
e (M—1
/ {{Z (102 ) )y 102 f0) )
o j:l

D2 ) ()] (Dza“m(w)u}
D2 ) DR far)w)

(D34 far) ()] I(Dlé“fl)(w)l]}dw

o [ M
<20 / (Z| 3/2) dw| | (8.61)

Jj=1
all g < x <b.

Proof. Based on Theorem 8.7 here, and Equation (64) of [26] to establish
coefficient ®*(x) in (8.61). O

Corollary 8.15. (to Theorem 8.8, p =2(A\o, + A,) > 1, p(t) = q(t) = 1).
1t holds

M-1
/| {{Z (D22 £5) () P [(D3 £ (0) P (D5, ) )

N
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H (D2 f5) (w)] =+ I(Dlgfj+1)(w)AL‘I(Dg’iofm)(w)lA”]}
(D23 1) (w) = [(D2 far) (w) (D, fi) (w)| ™
+(D22 f1) (w) A |(DY; M)(w)IA‘*(DZOfM)(w)IA"]}dw

{ / (Z| w)[Fa )) dw] L (8.62)
all xg < 2 <b.

Here T(x) in (8.62) is given precisely by Equations (66)—(70) of [26]; see
here (6.66)—(6.70).

Corollary 8.16. (to Theorem 8.8, p =4, A\, = A\, =1, p(t) = q(t) = 1).
It holds

M—-1

/ {{ S DL (D2 £0) )| (DE ) )]

+((D22£7) (w)*[(D33 fj+1) (w)] I(DZij+1)(w)|]}
(D f0) (W) (D22 far) (w))*[(Dy, f1) (w)]
+((D22 1) (w))* (D33 far) (w)| [(DZ, fr) (w )I]}dw

e [ M
< 27'(x) [/ (Z((Diofj)(W))4) dw] , (8.63)
Zxo j:l
all xg < x <b. ~
Here in (8.63) we have that T'(z) = T*(x) of Corollary 8 in [26] for it
(see there Equations (72)—(76), and here (6.72)—(6.76)) .

Next we present the supremum case.

Theorem 8.17. Let v > 1, 7,745 > 0, such thatv —v; > 1, v —7, > 1,
and f; € CY ([a,0]) with f7 (o) =0,i=0,1,....n—1,n:= ], j =
..M € N. Here x,x¢ € [a,b]: x > x9. Consider p(xz) > 0 a continuous
function on [zg,b]. Let Ao, Ag, Ay > 0. Set
(& — @) MAe et A2 A0 () o
(PXa =71 Aa +vAg = 725 + DTV — vy + D) e (D(v — 75 + 1))
(8.64)

p(x) =
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Then

[l {E s

+H (D22 ) () [(DZ i1 (w )IA“I(DZijH)(w)A”]}

A |(D32 fia) (W) (D, £7) (w) [

(D2 f1) (W)= (D22 far) (w) | (D7, fr) (w)]

+H (D22 1) (w) (D far) (w) (D, far) (w) ] } dw

{Z{I v PO 1D fg)IIW}}, (8.65)

all zg < x <b.
Proof. Based on Theorem 7 of [26]; see here Theorem 6.18. [
Similarly we give

Theorem 8.18. (as in Theorem 8.17, Ag = 0). It holds

/wo (Z' DaiJi (D;ij)(w)pu) dw

(3? — .%‘0)(”/\&_71>\a+1) ||p($>||oo
< ((V)\a — Y1 Aa + (v — v, + 1))%) (8.66)

ZHD il

all xg <z <b.
Proof. Based on Theorem 8 of [26]; see here Theorem 6.19. O
It follows

Theorem 8.19. (as in Theorem 8.17, \g = Ao + A,). It holds

J {{ 3 D% £) @) D5 fr) )P (D%, £ )P

0

AN
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(D32 f) (w) [Pt |(D;éfj+1)(w)Aa|(D;0fj+1)(w)|)\y]}
(D23 f1) (w) = (D2 far) (w) A=+ (DY fr) (w) [
+H(DZz 1) (w) [P (D2 far) (w) = (DY, far) (w)[ ] } dw

Q(x _ xo)(2l’)\a —Y1AaF+VAL =Y Aa =Y AL +1)
<(2V)\oc - 71)‘04 + V)‘u - 72)‘a - 72)‘11 + 1)(F(V — T + 1))>\a

()]0 ) Z”D Fil|ZQatr) ) (8.67)

Ty 1 1)
all ©g < x <b.
Proof. By Theorem 9 of [26]; see here Theorem 6.20. [
We continue with

Theorem 8.20. (as in Theorem 8.17, A\, =0, Ao = Ag). It holds
z M—1
/ p(w){{ > D2 f) ()= [(DZ2 fi1) (w) P
o j=1
HDE L@ (D3 0w |
H(DZ f1) (@) (D32 far ) (w) [P

+(D3z f1) () [P (D23 far) (w)] ] } dw

< 2p"(w Z D5, fill22 | (8.68)
all zg < x <b.
Here we have
p(z) = (z = m) Ao Aa 72 At D | p() o
(2vAa — 1120 — 7220 + 1)(T(¥ — 1 + 1) e (v — y5 + 1) e
(8.69)

Proof. Based on Theorem 10 of [26]; see here Theorem 6.21. [

Next we give
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Theorem 8.21. (as in Theorem 8.17, A, =0, Ag = \,). It holds

M—1

/x p(w>{{ > D2 i) (@)D, f) (w) [

0 j=1

(D2 j><w>|kﬁ|<D;ij+1><w>|*ﬁ]}
(D3 far) (@) PA (D2, ) ()

+(Dz2 1)(w)|*BI(DZOfM)(W)|A‘*]}dw

<2 (Ll ) M1 () o )
=5\ = T DT =7 + D)

M
v 2
ZHDanfjHOOB ; (870)
j=1
all xog <z <b.
Proof. Based on Theorem 11 of [26]; see here Theorem 6.22. O

Some special cases follow.

Corollary 8.22. (to Theorem 8.20, all are as in Theorem 8.17, A, =0,
Aa = Ag, Yo =71 + 1). It holds

" M—1
/ p(w){{ > UDL ) )P (D3 fi) (w) P

0 j=1

+|<D;g+1fj><w>Aa|<Dz;fj+1><w>|M]}
(D2 F) )P (DL o) ()

+H (D3 1) (w) (D M)(w)lx‘*]}dw

- ( (& = @) B Aem2M1 A At () || o )
B (21/)\04 - 271)\(1 - )\a + 1)(1/ - ’71))\01 (F(V - 71))2)\(]

M
: [Z IIDZijllié"] , (8.71)
Jj=1

all zg < x <b.
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Proof. Based on Corollary 9 of [26]; see here Corollary 6.23. O

Corollary 8.23. (to Corollary 8.22). In detail: let v > 2, v, > 0, such
that v — v, > 2 and f; € CY ([a,b]) with f;z)(xo) =0,i=0,1,...,n—1,

n:=[v],j=1,...,M e€N. Here x,z0 € [a,b]: © > 9. Then
o (M-1
/ {{ 3 D3 £ ) 103 Fy) )
Zxo j:1

DL ) @) (DL ) ()] }
DT ) @) (DL far)(w)

(D f) () [(D2 far) (w )]}dw

(x — x0)?—11) .
g<(vvl> °T(v — ) ZIID Fillse |+ (8.72)

all zg < x <b.
Proof. Based on Corollary 10 of [26]; see here Corollary 6.24. [

Corollary 8.24. (to Corollary 8.23). It holds

| Z| (D25 ) (D37 1)) | o

(.1? —J,‘O)Z(V 1) ,
= <2(vv1)2(r( > ZHD IR, (8.73)

all zg < x <b.

Proof. Based on Equation (97) of [26]; see here (6.97). O

8.4 Applications

We present our first application.

Theorem 8.25. Letv > 1,v, >0, v—~, >1,i=1,...,r e N, n:=[v],
fi e Clab), j =1,2,3,.... M, f'(a) = a;; €R, i =0,1,....,n— L
Furthermore we have for j =1,2,..., M that

(D f5)(t) = Fj (t, {(D3* f1) )}y, { (DA fa) (1)} 1,...,{(Dz'ifM)(t)}Z?Sl)ﬁ)
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all t € [a,b].
Here F; are continuous functions on [a,b] x (R")M and satisfy the
Lipschitz condition

|Fj(t,1‘11,1‘12, ey L1y X215 e e o 3 X2y L3y e e s L3pyee e s CAM1y- - - ,QL‘MT)

—Fj(t, @y, &g, @, @l Ty, @ Ty, Ty

r M
<3 (S was O il (815

i=1 \¢=1
j=12,...,M, where all go;; > 0, 1 < i < r, are continuous functions

over [a, b].
Call

W = max{||qe,ijlloc, €, 5 =1,2,..., M,i=1,...,7}. (8.76)

Assume here that

0=w 3+ 5) (Z (=== 1)) <t

(8.77)
Then if system (8.74) has two M-tuples of solutions (f1, fa,..., ;) and

(ff, f3, ..., fry) we prove that
fi=1f5 i=12,...,M;

VR

that is, we have uniqueness of solution.

Proof. Assume that there are two M-tuples of solutions (f1, fa, ..., far)
and (ff,...,fr;) satisfying the system (8. 74) Set g; = fi — [, =
1,2,...,M. Then gt = £ — @ and ¢¥(a) = 0,0 = 0,1,...,n — 1
j=12 ..., M. Itholds

(Dig))(t) = Fi(t, {(DIf®O)} iy, (DI fa)()},)
= F(t.{(DF O} s ADF D)D)
Therefore by (8.75) we get

®)] < Z 11,5 (D|(Dg7g1) (8] + q2,1,5 ()| (DG g2) ()]

+ 4 i (O|(DYga) (8]
And thus

(D% O] < [llg1islloo (DI2g0) (O] + 2,41l (D3 g2) (2)]

=1
+ o lgari sl (DY gar) (1))
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Furthermore we have

r

(D2, SW{ZU(Dzz-gl)(tn (DY) (1)

i=1

Feeet (D00 (5.73)

J=1 i=1 j=1
+ [(Dgrg2) )] [(Dgg;) ()]
o DL OO} 1)
Integrating (8.79) we observe
b [ M )
-/ (Z((Dggjxt)) ) at

r M b
SW{' _ [/ [(Dgrg1) (D] [(Dgg;) ()] di

J

b
+ [ D@1 (D)) 0 d

b
o +/ [(Dgrga) ()] [(Dgg;) ()] dt] } (8.80)

That is,

< W{Z[( / b(é(wgw)|<ngx><t>|)dt)

i=1

b
S (/ (D g (0)] (D2 g2)(0)

T,me{l,....M}

TH#EM

DL Oz 01) ar) | (3.51)
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Using Corollary 2 from here and Corollary 4 of [26] (see here Corollary
6.11 and Corollary 6.13), we obtain

! SW{ZT: [(21‘(1/ - %)(va—af)v:x/;iv — 2 - 1> !

(b—a)=7
’ (\/ﬁF(V — YNV =V = 29, — 1) (M - 1)1] } (8.82)

That is, we get that

I<¢*(b) 1. (8.83)

If I # 0 then ¢*(b) > 1, a contradiction by the assumption that
¢*(b) < 1; see (8.77). Therefore I = 0, implying that

M 2
(DZg\)())” =0, ae. in [a,b].
A=1

That is,
(D%gx)*(t) =0, ae. in [a,b)].

That is,
(DZgx\)(t) =0, A=1,2,...,M, ae.in [a,b].

But for A\ =1,2,..., M we get that
gg\i)(a)zo, 0<i<n-—1.

Hence from fractional Taylor’s Theorem 8.1 we get that g (t) = 0 on [a, b].
That is,
fA:f;\k7 A:]‘727"'7]\47

proving the uniqueness argument of this theorem. O
Another related application follows.

Theorem 8.26. Letv > 1, v, >0, v—, > 1,i=1,...,r € N,
n= [, f; € Cla,b), j=1,2,...,M; f(a)=0,i=01,...n-1,
and (DY f;)(a) = A; € R. Furthermore for a <t < b we have holding the
system of fractional differential equations

(Dyf;) (x) = Ei(t, (DI )0} i—1: (Dy (1))
A=1,2,...,M), j=12,...,M. (884)

<

Here F; are continuous functions on [a,b] x (R™T)M such that

\Fj(t7$11,$12, sy Ly T p 415 L215, X225+« + 5 L2y L2415 X315, L325  + + 5 L3 415
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TN, TM2, - T rg1)| < Z <Z Qe,i i (t |£Ue1|> (8.85)
=1 =1

where
(Jé,z‘,j(t)ZO, ].SZST', gaj:]-an"‘vMa

are continuous functions on [a,bl.
Call

W = max{||qg7i7j||oo;€,j =1,2,....M,i=1,.. .,7’}. (8.86)

Also we set (a <z <)

M:

((DyfA) ()7, (8.87)
)\:1
M
pi=Y_ A3, (8.88)
A=1

Q(z) == W(1+ V2(M —1))

r (Iia)uf'yi
<; <F(V—%)x/v—%\/2V—2%— 1>> (8.89)

(@) = /- {1 +Qla) - el QE)s) an (e(ij(s)ds))dt] }1/2. (8.90)

Then

O(z) < x(z), a<axz<b. (8.91)
Consequently we get
(D7 f5)(@)] < x(=), (8.92)
1 x
. < . _ v—1 .

5@l < 55 [ @0 o (393)

alla<x<b,j=1,2,...,M. Also it holds

1

Vi £\ (¢ - wxi v—y;—1 )
(DI F)@I < gy [ =0 s

alla<x<b, j=1,2,...,M,i=1,...,r

Proof. We easily get that (a <z <b),

xT

| @iy wa = [ 00 - Fe G0 oo,

a

(DLA)®); A=1,2,..., M) dt. (8.95)
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Hence we obtain

(Defi) (1)

JOE < /I|<szj>t\|Fl~--|dt
< [ [ (qu (03100 a
< Z(ZHWUHW/ (DL 01D £)0) )
< (Zz(/ww Nz ) 0at) ).

i=1 ¢=1
Thus we have for j = 1,..., M that

T M

(D f)(@)? < A2+2W{ 3

i=1 (=1

([ ”fj)t)IID”fe)(t)ldt>}- (5.96)

Consequently it holds
e<x>Sp+2W{Z( i(/ (D2 ) ()] (D7 m()dt))}
j=1 (=1

—p+2W{;{/x<“|D”fx DR a

Py }(/ (1D ) 1 1(DL 1))

=

DY £ DY f) (D)) dt) }} (8.97)

Using Corollary 2 from here and Corollary 4 of [26] (see here Corollary
6.11 and Corollary 6.13) we obtain

st W{Z{ (s gv—=)

v (x —a) i
(/a o dt) i <\/§F(v — YV NV =2 - 1) (52

oo ([ o0)}}
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Hence we have
O(x) <p+ Q(x)/ O(t)dt, alla <ax <b. (8.99)

Here p > 0, Q(z) > 0, Q(a) =0, 6(z) > 0, all @ < x < b. As in the proof
of Theorem 13 of [26] (see also [17]), we get (8.91) and (8.92). Using (8.9)
we get (8.93), and using (8.10) we establish (8.94). O

Finally we give a specialized application.

Theorem 8.27. Let a # b, v > 2, ’yl>0 1/77221 1=1,...,reN,
ni= ) 5 € Collat]), = 1,2, M; O a) = 0,4 = 0,1,....n 1,
and

(D7 fi)(a) =A,; eR. (8.100)
Furthermore for a <t < b we have holding the system of fractional differ-
ential equations

(Dyf)'(t) = F(t,({(D fo) () Yimr, (D7 fo)(1));
(=1,...,M), forj=1,2,...,M. (8.101)

For fized i, € {1,...,r} we assume thatv; ., =, +1, andv —r~,; > 2,
where v; , V.41 € V1,5t Call k == v, , v = v, +1; that is,
y=k+1.

Here F; are continuous functions on [a,b] x (R™F1)M sych that

|Fj(t,3311,$12, sy Ty L1415 X215 L22y « « + 5 L2y L2 415

T31, 032,y T3ry L3415+ -+ TML, T2y + - s T My TM 4 1)

M-—1
< {{ Z (ge.15®)wei. I\ 1Ter1a01] + qe2 (B eera. ]/ |$z,¢*+1)}
=1
|£L’1 Z*+1 )} 8 102
la,

where all 0 < qg1,5, Q2,5 Z 0 are continuous functions over
Put

-%WMWWJMWMwawmu

M
W= max{|lae,1,5lloc, lae2,5llo0 by 5y (8.103)

Also set
M
[(Dy fi)(x)|, a<z<b, (8.104)
1

i
M=

1441, (8.105)
1

X 9 (@ — a)((SV—3k—1)/2)
O*(x) = <m> T (8.106)

<.
I
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all a < x <b, and

Q(z) ==2MWe*(z), a<z<b, (8.107)
0:=[Q@)]e, a<z<h (8.108)

We assume that
(b—a)oy/p < 2. (8.109)

Call

4p*%(@ —a) — op?(x — a)?

@ oypl—a) |

P(x) = p+Q(z) - alla <z <b. (8.110)

Then
O(z) < @(x), alla<z<b; (8.111)
in particular we have
[(Dyfi) (@) <@(z), j=1,...,M, alla <z <b. (8.112)
Furthermore we get
1" b
5@ < 755 [ =07 (5113
and .
(D)) < g || @ =0 e (8.114)

j=1....M;i=1,....,r;all a <z <b.

Proof. Notice that W > 0 and ¢ > 0. For a <z < b we get

[0y oa = [ e a0rme). o)
0=1,...,M)dt, j=1,...,M.(8.115)

That is,

x

(D fi)x) =A; +/ F;(t,...)dt. (8.116)

a

Then we observe

(DY 5)(@)] < |4y +/I By, dt

§|AJ—|+/:{{

M—1

> (aei (@)D" fe)(t)l\/I(Dl”ﬂfm)(t)l

l=1




8.4 Applications 177

+ae25(O(Da™ fern) () 1(Da™ er)(t)l)}

+(an; (O1DT OV IDT T Far) (1)

+ qar2,5(D)(Da' far) ()] I(DZ"*Hfl)(t))}dt- (8.117)
Thus
e (M—1
|(De f5)(@)] < |4] +W</ {{ > (D)@ IDET fora) ()]
@ =1

D fea) )] I(D'é“fz)(f)l)}
DRI I(DE ) (1)

+(Dg far) (#)] I(D’é“fl)(t))l} dt. (8.118)

By Corollary 8.14 we obtain

[(Da fi)(@)] < [A;] +2W ™ (2 (/ <Z| D! fi 3/2> dt) (8.119)

j=1,2,..., M.
Therefore by adding all of the inequalities (8.119) we get

0(z) < p+2MO*(x (/ <Z| (DY fo)( 5/2>dt>
by (8.11 8/2
(Y(g' >>p+2Mq> (/ <Z| (DY fo)(t ) dt). (8.120)

That is,
0(z) < p+ (2MO* ()W) </I(9(t))3/2 dt> ,alla<z<b  (8.121)
More precisely we get that
9(z) < p+ Q(x) (/x(e(t))f‘/2 dt) . a<z<bh. (8.122)
Notice that 6(z) >0, p > 0, Q(x) > 0, and Q(a) = 0 by ®*(a) = 0. Acting
here as in the proof of Theorem 14 of [26] (see here Theorem 6.28), we

derive (8.111) and (8.112). Using (8.9) we get (8.113), and using (8.10) we
establish (8.114). O
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Riemann—Liouville Fractional
Opial-Type Inequalities for Several
Functions and Applications

A wide variety of very general L,(1 < p < oo)-form Opial-type inequal-
ities [315] is presented involving Riemann—Liouville fractional derivatives
[17, 230, 295, 314] of several functions in different orders and powers.

Several other particular results of special interest from the established
results are derived. Applications of some of these special inequalities are
given in proving the uniqueness of solution and in giving upper bounds
to solutions of initial value fractional problems involving a very general
system of several fractional differential equations. Upper bounds to various
Riemann—Liouville fractional derivatives of the solutions that are involved
in the above systems are given too. This treatment is based on [46].

9.1 Introduction

Here the author continues his study of Riemann—Liouville fractional Opial-
type inequalities now involving several different functions and produces a
wide variety of corresponding results with important applications to sys-
tems of several fractional differential equations. This chapter continues
Chapter 7.

We start in Section 9.2 with background, we continue in Section 9.3 with
the main results, and we finish in Section 9.4 with applications.

G.A. Anastassiou, Fractional Differentiation Inequalities, 179
DOI 10.1007/978-0-387-98128-4_9, (© Springer Science+Business Media, LLC 2009
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To give the reader an idea of the kind of inequalities we are dealing with,
we briefly mention a simple one,

/ox Zl(DWfi)(w)H(D”fj)(w)\ dw <

M

<2F(V7)\/me;/2y271) /Ow Z((Dyfj)(w))2 dw p ,

=1

x > 0, for functions f; € L1(0,z),j=1,...,.M € N; v > v > 0, and so
on. Here D?f stands for the Riemann-Liouville fractional derivative of f
of order 3 > 0. Furthermore one system of fractional differential equations
we are dealing with briefly is of the form

(D" f3)(t) = F5 (&, (D7 fr) (D) }iza,

{(D7 f2) () }izys - {(DY ) () }izh), all t € [a, B,

j=1,...,M;D"*f;(0) = ay; € Rk = 1,...,[v] + 1. Here [v] is the
integral part of v.

9.2 Background

‘We need

Definition 9.1. (see [187, 295, 314]). Let « € Ry — {0} . For any
f € L1(0,2); x € Ry — {0}, the Riemann—Liouville fractional integral of f
of order « is defined by

(Jaf)(s) :== ﬁ /Os(s — )2 f(t)dt, Vs € [0, ], (9.1)

and the Riemann—Liouville fractional derivative of f of order a by

1 d\" [°
Df(s) = — ( — — )" f()dt 2
10 = g (1) [ emometioa o)
where m := [a] + 1,[] is the integral part. In addition, we set D°f :=
f=Jdof, Joaf =D%f if a>0, D“f:=J,f,if 0<a<1.If a€N,
then D®f = f(® the ordinary derivative.

Definition 9.2. [187]. We say that f € L;(0,x) hasan L fractional
derivative D®f in [0,x],x € Ry — {0}, iff D¥kf € C([0,x)),
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k=1,....,m:=[a] +1;a € Ry — {0}, and D*"'f € AC([0,z]) (abso-
lutely continuous functions) and D f € Lo (0, x).

We need

Lemma 9.3. [187]. Let « € Ry, 3> «, let f € L1(0,z), = € Ry — {0},
have an Lo, fractional derivative DP f in [0,x], and let DP~k f(0) = 0 for
k=1,...,[8]+1. Then

DOf(s) = — )/Os(s—t)ﬂ—a—lpﬂf(t)dt,vse[o,a:]. 9.3)

I'g—«

Clearly here D*f € AC([0,x]) for f—a > 1 and in C([0,z]) for B—a €
(0,1), hence D*f € Loo(0,x) and D*f € L1(0,x).

9.3 Main Results

Here we often use the following basic inequalities. Let ag,aq,...,
> 0,n € N; then

al+...+a, <(a1+..+a,)", r>1, (9.4)

and
aj+ .. +al <n'(ay 4. tay)”, 0<r <1 (9.5)

Our first result follows.

Theorem 9.4. Let ay,a0 € Ry, > ay,a0, B—a; > (1/p),p > 1,i =
1,2, and let f; € L1(0,z),j =1,...,M € N,z € Ry — {0} have, respec-
tively, Loo fractional derivatives DP f; in [0, ], and let DP=* f;(0) = 0, for
k=1,...,[0l+1;7=1,...,M. Consider also p(t) > 0 and q(t) > 0, with
all p(t), 1/p(t), q(t) € Loo(0,2). Let Ag > 0 and Aoy, Aoy > 0, such that
Ap < p. Set

Pi(s) = /0 (5 — 1)PE—o=D/=1 (1))~ @=D) g =1,2; 0 < s < z,
9.6)

—~

q(s)(pl(s))kal(p—l/p)(pz(s))Aaz((p—l)/p) (p(s))—kg/p
(D(B — an))*r (T(B — ag)) e ’

aalo) = ( [ (apoas) B 98)

A(s) ==

(9.7)
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and 1=((Aa; +As)/P)
o <
5= 4 Yot A S 99)
2(Xa; +25/p) , if Aoy + A3 >0p.
Call
A As/p
= (A - Ee—— . 9.10
r(a) = (@), o) (525 (9.10)

If Ao, = 0, we obtain that,

. M
/0 g(s) | D_ID* fi(s) P D7 () | ds <
j=1

i Y (A +X5 /)
i (@) [ | v (Z |Dﬁfj<s>|p) ds] SRR

Proof. By Theorem 4 of [48] and here Theorem 7.4 we obtain

[ ) [I7 56 (D25 + 1% a0 (D (0] s <

(Ao(2)|r,,=0) ()\al/\—jAﬁ)(Aﬁ/p) 5 [/Oxp(s) [‘Dﬂfj(s)’p+

D% fi1(s)[" | ds] Gt e, (9.12)

where

I=((Aay+Ag)/P) <
5 ;:{ PTIm T, i A+ A S, (9.13)

1, if Aoy +A3>0p.
Hence by adding all the above we get

/0“” q(s) { 2 [ID‘“fj(S)P“1 IDP £;(s)1M + [ D figa(s) ‘Dﬁfﬁl(s)m] } *

j=1
](Aaﬁkﬁ)/p

=1

M—1
< bipy(x { U ) [ID?f5(s)P + |D° fj11(5)IP] ds

<.

(9.14)
Also it holds

/0 a(s) [|D* fu(s) 1 [D? fa(s)[™ + (D far ()1 [ D7 fau (5)[M] ds <

(Aay+2A8)/p

S10n (1) [ / ") [DP ()P + D% far(s)P] ds} (o)
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Call
o 1, if )‘041 + )‘,3 > p,
&1 { Ml—()\a1+)\3/p)’ Zf )\(11 + )‘,@ < p. (916)

Adding (9.14) and (9.15), and using (9.4) and (9.5) we have

. M
2 | q@>(Ejﬂfﬂﬁ@)&“ﬂﬂfﬂﬁPﬁ)dsé (917)

(Aay+As/p)
] n

M—-1
d1p1(z { [/ ) [ID? £ ()P + |DP fi41(s)["] ds

Jj=1

® ((Aay +A5)/P)
[ 96 107 A+ 10° o) s }g
T M ((>\a1+/\g)/p)
Seea@)] [ o) (230107107 | as SR
j=1

We have derived

. M
/W%ZWW@A
0 =
51 (2(>\a1+>\ﬁ/17)*1> e10, (2) {/x p(s)
0

aq

Dﬂfj(s)|’\3> ds <

u ((Ray+25)/p)
> |D’8fj(s)|p] ds} .

j=1
(9.19)
Clearly here we have
N e (9.20)
From (9.19) and (9.20) we derive (9.11). O
Next we give
Theorem 9.5. All here are as in Theorem 9.4. Denote
I A T W 5 D WA P
03 1= { 1 i A < A, (9.21)
2= { MI=(stray/p) i f g +AO: <p, (9.22)
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and

A As/p
- B8 (Xs/p)
o) = (4o b w0) 20707 () A 020

If Aoy =0, then

o {{ S [ID fia @2 DR ()P + D7 £ ()2 D 11 (5) 7] }

Jj=1

+ [[D2 far ()22 |DP f1()M + |D*2 f1(s) 22 D far(s)[**] } ds <

((As+Aaz)/p)
2(/\ﬁ+/\“2/p)52802( {/ Z‘Dﬁf p] ds} . (9.24)

Proof. From Theorem 5 of [48] and here Theorem 7.5, we have

/0 q(s) [ID°2 fraa ()22 | D2 £5(s) [ + | D2 f5(s)[*2 | D7 fria ()] ds <

(Ag+Aaz)/p
) . (9.25)

x
eaa) ([ 906 (D550 + 1D Fa(o)) s
for j=1,...,M — 1. Hence by adding all of the above we find

| a0 (Z_ (1D ra ()2 D7 () + D7 fy(3) = Dﬂff“(s)'m]) -

j=1

(MX: (/ |D6f]( )|p + |Dﬁfj+1(3)|P] d8>(AB+Aa2)/p) .

(9.26)
Similarly it holds

/m a(s) [|D far ()2 D7 f1(5)|* + D2 fi(s) 2 | D7 fau (5)[M] ds <

0

(Ast+Xay)/p

o2(2) ( / " () [ID° Fu()P +1D° Far ()P] ds) S 2

Adding (9.26) and (9.27) and using (9.4), (9.5) we derive (9.24). O
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The general case follows.

Theorem 9.6. All here are as in Theorem 9.4. Denote

((Aay +Aaz)/A8) _ ]
T B A (9.28)
1, if Aoy +Aaw < g,
and
~ 1, Zf )\al + )\a2 + )\B > D,
V2 .—{ 21~ (Aar +Aas tA)/P) i Ayl + Ay + Ag < p. (9.29)
Set
)‘/3’ Aﬁ/P
pula) =l ( )
3 (/\01 + /\az)()‘al + /\az + /\5)
{)\Qf/p 7+ 2(1)—/\;3)/11(,)71)\&2))\;3/11} 7 (9.30)
and
17 Zf )\Oq +)\a2 +)\ﬁ Zpa
3= . 31
€3 { Ml_(A”1+)‘“2+>‘5/p), Zf Aal +Aa2 +Aﬁ Sp (93 )
Then
" M—
/ Z (D £y() 1 | DO fyaa ()2 |DP £ ()] +
D% f;(s) |2 [D* fi 1 (s) 1 [DP fia(s) ] +
[[D f1(s)| M1 | D fag (s)| o2 | DP fr (s) |2
+ [D2 f1(s)|2 | D™ far (s)| 1 |DP far ()] ] ds
i " ((Aay +Fran+25)/P)
< 2(>\a1+)\a2+A/f/P)€3<P3(x) /0 p(s) Z |D’3fj(s)|p ds
j=1
(9.32)

Proof. From Theorem 6 of [48] and here Theorem 7.6, and by adding
we find

M—1
> [ A 1D 6P D ()P D7 ()
j=1



186 9. Riemann—Liouville Fractional Opial Inequalities

|D%2 fi () 2 |D* fa(s)[*1 [ D7 fi1a ()] ds <

M — (Aa1+)‘a2+>‘ﬁ)/p
2p> (/ Dﬁf()F+¢Dﬁb+ﬂ$Pﬁ%>

- (9.33)

Also it holds
a6 D% )P 1D ()= D7 o)+
D2 £y ()2 | D% fag ()1 | DP g (5)]#] dis <
z (A FAag+25)/p
waw(KJM@UD%uﬁw+zﬁnﬂﬂmd§ - (9.30)

Adding (9.33) and (9.34), along with (9.4), (9.5) we derive (9.32). O
We continue with

Theorem 9.7. Let § > a1+ 1, aq € Ry and let f; € L1(0,2), j =
M eN, z € Ry — {0} have, respectively, Lo, fractional derivatives
DP f;,in[0,2], and let DP=Ff;(0) =0, fork=1,...,[8] +L;j=1,..., M.
Consider also p(t) > 0 and q(t) > 0, with p(t), 1/p(t), q(t) € Loo(0, ). Let
Ao >0, 0 < Agq1 <1, and p > 1.
Denote

>\a/()\a 1) — ) >
0, ;:{ Zeffenti =1 i Aa 2 daty, (9.35)

17 ’Lf Aa S Aa-i—lv

x (I=Xa+1) O3 \i1 Aa+1
L(z) == (2/ (q(s))(l/(l_AO“*l))ds) <—“+) . (9.36)
0

Aa + >\oz+1
and -
Pi(z) := / (= 5) == P/ =D (p(5)) =1/ P s, (9-37)
0
_ (AatAat1)
P (x)(p 1/p)>
T(z):=L(z) | =— ) 9.38
(@)= Llo) (S (9.33)
and
Wy = 2(;0—1/P)(>\a+>\a+1)’ (9.39)
O(z) := T(x)ws. (9.40)
Also put
) 1’ ’Lf Aa+)\a+1 2p7
€4 1= { M1=Qatrat1/p) if Ao+ Aot <p. (9.41)
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Then
M—1

/oq(S) Y IDM fi()P D fpa(s) o+

Jj=1

D% i1 (s)[A D FLfi(s) M+ ]}

+ (1D fi(s) A= (DU F fag ()Pt 4 [ D2 far(s) = [DUFL fi(s) 22 ]} ds <

N N ((AatXat1)/p)
2atAat1/P) ¢, () [/ p(s) (Z |Dﬁfj(5)|z7) d5] .
0

" (9.42)

Proof. From Theorem 8 of [48] and here Theorem 7.8, we find

M—1

/ ) D [IDM () DU fia(s) M4+
=1

D% fia ()] [ DL f(s) |2+ ] ds

M—-1 ((Aa+)‘a+1)/p)
[ / J(IDP ()P + D%y (s) P)ds |

j:1
(9.43)
Similarly it holds

/O a(s) [|D f1(s)P (DO fag(s) ot 4 [D far(s)Pe DO+ ()Mot ] ds

(Aat+Aa+1)/p

< &(z) [/ p(s)(ID? fo(s)” + (D7 far () [P)ds - (944)
0
Adding (9.43) and (9.44), along with (9.4), (9.5) we obtain (9.42). O
Next comes the following theorem.

Theorem 9.8. All are as in Theorem 9.4. Consider the special case of
Aas = Aoy T As.
Denote

- by Ag/p .
T(x) := Ao(x) <—A ji Aﬁ> 2(P=2ra; =333)/p (9.45)
[e%1

'Lf 2()‘Ut1 +)‘5) > p,

L,
€5 = { MI=@Oa+2)/P) - if 9Ny, + Ag) < p. (9.46)
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M—-1

/o a(s) 3 & 0 [ID™ fi(s)r 1D fipa () P2 [ DP g5

j=1
a Aoy HA5 | paa Ao B s
D £ () (D f () D7 faa ()]}
+ 1D R P D7 fag ()P D ()]

D% () P D g () D7 far ()] ] ds <

. 20y +29)/

221 TA0)/P o T(2) /a;p(s) Z‘Dﬁfj(s)r’ ds . (9.47)
0

j=1
Proof. Based on Theorem 9 of [48] and here Theorem 7.9. The rest is
as in the proof of Theorem 9.7. [
Next we give a special case of the above theorems.

Corollary 9.9. (to Theorem 9.4, Ao, =0, p(t) = q(t) = 1). It holds

z M N
« Ao
/ SO D f(s) (D2 f()] ) ds <
o \im
- M (Aal"")‘ﬁ/p)
o (2) / SO0 f()[" | ds | (9.48)
j=1

In (9.48), (Ap(x) |/\a2:0) of ,(x) is given in [48], Corollary 10, Equation
(123) there; here see (7.123).

Corollary 9.10. (to Theorem 9.4, A\, = 0,p(t) = q(t) = 1, A, =
Ag = 1,p = 2). In detail; let oy € Ry, 8 > a1, f—a1 > (1/2), and
let f; € Li(0,2),j =1,...,M € N, z € Ry — {0}, have, respectively,
Lo fractional derivatives DP f; in [0,z], and let DP=*f;(0) = 0 for k =
L,...,[8]+L;4=1,...,M. Then

e [ M
/0 Z D™ f;(s)| |[DPf;(s)] | ds <
=1
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p(B—a1) x| M Dﬁ
<2F(ﬁ—a1)\/ﬂ—am/2ﬁ—2a1—1> /0 ; fits)) ) s
(9.49)

Proof. Based on our Corollary 9.9 and Corollary 11 of [48] (see inequal-
ity (130) there; also see here Corollary 7.11). O

Corollary 9.11. (to Theorem 9.5, Ao, =0, p(t) = q(t) = 1). It holds

/0m {{%—:1 [’D("ij+1(5)|/\u2 j(s)‘/\B + D fi(s)[ 2 Dﬁfﬁl(S)‘/\ﬂ} }

j=1

A A
+ (1D P ()1 [D ()[4 1D fu(s) o2 | D7 fa ()] | s <
T (As+2az)/p)
2Qs+ras/P) 905, (1) / Z |Dﬁfj(5)’p ds . (9.50)
0 |j=1

In (9.50), (Ap(z) \/\alzo) of po(x) is given in [48], Corollary 12, Equation
(137) there; also see Corollary 7.12 here.

Corollary 9.12. (to Theorem 9.5, \,, = 0, p(t) = q(t) = 1, s, =
Ag = 1,p = 2). In detail; let ae € Ry, 8 > g, §—az > (1/2), and
let f; € L1(0,z),j = 1,...,M € N, z € Ry — {0}, have, respectively,
Lo fractional derivatives D f; in [0,x], and let DP=*f;(0) = 0, for k =
1,...,[8]+1;5=1,...,M. Then

M—-1

/Om Y (1D fia ()l [DPfi(s)] + 1D f5(s)] [ DP fea(s)]] ¢ +

(1D far(s)] | DP fr(s)] + |D* f1(s)| | D far(s)|] } ds

\/ﬁx(ﬁ*az) z | M
< (F(ﬂag) VB —as \/2520421> /0 ;(Dﬁfj(S))z ds

(9.51)

Proof. From Corollary 9.11 and Corollary 13 of [48], especially Equation
(146) there. Also see Corollary 7.13 here. [
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Corollary 9.13. (to Theorem 9.6, Ao, = Ao, = Ag = 1,p = 3,p(t) =
q(t) =1). It holds

r

M—

Z |D™ £5(s)] D2 fi41(s)| | D f(s)] +

D22 f()| D fi1(5)] [D7 fi41(5)|] +

1% () 1D far()] | D% a(s)| + 1D fa()] 1D faa ()] | D s (5)] | ] s <

2% (x VI Z’Dﬁf] ’ H (9.52)

ol = (ﬂ + %) Ao(x), (9.53)

where in this special case,

Here

AQ(.’L‘) =

4p(2B—a1—az)

F(ﬂ — Oél)F(ﬂ — 042)[3(3[3 — 3(11 — 1)(3ﬂ — 30&2 — 1)(2[3 — Q1 — ag)]2/3 '
(9.54)

Proof. From Theorem 9.6 and Corollary 14 of [48]; see there Equation
(151) which is here (9.54); see also Corollary 7.14. O

Corollary 9.14. (to Theorem 9.7, A\, = 1, A1 = 1/2,p = 3/2,p(t) =
q(t) = 1). In detail: let f > o1 + 1,01 € Ry and let f; € Li(0,2),5 =
LM eN, x € Ry — {0} have, respectively, Lo fractional derivatives
DB f; in [0,7], and let DP=Ff;(0) =0, fork=1,...,[B]+ ;5 =1,..., M.
Set

. 9 £(38-301-1/2)
(@) = <\/3ﬂ — 301 — 2> (L(B — a1))3/? (9:55)
Then
- M—1
/0 {{ Z [‘Dalfa‘(sﬂ [ Dt fia(s)] + 1D fia(s)| v |Da1+1fj(8)|}} +

102 ()] VID™ T ar ()] + 1D faa ()| /IDS T (3)]| | ds <

[ / (Z DA f(s |3/2) ds] . (9.56)
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Proof. Based on Theorem 9.7 here, and Corollary 15 of [48] (see there
Equation (161) which is here (9.55)); see also Corollary 7.15 here. [

Corollary 9.15. (to Theorem 9.8, here p = 2(A,, + Ag) > 1,p(t) =
q(t) = 1). It holds

- M—1
/ {{Z (1D ,(5) 1D ()P D fy ()] ™+

Jj=1

D2 fj(s)

Aoy +Ag D™ fj+1(8)|)\al |Dﬁfj+1(8)|)\ﬁj| } n
(1% f()Pt 1D far ) DR o () +

(D2 fu () 1D fag () 0 (D far ()]  ds <

2T () [ /0 ’ (i |D? fj(s)yml“ﬁ’) ds} . (9.57)

Here T(z) in (9.57) is given by (9.45) and in detail by 1:1(95) of [48]; see there
Corollary 16 and Equations (165) — (169). Also see here Corollary 7.16 and
(7.165)(7.169) .

Corollary 9.16. (to Theorem 9.8, p =4, A\, = Ag = 1,p(t) = q(t) =
1). It holds

x M—1
/0 {{ 2 [|Dalfﬂ'(5)|(Da2fj+1(S))2|D5fj(3)| +

j=1
(D2 f5(5))* D™ fi41(s)] |Dﬂfj+1(8)”}+
(1D () (D™ far ()% | D Fa5)] +

(D2 f1())* ID™ far ()] |D° faa(s)]] } ds <
M

/0 ’ ( (D fj(s))“) ds] . (9.58)

Jj=1

27 ()

Here in (9.58) we have that T(x) = T*(z) of Corollary 17 of [48]; for that
see Equations (177)—(181) there. Also see here Corollary 7.17, Equations
(7.177)(7.181).
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Next we present the L., case.

Theorem 9.17. Let oy, 0 € Ry, 0 > oy, a0, and let f; € L1(0,z),j =
1,....,.M € N,z € Ry — {0}, have, respectively, Lo fractional derivatives
DPf; in [0,x], and let DP=Ff;(0) =0 fork=1,....[8]+ 1;5=1,..., M.
Consider p(s) >0, p(s) € Loo(0,x) . Let Mgy, Aay, Ag > 0. Set

{ Ip(5)lsc
(F(B —Qay + 1))>‘°‘1 (F(ﬁ — g + 1)))\a2

2(Bray =1 ey +BAay —a2Xay +1) }
[ﬁ)‘al - a1>\a1 + ﬁ)\az - a2)\a2 + 1] ’

plz) =

(9.59)

M—-1

JRECIED M [EEFT

=1

Aoy Aas

Dﬁfj(S)\Aﬁ +

D2 fi11(s)

Do (&P (D% fra () D7 fya()] ] } +

(107 () 1D g (5)== | D7 1 ()]

1D ()2 (D ()P | D ()] 7] s <
M

p(z) Z{HDﬂfjHiiAcxl-&-Aa)_|_HDﬁfjHi:‘az} _ (9.60)

j=1

Proof. Based on Theorem 18 of [48]; see also Theorem 7.18 here. O
Similarly we give

Theorem 9.18. (as in Theorem 9.17, A\,, = 0). It holds

T M
| o) [ X0 P D2 g | ds <
j=1

< 2PA = s ) ()] ) L
(Bhay = a1da, + DTG —ar + 1)) ) | 17 Pl
(9.61)

Proof. Based on Theorem 19 of [48]; see Theorem 7.19 here. [
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It follows

Theorem 9.19. (as in Theorem 9.17, A, = Ao, + Ag). It holds

" M—1
| o083 3 om0 10 ) (D )+

j=1
D% ()1 1D () (D fya )] ]+
(D% () D7 s (s) P (D2 i () +

(D2 f1() P D fag () [DP fag ()] s <

2 x(2ﬁ)\a1 —a1 Aoy FBAg—a2 Ao —a2Ag+1)
<<(2ﬁ/\a1 — a1da, + OAg — azda, —azAg +1) >

()l )
(T(8 — ar + 1) 1 (T(8 — ag + 1)) Pert28)

M 2(Xay +25)
ZHD%HOO AR I (9.62)

Jj=1

Proof. By Theorem 20 of [48]; see Theorem 7.20 here. [
We continue with

Theorem 9.20. (as in Theorem 9.17, Ag =0, Ao, = Aq,). It holds

M—1

/oxp“) > [ID fi () 1D fraa ()1 +

j=1
(D2 f() ] [D* i (5) | |

1D AP (D far(s) P 4 Do () D far(s) M| ds

M

< 20°@) [ S22 | (9.63)

Jj=1

Here we have
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p(x) ==
2~ 02X ) ()]
((26 Aoy — Q1 da;, — @2ha, + 1)(T(B — ay + 1) 1 ([(B — ag + 1)) ) '
(9.64)

Proof. Based on Theorem 21 of [48]; see here Theorem 7.21. [

Next we give
Theorem 9.21. (as in Theorem 9.17, Ao, =0, Ao, = Ag). It holds

M—-1

[ o6 { X [t D2

=1

az
+

D22 f5(s) 2 [ DP f41(s )!k“z}}

[1D°2 fag(5) 2 ID"fl(s)P” + 1D fu(s) "2 [ D faa (s)[ 2|} ds <

z(Paz=a2deatl)  |lp(s >||oo ) (2
’ <(5Aa2 — gy + D(IT(B — g+ 1 Z IDfl| 07 ] - (9.65)

Proof. Based on Theorem 22 of [48]; see Theorem 7.22 here. [

Some special cases follow.

Corollary 9.22. (to Theorem 9.20, all are as in Theorem 9.17, A\g =
O7>\O¢1 = )‘a27a2 = o1 + 1) It holds

" M-1
| 083 3 [0 sre (et ) +
j=1

DU () [ D fga () |

Ay « Aoy a o
D far () + D ()| D lfM(s)l“Hdss

+ D™ A

d s O] )
(2/8)‘(11 - 20‘1)‘(11 - )‘Oél + 1)(6 - al)Aal (F(ﬂ - al))z)\al

M
S D% g2 (9.66)
=1
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Proof. Based on Corollary 23 of [48]; see Corollary 7.23 here. [

Corollary 9.23. (to Corollary 9.22 ). In detail: let a; € Ry, 3 > a1 +1,
and let f; € L1(0,2), j=1,...,M € N, z € Ry — {0}, have, respectively,
Lo fractional derivatives DP f; in [0,z], and let DP=*f;(0) = 0, for k =
1,..,[8]+L5=1,...,M . Then

M-

/O Z 1D f5(s)] [D* L fia(s)] + DML (8)] (D™ fia(s)]] ¢ +

(1D fr () D * far ()] + [DF fi(s)] D far ()] } ds

xz( 670‘1)

M
S(ﬁ—al)Q(F(ﬁ_al)y ZHDﬁfa‘Hi@ : (9.67)

Proof. Based on Corollary 24 of [48]; see Corollary 7.24 here. [

Corollary 9.24. (to Corollary 29.3). It holds

/ ZID"“fJ ) 1D f5(s)] | ds <

0

2(5 ai)
5
(2(5a1)2(r( > ZHD e (9.68)

Proof. Based on inequality (207) of [48]; see also (7.207) here. O

9.4 Applications

We present our first application.

Theorem 9.25. Let a; € Ry, >y, f—a; > (1/2),i=1,...,7r €N,
and let f; € L1(0,z), j=1,...,M € N; 2 € Ry — {0}, have, respectively,
Leo fractional derivatives DP f; in [0,2], and let DP=% f;(0) = ay; € R for
kE=1,...,[l+ 1,5 =1,...,M. Furthermore for j = 1,...,M, we have
that

D7 f(s) = Fy (s, {D™ ()} 12, ) (9.69)
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all s €10,x].
Here Fj(s,71,%3,...,20) are continuous for (21,%3,...,2x) € (R")M,
bounded for s € [0, x], and satisfy the Lipschitz condition

[Fj(t; 211, @12, ooy T1r; T21, T2, oy T3 T315 ey T375 oy TNy ooy TN )

Fi(t, 2. 2 VI L L <
—Fj(t, 271, @9, ooy 103 T1, Togy ey Thyd Ty s coey Tgps eoey Try oos gy )| <

T M
> <Z Geig (e = w2i|> , (9.70)

j=12,...,M, where all q;;(s) > 0 are bounded on [0,z], 1 < i <
rd=1,...,M. Call

W =max{||¢ijlloo, 1(, 7 =1,2,.. . M;i=1,..,7}. (9.71)

Assume here that

“5*(“’)::W(; )(Z( 5 o) \/ﬁf;j:/% 2ai = >><1'

= (9.72)

Then, if the system (9.69) has two pairs of solutions (f1, fo, ..., fu) and
(15 f5, s far), we prove that f; = f7,j = 1,2,...,M; that is, we have
uniqueness of solution for the fractional system (9.69).

Proof. Assume that there are two M-tuples of solutions (f1, ..., far) and
(ff,--., far) satisfying the system (9.69). Set g; := f;—fr, j=1,2,..., M.
Then DP~%g;(0) =0,k =1,...,[8] +1; j =1,..., M. It holds

r,M

DPgj(s) = Fy (s, AD™ ()} 2 )= F5 (s D 1)} ) (973)

Hence by (9.70) we get

|Dg;(s) Z (Zgzm )[D% gy (s )I) (9.74)

Thus
r M
|Dﬁgj(8)| < WZ (Z |Daig£(s)|> . (975)

The last implies

r M
(DPg;(s))” <W _ (Z [DPg;(s)] ID‘“ge(S)> : (9.76)
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and

M T

M M
(D%g;(s))” < WY N> [Dg;(s)| D™ ge(s)]. (9.77)

j=1 i=1 j=1 =1
Integrating (9.77) we observe

e [ M
e [ 0060 ds <
0 \j=1
M

r M z
w {22 (; </0 D7 g;(s)| |D"‘ige(3)ds>> } : (9.78)

I<w {1 [(/ (Z [D% gx(s)| |D ga(s )l) ds) +

That is,

3 ( / " (1D% g ()] 1D g2(8)] + 1D g ()] 1D%gun(s)]) ds)

T,me{l,..., M}
T#M

(9.79)
Using Corollary 9.10 from here, and Corollary 13 of [48] (see also here
Corollary 7.13) we find

r pB—ai) T
I= W{; [(2“5—%)\/5—0%\/25—20% - 1) -

(\/i T _xo(f) ;5) (_]\i?/;)ﬁl_ T 1)] } : (9.80)

That is, we get that

I<¢"(z) I (9.81)

If T # 0 then ¢"(z) > 1, a contradiction by assumption that ¢*(z) < 1;
see (9.72). Therefore I = 0, implying that

M
z:(Dﬁgj(s))2 =0, a.e.inf0,z]. (9.82)
j=1
That is,
(DPgi(s))? =0, ae.in[0,z], j=1,..,M, (9.83)
and

DPgi(s) =0, ae. inf0,z], j=1,.., M. (9.84)



198 9. Riemann—Liouville Fractional Opial Inequalities

By DP~kg;(0) =0, k=1,...,[8]+1;5=1,..., M, and Lemma 9.3, apply
(9.3) for @ =0, we find g;(s) =0, all s € [0,z],all j=1,..., M.

The last implies f; = f;,j = 1,..., M, over [0,z], thus proving the
uniqueness of solution to the initial value problem of this theorem. [

Another related application follows.

Theorem 9.26. Let a; e Ry, 0>y, f—a; > (1/2),i=1,...,r €N,
and let f; € L1(0,2),j = 1,...,M € N; = € Ry — {0}, have, respec-
tively, fractional derivatives DP f; in [0, ], that are absolutely continuous
on [0,7], and let DP=*f;(0) =0 fork=1,...,[8]+ 1;5=1,...,M. And
(DPf;)(0) = A; € R . Furthermore for 0 < s < x we have holding the
system of fractional differential equations

(D°1,) (s) = By (s AD™ fy()} L AP Fi(9)]L, ). (989)

forj=1,...,M. Here F}; is Lebesque measurable on [0,z] x (R™T1)M sych
that
|F] (t;xll) T12, "'7xl7‘7x1,’r+1;x217 T22, --.71'27‘7.'17277‘4,_1;

r M
TN T2y o Tarpr1)| S D (Z Qz,i,j(t)libei|> ; (9.86)

i=1 \¢=1
where qp;; >0, 1<i<r; l,j=1,...,M, are bounded on [0, z]. Set

W= max{||lqeijlloc; L7 =1,....,M; i=1,...,r} (9.87)

Also we put (0 <s<ux)

M
=D (D))", (9:88)
A=1
M
pi=> A3, (9.89)
A=1

r sﬂ—ai
Qs) =W(1+ \/§(M -1) (Z <F(/6 — ;)P — a2 — 20, — 1)) ’
i—1 i ’ ‘
(9.90)

and

X(s) = /p {1 +Q(s) - ello @M. [/0 (e-Us QW) dt] }1/2. (9.91)

Then
0(s) < x(s), 0<s<u. (9.92)
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Consequently we get
D7 fi(s)] < x(s), (9.93)

1 s _
561 g7 [ =07 e (9.94)
all0<s<zx, j=1,...,M. Also it holds

o f (g 1 ss<_ B—a;—1
D" 10 < e | =0 (099

all 0<s<z, j=1,.... M, i=1,...,r
Proof. We see that
M
(D" (D) () = (D" 1) Fy (5 D" 5NN {050 ).
(9.96)

j=1,...,M,all 0<s<u.
We then integrate (9.96),

[ © 560 5, )5 =

0

/Oy(Dﬁfj)() ( (D fi()} ) ADP fi(s } )ds, (9.97)

0<y<u=z.
Hence we obtain
(BABIORF < [*100 0 155l 2
Lol G
w (Z (ﬁj ([ 1050 |Dﬂfj<s>|ds)>> )

Thus we have for j =1,..., M that

(D7 ;())* < A2+ 2 (Z (Z ( [ 105 |Dﬁfj<s>|ds)>> .
=1 /0

i=1
(9.99)
Consequently it holds

o) < pr 2w (Zl (f (;_ZII ([ 1 st |Dﬁfj<s>|ds>>)) _

— j=1
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oot 2W {Z { (/ (iwj D (0 IDﬂfA(t)|> dt) +

i=1 A=1

T ( [ 1D 5l 10° 0]+ 1D £ (0] 1D 1)) dt)

Tome{l,..., M}
TH#m

(9.101)
Using Corollary 9.10 from here, and Corollary 13 of [48] (see here Corollary
7.13) we find

r y(B—ai) y
) sp {g { <2F(ﬂ — )3 — V2B —2a; — 1 (/0 9(t)dt) i

(ﬁ (3 — ai)j;z:ﬂﬁ ~20; — 1) (M=1) </0y ww) }} '
(9.102)

Hence we have
Y
O(y) < p+ Q(y)/ O(t)dt, all 0<y <. (9.103)
0

Here p >0, Q(y) >0, Q(0) =0, (y) >0, all 0<y <z Asin the
proof of Theorem 27 of [48] (here also see the proof of Theorem 7.27; see
also [17]) we get (9.92), (9.93). Using Lemma 9.3 (see (9.3)), for « = 0, and
(9.93) we obtain (9.94). Again using (9.3) and (9.93) we get (9.95). O

Finally we give a specialized application.

Theorem 9.27. Let o; € Ry, 8 > 4,7 = 1,...,7 € N, and f; €
Li(0,2), 7 =1,...,.M € N; z € Ry — {0} , have, respectively, frac-
tional derivatives DP f; in [0,], that are absolutely continuous on [0, x],
and let DP=Rfi(0) =0 for p=1,...,8+Lj=1,....,M . And
(DPf)(0) = A; € R. Furthermore for 0 < s < x we have holding the
system of fractional differential equations

/ (e 7]
(D°£) (5) = 5 (s, AD™ [0V AD ()}, ) (9.104)
for j=1,..., M.
For fized i, € {1,...,7} we assume that «;,+1 = a;, + 1, where o,
a1 €{ar,...,ar}. Callk :=«;,, v:=«;, +1; that is, y =k+1. Here
Fj is Lebesgue measurable on [0,z] x (R"™)M such that

|Fj(t, @11, 12, ooy Tl T10415 T215 22,5 eoey T2y T2 5415

T31,L32y -y T3ry T3 415 -3 TM15 LM2, ~-~7$M7-7$M,7-+1)|
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i) |+

|Tot1,i, 1]+ o2 ()| Ter,

M—1
{{ <Qe 1,5(0)|ze,,
=1

(a5 Olre lowicinl + vz sOlosse | el ) | 0105)
where all 0 <qu1, qo2,; Z 0, are bounded over [0, x]. Call
M
W= max {lqe. o, 12,5 ll00 } g j—1 - (9.106)
Also set
M
=YD f)(s)l, 0<s<ua, (9.107)
7j=1

o 2 5((36—3k—1)/2) 0108
)= (x/7353k2> (T(B— k)7’ (9105
all 0<s<uxz, and
Q(s) :==2MWd*(s), 0<s<u, (9.109)
AMW 2((38-3k=1)/2)
= = . 9.110
We assume that
xo\/p < 2. (9.111)
Set 3/2 2.2
~ 4p°/*s —op”s
= L <s<ux. 112
o) = o+ Q) [ 0<s<a a1
Then
0(s) <@(s), all 0<s<u, (9.113)
in particular we have
IDPfi(s)| < @(s), j=1,...., M, forall 0<s<a. (9.114)
Furthermore we get
561 < 15 | -0 e (9.115)
ETTB) Jo ’

and

| D f;(s)] < ;)/O(s — )P 1p(t)dt, (9.116)



202 9. Riemann—Liouville Fractional Opial Inequalities
j=1....M;+=1,...,r, all 0 <s<z.

Proof. Notice here that W > 0 and o > 0. Clearly, here Dﬁfj are Ly
fractional derivatives in [0,z]. For 0 < s <y < x, by (9.104) we get that

[ 0 = [ (s 07 2 D
0 0 (9.117)
That is,

(DPf)(y) = Aj + /y Fj(s,...)ds. (9.118)
0

Then we observe that

Yy
D8, ()] < A, + / |Fy(s,.)lds < |A;]+

y M-1
v, {{ZGD%M&)I (D i (8) 1D i (5) IDO‘““fe(S)I)}
{=1

+(1D% fu() VDT ar ()] + 1D fas () |/ ID*- T i (5)]) } ds

(9.119)
That is,
Y M—1
[DPf(y)| < [A;] + W (/O {{ > (lefe(S)l |DEF oy (s)|+
(=1

ID* fin(s)] IDk“fe(S)I) } n

(ID’“fl(s)I DR far ()] + 1D* Faa (s)] Dk+1f1<s>|)}ds. (9.120)

By Corollary 9.14 we obtain

D7 fi ()] < [A] +2W " (s (/ (Zwﬁf |3/2>dt> (9.121)

jg=1,...,M all 0<s<ux.
Therefore by adding all of inequalities (9.121) we find

M

0(s) < p+2MW o™ (s) ( /0 S (Z |D5fe(t)|3/2> dt) , (9.122)

(=1

3/2
oMW (s (/ (ZD’sz ) dt). (9.123)
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That is,
0(s) < p+ (2MW$*(s)) ( /0 (9(t))3/2dt) : (9.124)

all 0 < s <.
More precisely we get that

0(s) < p+Qy) (/OS(Q(t))?’/th) ,all 0<s <. (9.125)

Notice that 6(s) >0, p >0, Q(s) > 0, and Q(0) = 0 by ®*(0) = 0. Acting
here as in the proof of Theorem 28 of [48] (also see Theorem 7.28 here) we
derive (9.113) and (9.114).

Using Lemma 9.3 (see (9.3)), along with (9.114), we obtain (9.115) and
(9.116). O
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Converse Canavati Fractional
Opial-Type Inequalities for Several
Functions

A collection of very general L, (0<p<1)-form converse Opial-type inequal-
ities [315] is presented involving generalized Canavati fractional derivatives
[17, 101] of several functions in different orders and powers. Other particu-
lar results of special interest are derived from the established results. This
treatment is based on [51].

10.1 Introduction

Opial inequalities appeared for the first time in [315] and since then many
authors have dealt with them in different directions and for various cases.
For a complete account of the recent activity in this field see [4], and it still
remains a very active area of research. One of the main attractions to these
inequalities is their applications, especially in proving the uniqueness and
upper bounds of the solution of initial value problems in differential equa-
tions. The author was the first to present Opial-type inequalities involving
fractional derivatives of functions in [15, 17] with applications to fractional
differential equations.

Fractional derivatives come up naturally in a number of fields, especially
in physics; see the recent books [197, 333]. Here the author continues his
study of fractional Opial-type inequalities now involving several different
functions and produces a wide variety of converse results. To give the reader
an idea of the kind of inequalities we are dealing with, we briefly mention

G.A. Anastassiou, Fractional Differentiation Inequalities, 205
DOI 10.1007/978-0-387-98128-4_10, (© Springer Science+Business Media, LLC 2009
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a specific one (see Corollary 10.15).

Av

[ (Sl o on) @ )=
Y, (Aa+2u/p)

c@ | [ |10 @l | du ,
zo | =1

all zg < x <b.

In the last inequality C (x) is a constant that depends on z, x, and the
involved parameters, v; > 0,1 <v—=v; < 1/p, 0 <p < 1; D} f; is of fixed
sign on [zg,b], j =1,...,M € N. Also A\, > 0, \, > p. Here f;l) (z0) = 0,
i=0,1,...,n—1,n:=[v] (integral part); j =1,..., M.

And D} f;, D2, f; are the generalized (of Canavati) type [15, 101] frac-
tional derivatives of f; of orders 7, v, respectively.

10.2 Preliminaries

In the sequel we follow [101]. Let g € C (][0, 1]) . Let v be a positive number,
n:=[v],and o :=v—n (0 < a < 1). Define

(Jug) (z) := ﬁ /0 (z—0)"""gt)dt, 0<x<I1, (10.1)

the Riemann—Liouville integral, where I' is the gamma function. We define
the subspace C" ([0,1]) of C™ ([0,1]) as follows.

C* ([0,1]) :=={ge C™([0,1]) : J1_oD"g € C* ([0,1])},

where D := d/dz. So for g € C” ([0, 1]) , we define the Canavati v-fractional
derivative of g as
DVg:=DJ,_,D"g. (10.2)

When v > 1 we have the fractional Taylor’s formula

90 =90)+d 0149 0) 5+ 0 o
+ (J,D"g) (t), forallte[0,1]. (10.3)

When 0 < v < 1 we find

g(t)=(J,D%g) (t), foralltel0,1]. (10.4)
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Next we carry the above notions over to arbitrary [a,b] C R (see [17]).
Let x, zg € [a,b] such that > g, where z¢ < b is fixed. Let f € C ([a, D))
and define

(J5of) (z) := ! /x (x—t)""" f(t)dt, xo<az<b, (10.5)

the generalized Riemann—Liouville integral. We define the subspace
C3, ([a,0]) of C™ ([a, b]):

Cy, ([a,0]) == {f € C" ([a,b]) : Jf° D" f € c! ([xo,b})};

clearly C2 ([a,b]) = C ([a,b]); also C2 ([a,b]) = C™ ([a,b]), n € N.
For f € C} ([a,b]), we define the generalized v-fractional derivative of
fover [zo,b] as

DY f = DI f™ ( F00 .= pn f) . (10.6)
Notice that

(Jfﬂaf(")) () = ﬁ /m: (z =)~ f) (1) at

exists for f € C} ([a,b]).

We recall the following fractional generalization of Taylor’s formula (see
[17, 101)).

Theorem 10.1. Let f € C} ([a,b]), 2o € [a,b] fized.
(i) If v>1 then

f(l’):f(xo)+f/(£vo)(03*:l:o)+f”(xo)m+...+

2
(n—1) (aj — xo)nil 0o TV .
f (o) —(n — ) + (JU onf) (x), forall x € [a,b] : x> x.
(10.7)
(i) If 0 <wv <1 then
fx)= (Jff"DgOf) (), forall x € [a,b]: 2z > x0. (10.8)

We make

Remark 10.2. (1) (D2 f) = f™, neN.
(2) Let f € CY ([a,b]), v > 1, and f@ (z0) =0, i =0,1,....,n— 1,
n:= [v]. Then by (10.7),

f(@)=(J;° D, f) (@)
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That is, )
f(z)= %v)/ (z =)’ (DY, f) (t) dt, (10.9)

o

for all z € [a, b] with > (. Notice that (10.9) is true, also when 0 < v < 1.
We need the following from [17].

Lemma 10.3. Let f € C ([a,b]), u,v > 0. Then

T (I3 f) = T8, (f) - (10.10)

We also make

Remark 10.4. Let v > v+ 1, v > 0, so that v < v. Call n := [v],
a:=v—n;m:=[y], p:=7—m. Note that v —m > 1 and n —m > 1.
Let f € CY ([a,b]) be such that () (29) =0,4=0,1,...,n — 1. Hence by
(10.7),

f(x)=(JP°Dy f) (), forall xela,b]:z> .

Therefore by Leibnitz’s formula and T' (p + 1) = pI" (p), p > 0, we get that
) () = (J3°,, D2 f) (z),  for all z > . (10.11)
It follows that f € C} ([a,b]) and thus
(D1, f) (x) == (DJprf(m)) (x) exists for all z > xg. (10.12)
By the use of (10.11) we have on [z, b],
T, (F) = g5, (20,05, 0) = (52, 0 722.,) (D2, )

= Jgﬂerlfp (D;of) = JZ:EW+1 (Dzof) ’
by (10.10). That is,

(710,00m) (@) = ﬁ / (@ =) (D, f) (t)dt.
Therefore
(02,9) @) = D ((52,67) ) = =7
z (10.13)
[ (@) (DY f) (1) dt
hence

(D1, f) (z) = (J2°, (D2, f)) ()
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and is continuous in x on [z, b]. In particular when v > 2 we have

(Dgo_l ) ((p) = -/I (D;Of) (t) dt, T > Zg- (1014)

That is,
(D2 f) = D2 f. (DY) (a0) = 0.

10.3 Main Results

10.3.1 Results Involving Two Functions
We present our first main result.

Theorem 10.5. Let v; > 0,1 <v—7; <1/p,0<p<1,j=12
and f1, f2 € C2, ([a.b) with £ (z0) = £ (wo) = 0,i=0,1,....n—1,
n = [v]. Here x, 10 € [a,b] : x > xo. We assume here that D} f; is of fived
sign on [xo,b], i = 1,2. Consider also p(t) > 0 and q(t) > 0 continuous
functions on [zo,b]. Let Ay >0 and Ao, A\g > 0 such that A\, > p.

Set

w
Py (w) = / (w— )RR (TP g =12, ag <2 < b
x

’ (10.15)
q(w)- (P, (w))/\a(p—l/p) (Py (w))(/\B(P—l)/P) (p (w))—kv/p

A(w) = )
) (I (v =)™ (T (0 = 72))"
(10.16)
x (p—2Av)/p
A (z) = ( / (A (w))* <P—*v)dw> , (10.17)
and
8y = 21 (QatX)/p), (10.18)

If A\g =0, we obtain that

[ a@[|0x0) @) |(02,5) )] +

0

(D21 f2) ()| - | (D, f2) (w)

/\”] dw

> (Ao (@) [x,=0) - (/\Q)IA)AMP 01 [/:P(w) [1(D3, f1) (w)|” +

0

((Aa+Xs)/p)

(D3, f2) (w)]"] duw] (10.19)
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Proof. From (10.13) and assumption we get

(028) )] = gy [ =07 (05,1) (0]

V="

for k=1,2,j=1,2 and for all zg < w <b.
Next applying Holder’s inequality with indices p, p/p — 1 we have

(D32 f5) (w)] = ﬁ / " w7 (p () 7V (p (1))
(D2, 55) (1) dt

> </w (w0 oy )" dt)pl/ ’

</:p(t) (DY, ;) (t)|pdt>1/p
1

w 1/p
- - w p—1/p vop p )
=Ty L) (/ p(0)[(D2,f3) ) dt)

That is, it holds

e £ (w 1 w p—1/p Y v g P Y
(025) )] = s B )™ ([ o 02 f) ) at)
(10.20)
Put "
5= [ o058 O d
thus,

Hence, we have

1

w p—1/p 2 (w 1/p
oo (B @) G )

[(D3x f5) (w)| =

and
!

(DY, £5) ()] = p (w) /7 (zj (w)) e j=1,2.

Therefore we obtain

g (w) (D3 f1) (w) [ |(D32 f2) (w)| ™ |(D2, f1) (w)]

Av

> g (w) —— (P ()P (o ()

(v =)™
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ﬁ (P )M (2 ()M (p (0)) P (21 ()™
U —="72

= A(w) (2 )7 (2 )7 (21 ()

Consequently, by another Holder’s inequality application, we find (by
p/Ay < 1)

Av/p

/ ") (D3 12) @) [(D3242) (@) (D2, f2) () duw

)"U/P

> Ao () [/mul(w))*a“v<z2<w>>kﬂ“vz1<w>dw] (1021

Similarly one derives

A

/ ") (D2 1) @) (D2 f) @) (D2 f2) ()] duw

x Ao /P
> a0 @) [ [ 5 @) ol 5 wan] L 02
Taking Ag = 0 and adding (10.21) and (10.22) we obtain

A

[ a@[|0x0) @) |(02,5) )] +
(D3 f2) (w)[* - (D, f2) (w)]*

xT , )\v/P
> (Ao () |ry—o0) { [ / e ) 2 ) dw] +

[/zj (22 (W) 2, (w) dw} Au/p}

= (Ao () [x5=0) {(zl () Aetro)/p
>\+/\ )/p} ()\ o >>\ /P
= (Ao () [xs=0 <>\ + A )A/p{</ p ()| (D% 1) ()] dt>
® (a+Av)/p

”] dw

(Aat+Av)/p
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In this chapter we frequently use the basic inequalities
2 a" + b)) < (a+b)" <a"+b", a,b>0,0<r<1, (10.23)

a"+b" < (a+b)" <27 (@ +b"), a,b>0, r>1. (10.24)
Finally using (10.23), (10.24), and (10.18) we find

Au/p
02 (@) (225) 6

x (Aatro)/p
{[ @ l@en oF + @00 0F @}

Zo
Inequality (10.19) has been established.

Here we see that (p/p—1)(v—v,—1)+1 >0, —=1/(p—1) > 0 and
p(t) € C([zo,b]), thus (see (10.15)) P; (w) € R for every w € [xg,b], also
P; (w) is continuous and bounded on [z, b] for i = 1, 2.

By Ay > p >0, we have 0 < p/\, < 1, p/p— A, < 0.

We see that
L: 1 v — Aa v — Ag w Ao /D
) = 7707 T =1 (=72 (o (w))

(Pr ()72 (Py ()77 € C ([0, )
and 1/A (w) > 0 on (x0,b], 1/A (zo) = 0.
Therefore 0 < Ag () < oo, and all we have done in this proof is valid.
O

The counterpart of the last theorem follows.

Theorem 10.6. All here are as in Theorem 10.5. Further assume

Ag > Ay
Denote
Oy = 2178/ A g i= (5 — 1) 27 Ce/ ), (10.25)
If Ao, =0, then

[ a@[[038) @) -|(52,5) )] +

[¢]

(D22 f1) (w)] - | (DY, f2) (w)

)\“} dw

(p=w)/ A P /P
> (A _g)2 )/ T2 63"
= ( 0 (‘T) ‘)\afo) <)\ﬁ AU> 3
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((Ao+As)/p)

. (/m p(w) [[(D, fr) (w)|" + (D2, f2) (w)|"] dw) " (10.26)

all zog <z <b.

Proof. When A, = 0 from (10.21) and (10.22) we have

/ " g ) (D22 f2) () (D2, £1) (w) [ duo

x )\u/P
> (Ag () [x.=0) { / (22 (W)™ 2, (w) dw] , (10.27)

and

[ 0@ (D30) @) (D2, f2) ()]
x , Au/P
> (o (@) o) | [ Gr @) S| L 02

all zp <z <b. Adding (10.27) and (10.28) we obtain

A

[ a@[[38) @) -|(52,5) )] +

A

(D32 @ (D2, 12) ()] o

Av/p

> (Ao (2) [x.m0) { [ / (22 () 24 (w) dw] n

U: (21 (w)) /™ 2 (w) dw} Au/p}

> (Ao () [nam0) - 227 0/P - (M ()P =: (+), (10.29)
by Ay/p > 1 and (10.24) , where

M (z) = / (22 (W) 21 (w) + (21 (W)™ 2 (w) dw.  (10.30)
zo
Next we work on M (z). We have that

M) = [ (G @ e @) ) (5 () + ) do

B / [Go1 @)™ 25 () + (22 ()7 2 (w)] dw
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(by (2.24)) 5 /z (21 (w) + 22 (W)™ (21 (w) + 25 (w)) dw

0

Av (Aot28)/A0) (AutA8)/A0)
(5755 ) [ @ + (2 ) ]

Ao Ao
=02 (21 (z) + 22 (I))(AUJF/\B/)W) <)\ + A[;) B <)\g +A >

[( (x ))(A vHAg/ Ay )_|_( (x ))(AU+A5/AU):|

(5
(e

) 62 (21 (2) + 2 (x))()"u+)‘ﬂ/>"v)_

(/\ +Aa/ Ao )+ (2 (m))(Av+>‘[3/>\v)>:|

Av

I
_ ((2'1 (x))(A1,+)\5/A,,) + (20 (:c))()‘”"')‘ﬁ/)‘“))}

: > 82 (o1 (@) O 4 (3 () 202

( v ) (65 — 1) [( (x))(Au-&-)\B/AU) + (2 (x))()\v-i-/\ﬁ/)\v)}

)‘B+>‘

(10.24) A,
>
<)\,@ + Ay

That is, we present that

> 33 (21 () + 22 () Ao/ A

Ay
/\5 + Ay

M @) 2 (250 ) e (0) + 22 ()

Consequently, by (10.29) and (10.31) we obtain

>\v Ao /p
(9> (o (@) o) 27 (2 )

6§\u/17 (Zl (x) T2 (I))(Av-i-)\ﬂ/P)

Av/pP
= (o () =) 270 (2 )
o )\g + Ay 3

</:p( ) H( fl) | |( )(t)}p} dt> (’\“J”\B/p)'

0

We have established (10.26). O

A special important case follows.

(10.31)
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Theorem 10.7. Let v > 2 and v, > 0 such that 2 < v — v, < 1/p,
0<p<l Let fi,fr € C¥ (la,b]) with [{ (z0) = f5 (wo) = 0, i =
0,1,....,n — 1, n := [v]. Here z,z9 € [a,b] : ® > xg. We assume here
that Dy f; is of fized sign on [x0,b], j = 1,2. Consider also p(t) >0 and
q (t) > 0 continuous functions on [xg,b]. Let Ay > Agy1 > 1.

Denote

03 = (21—(>\a//\a+1) _ 1) 27 Xa/Aat1 (10.32)
:E (I=Xa+1) 0\ Aa+t1
Lix) = (2 (1/1-Aa+1) 3%+l
@)= (2 aw) dw o)
(10.33)
and .
Pi(z) = / (w— )P g (1) TP (10.34)
Zo
(p—1/p) \ PoFrats)
T (z):=L(x)- A 7 )
I'(v—"1)
wy 1= 2P 1/P)Aatrais) (10.35)
and
O (z) =T (x)ws. (10.36)
Then

o) [[(020) @) [ (D31 12) ()]

Zo

+ (D7 f) (w) [ [(D 4 1) (w)|/\a+1} dw (10.37)

)

:| (Aa+/\u+1)/p

> () {/Ip(w) ([(Dg, fr) ()| + [(DE, f2) (w)]”) dw

Zo

all o <z <b.

Proof. For convenience we set v, := v, +1. From (10.13) and assumption
we obtain

1 w S .
|(D3k 1) (w)] = NCEES) /3:0 (w =)' (DY, fi) (t)| dt =: g, (w),
(10.38)

where j = 1,2, k=1,2, all zg <z < b. We observe that
(DL ) (@) = (DR f) (2) = (D2 1)) (=), (10.39)

all zg <z <b. And also

/

(977, (W) = Gjy (W) 5 gjy, (20) = 0. (10.40)
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Notice that if v — 4 =1, then

iy, (W) = / h (D2, f;) ()] at.

Next we apply Holder’s inequality with indices 1/Ao11 < 1, 1/(1 — Aoy1)
< 0; we obtain

/I q(w) [(D2 1) (“’)’Aa [(DLF o) (w)|/\‘”rl dw

)‘a+1

— [ 0w g1, ) (020, @)) " d (10.41)

v (1=Aa+1)
> ([ = )

0

Xa+1

(/ (915, ()" (92, (w))’dw>

Similarly we have

/m q (w) ’(D;Yéf2) (w)]A" ‘(D;éJrlfl) (w)‘/\aﬂ dw

v 11— (I=Xas1)
> ([t an)
Zo

Aa+1

(/: (922, (@) (g1, ()’ dw) . (10.42)

Adding (10.41) and (10.42) we see that
[0 [0 @ (037 )

(D3 2) @) (D3 1) ()] o

> (/: (q (w)) M/ Aesn) dw><1—ka+1>
([ s " o, ) )

0

Aa41
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(10.24) x (1=Xa+1)
= (2 @ a)

zo

[ [0, @)™ (g, )

0

+ (920, @) g1, ) ]

(note (10.30) and the proof of (10.31); accordingly here we have)

* 1/1-\ (17 Aest)
> (2/ (q(w))( /1= a+1)dw>

0

)\a+193 Aat1 (Ma+ra+1)
(m) (914, () + 92,4, (2))

(Catrat1)

=1L (CL’) (gl,’yl (CC) + 92,v, (13))

(- wL >(><)A ) {/ T ) (1)

[1(D5,2) O] + (D2, f2) (1)) de} 2

P 1 and p we find)

L(z) ’ (= ~1)p/p-1
> oy ([ a0

(applying Holder’s inequality with indices

(pfl/p)()‘a"r/\a«i»l)
(p(t)~ /Pt dt)

(Aa+rat1/p)

(/:p(t) [|(Dy, f1) ()] + [(D2, f2) (1)]]° dt)

0

(Aa+Aax1/p)

1@ [ [ 20 ((05) 0] +(02,2) O] ]

0
(Aa+rat1/p)

zq><x>'[/;p<>(|( 1) O + (D2 W)'p)dt}

0

We have proved (10.37). O
Next we treat the case of exponents A\g = A, + A,.

Theorem 10.8. All here are as in Theorem 10.5. Consider the special
case of \g = Ao + Ay
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Assume here for j = 1,2 that
zj (z) := / p(t) (DL, f) (t)|pdt €[H,¥],0< H<V,
zo

(h— 1) h/h=1

>1, My (1) = cInh

(10.43)

. Mo N o aaum —2(a+Aa)/p
T (z) := Ao (z) -~ 2 (My (1)) :

(10.44)
Then

[ a@)[|0z0) @) | (028 @) |(D2,5) ()
H|(02) @] |(D2£) @) (D2, 12) @] dw

) . 2((Aa+20)/p)
> T (@) ( [ @ ((08,0) @ +(92,5) @) dw) ,

(10.45)
all ©g < x <b.

Proof. We apply (10.21) and (10.22) for A\g = Ay + A, and add to find

Ay

[ a) [|(05R) @ [(D3.) ) (05,1) (o)
A

+ (D2 f1) ()| (D22 f2) (W) [(D2, f2) (w))]

>M@{M3“WWWwWWWM4WW$M

”} dw

’ [/ (o )P G ) 2 () ] “/”}

(10.24)

= a2 [ [ ) G @) 5 (w)
e () (o ) 2 )]

[22 (w) 2} (w) + 21 (w) 25 (w)] dw}"/”
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)‘Oé/)‘U

= Ag (z) 21 /P {/”’ o () 72 ()™ (21 (1) 2 (w))/dw}xv/p

zo

= Ao (v) 91=Au/p <(21 () 29 ($))AQ/AU+1 ) Ao/

s>+ 1

>

A A\ et o)/
o @2 (2 ) o @) s ) O

(see [377])

Ao AatAy
> Ag (z) 20 /P Av P (2 (@) + 2 () | R TMP
=0 Ao + Ao 2M,, (1)

= T () (21 (&) + 2 ()"

B T 2(Aa+Au/p)
v ([ nn P e e

0

We have established (10.45). O
Special cases of the above theorems follow next.

Corollary 10.9. (to Theorem 10.5; A3 =0, p(t) = ¢(t) =1). Then

[ 11023 @) (D5 2) @ + (D3 £2) () [ (D% ) ()] s

Lo

T Aoty /p)
>0 ([ (D7) @ + (D5, £2) () o) o (0.46)

0

all xg < x < b, where

)\ /\v/P
Cl (.T) = (A() (!L‘) |)‘B:0) . <ﬁ> . 51, (1047)
81 := 21~ Qatre/p) (10.48)

We have that

B (p— 1)((/\ap—/\a)/p)
oterboze) = { ((T (v =3))* (vp = yyp — 1) Por 7P o)

(p— )\v)(p—/\v/p)
T\ Qatp = Aar1p = Aa+p = A) @) [

((Navp=Aav1P=Aa+p—Xy) /D)

(x — x0)
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Proof. By Theorem 10.5. The constant (Ag (z) |x,—0) was calculated in
[26]; see here (6.55). O

Corollary 10.10. (to Theorem 10.6; A\, =0, p(t) = ¢ (t) =1, A\g > \,).
Then

110252 @) (Do) @)+ (D2.7) () | (D5 f2) )] o

(Av+As/p)

> Cy () ( / [[(DE 1) @) + (D2, f2) (w) "] dw) : (10.50)
all xog < x <b, where
A >\v Au/p Ao/
Cy (x) := (Ag (z) [x,=0) 2P~ A)/P (m) d3"/". (10.51)

We have that

N (p— 1)((>\ﬁp—/\ﬁ)/p) L0.59
o) hmo) = { ((F (0= 72))™ (vp — Yop — 1)((”””5)/’7)) .

(p— )\v)(p—/\v/p)
T\ (Agvp — Agvap — Ag +p— A) @RI | [

((Agvp—Agv2p—Ag+p—Av)/P)

(iK — (E(])

Proof. By Theorem 10.6. The constant (Ag (x) [x,=0) was calculated in
[26]; see here (6.59). O

10.3.2  Results Involving Several Functions

Here we use the following basic inequality. Let a1, ..., a, > 0, n € N; then

aj+...+al <(ag+...+a,) <n! <Za:> ;7> 1 (10.53)
i=1

We present

Theorem 10.11. Let vy,7v5 > 0 such that 1 <v —v, <1/p, 0 <p <1,
i=1,2, and f; € CZ, ([a,b]) with f\” (x0) =0,i=0,1,...,n—1,n:=[v],
j=1,...,M €N. Here x,x0 € [a,b] : ¥ > z0. We assume that D} f; is of
fized sign on [x0,b], j = 1,..., M. Consider also p(t) > 0, and g (t) > 0
continuous functions on [z9,b]. Let A, > 0 and Ay, g > 0 such that
Ay > P.
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Set

Py, (w) = / (w — )P g () TP G k= 1,25 <w < b
fdo)

(10.54)
q(w) (P, (w»(/\a(p—l)/z?) (Ps (w»(/\a(p—l)/p) (p (w))_’\”/p

A= (T (=)™ (T (0 —72) ;
(10.55)
Ao (@) = ( / (A (w)?/P dw) e (10.56)
Call .
21 (@) i= (Ao (2) [ramo) - (AAT) | (10,57)
57 i= M Qatre/p) (10.58)

If X\g =0, we obtain that

/ (Zl (D3215) () |(D3, 1) <w>|“) duw
. M ((Aa+tXv)/p)
> 61 ¢y (2) - {/ p(w) (Z (D2, f) (w)|”> dw] . (10.59)

all zg < x <b.

Proof. By Theorem 10.5 we have
[ a6 [1055) @l |92, 5) ]

+ (D23 f+1) (W)™ [(D2, fi41) (w)|“} dw (10.60)
((Catro)/p)

> s @) [ [ 0 @) 102,5) @ + [P ) ]|

i=12,...,M —1.
Hence by adding all the above we derive

M—1

/:““” (Z 1(D3£5) )™ (D3, 1) (w)

Jj=1

Av

(D2 fe0) @) | (D5, £y40) (w)] ] ) dw (1061)
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m%w(ZU%WW%MMV

j=1

+ ’(D;ij-u) (w)|p] dw] (Aa+Xu/p)
Also it holds

[ PR

+ (D22 far) (w)[* |(D, far) (w)!“} dw (10.62)
(AatX0) /)

Av

> 61, () [ / " p(w) [[(Dgy f1) ()|” + |(Dy, far) (w)]7] dw]

Adding (10.61) and (10.62), and using (10.53) we have

/ (Z| (D3 £5) (@) (D2, 1) (w)l“) dw

M—1 z
= 0161 (2) {{ > [ / p(w) [|(Dg, £) (w)|” (10.63)

j=1

+|(Dyy fi+1) (w)’p] du] (Aa+/\v/p)}

x ((Aat2v)/P)
R T M I O S

i v ((Aat+2r0)/p)
Ml—(/\a-‘r)\u/p)élspl (x) {/ p(’w) |:2 Z |(D;0f]) (w)‘p] d’w} .
xo J:1

(10.64)
We have proved
x M N \
[ ot (Z [(D2.43) )™ | (D2, 15) () ) dw>  (10.65)

MI=QatXe/p) 5 (2(’\‘*+’\“/p)71> ¢y ()

. (a0 /p)
Z )‘p} dw} ,

e

thus proving (10.59). O
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Next we give

Theorem 10.12. All here are as in Theorem 10.11. Assume Ag > A,.
Denote

A Av/p
0o () := (Ag () |r,=0) 2P/ <m> 530", (10.66)
If Ao =0, then
T M-—1
[ {{ (1032 £552) @) (D2, 45) ()]
xo j=1

+[(D22£5) (@)™ | (D2, f541) @)™}
+ {1022 50) @) | (D2, 1) ()]
F(D37) @) (D2 ) (@) ] o >

M= (Cot2)/P) (A4 A3)/P) o, () - {/ p(w)
Zo

o (Co2s) /)
[Z (D3, f7) (w)lp] dw} , x> (10.67)
J=1

Proof. From Theorem 10.6 we obtain

/””q(w) “(D%fﬁl) (w)[* (D, £;) (w)]™
H1025) @ | (DL 512) ()] ] duw

z ((ANo+2g)/p)
> @) ([ 2 ) 1(02,5) @I + (D2, fye0) )] ,

(10.68)
for j=1,...,M — 1. Hence by adding all of the above we find
© M—1 \ R
| atw) [ 3 [|0245) @] (02, 8) ()
o j:1

FID21) @] (D2, fy12) @)]*]) doo
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j=1 o

> ¢, () {Mz_:l (/:p(w) [[(D2, 1) (w)]”

(D2, f41) ()[] du) L (10.69)

Similarly it holds

x ((Av+25)/p)
>, () (/ p(w) H(D;Ofl) (w)’p + ‘(D;OfM) (w)|17] dw) )

’ (10.70)
Adding (10.69), (10.70), and using (10.53) we derive (10.67). O

We continue with

Theorem 10.13. Let v > 2 and v, > 0 such that 2 < v —; < 1/p,
0<p<l Letf; eCl(ab]) with f” (x0) = 0,i=01,....,n—1,
n:= ], j=1,...,M € N. Here z,z9 € [a,b] : * > x. Assume that
Dy f; is of fized sign on [x0,b], j =1,..., M. Consider also p(t) > 0, and
q(t) > 0 continuous functions on [xo,b]. Let N\o > Aqt1 > 1; @ is as in
Theorem 10.7.

Then

(D2 fro0) @) D2 5 ()] ]}
+ “(Dvlfl) | 1D+ fy (w)’AaH
+ (D3 ar) ) [ D3 1 ()]} du >

le(()‘a+)‘a+1)/p)2(()‘o<+)‘a+1)/p)(1) (1:)

. M (()‘a"")‘a-%—l)/f’)
/ Z dw , (10.71)

all zg < x <b.
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Proof. From Theorem 10.7 we obtain

" M—1
/ { |(DJLf; ‘D71+1fg+1 (w)|)\a+1
j:1
(D3 fy0) @) (D2 )]
M— ()‘a+)‘a+1/p)
9% [ w025 @ + (D 5y) ) 7
- (10.72)
all zg < x <b.
Also it holds
[ 0 [1(0235) @) 1037 1 ]+
103 ) () [D3 7 fr ()
z ((Aa+Aax1)/p)
>0 | [ 5 ((02,0) @ + (D2, far) ()]") o] ,
o (10.73)

all zg <z <b. Adding (10.72) and (10.73), along with (10.53) we derive
(10.71). O

Next comes the following theorem.

Theorem 10.14. All here are as in Theorem 10.11. Consider the special
case of A\g = Mg + Ay. Here T (z) is as in (10.44) .
Assume here for j =1,..., M that

zj (z) == /xp(t)’D;’Ufj (t)|"dt € [H, W], 0< H < V.

Then
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+ (1020 @] (D32 530) @) (D2, 1) ()

+|(D3z2 f1) (w)|’\“+’\“ (D22 far) (w )’ “ (D5, fr) (w)|Adew =
(10.74)

MO=20atX0)/P) 9200+ X0 /D) T (1)

(2(Aa+A0)/p)
|:/ (Z ’ Dv ) d’LU] )

all ©g < x <b.

Proof. Based on Theorem 10.8. The rest is as in the proof of Theorem
10.13. O

We continue with

Corollary 10.15. (to Theorem 10.11, A\g =0, p(¢) = ¢ (t) = 1). Then

/. S 1028) 0 |5, ) M) du

j=1

= ((AatX0)/p)
> 01 (7) / [Z\ (D3, f w)!”] dw] : (10.75)

all zg < x <b.
In (10.75), (Ao (z) [xs=0) of @1 (x) is given by (10.49).

Proof. Based on Theorem 10.11. O

Corollary 10.16. (to Theorem 10.12, A\, =0, p (t) = ¢ (t) = 1). It holds

T M—-1
/ {{ > [|(D33fj+1) (W)™ (D2, £5) (w)] ™

F|D26) @ (D fr) )] ]}

{103 30) @) (D5, 71) ()]

Au}}dw >

(D% 1) @) [(DF, far) (w)
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Z |(D;0fj) (w)|P

Jj=1

Y ((Av+25)/p)
(Ml—(h-i-)\a/r’)) 2((/\u+/\ﬁ)/P)(p2 (z) {/ ] dw )
o ;

(10.76)
all zg < x <b.
In (10.76), (Ao () [x.=0) of wq () is given by (10.52).

Proof. Based on Theorem 10.12. O
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Converse Riemann-—Liouville
Fractional Opial-Type Inequalities
for Several Functions

A collection of very general L,(0 < p < 1)-form converse Opial-type
inequalities [315] is presented involving Riemann — Liouville fractional
derivatives [17, 230, 295, 314] of several functions in different orders and
powers. Other particular results of special interest are derived from the
established results. This treatment is based on [47].

11.1 Introduction

Opial inequalities appeared for the first time in [315] and since then many
authors dealt with them in different directions and for various cases. For
a complete account of the recent activity in this field see [4], and it still
remains a very active area of research. One of the main attractions to
these inequalities is their applications, especially in proving the uniqueness
and upper bounds of the solution of initial value problems in differential
equations. The author was the first to present Opial inequalities involving
fractional derivatives of functions in [15, 17] with applications to fractional
differential equations. See also [64, 65].

Fractional derivatives come up naturally in a number of fields, especially
in physics, for example; see the recent books [197, 333]. Here the author
continues his study of Riemann — Liouville fractional Opial-type inequalities
now involving several different functions and produces a wide variety of
reverse results. To give the reader an idea of the kind of converse inequalities
we are dealing with, we briefly mention a specific one (see Corollary 11.15).

G.A. Anastassiou, Fractional Differentiation Inequalities, 229
DOI 10.1007/978-0-387-98128-4_11, (© Springer Science+Business Media, LLC 2009
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DPf;(s)

z [ M \
[ (Zemnor
Jo \io5

( )\B ))‘ﬂ/p 1 ( p—l ))\al(p—l/p)
Aar +Ag (T(B—ay))t \Bp—aip—1

Y
( P—As )(p s/%) x((/\alﬁp—halaw—/\al-s—p—)\ﬁ)/p)]
)\alﬁp - )‘0410‘117 - >\041 +p- )‘ﬁ

[ M
/ [ D75 )] ds
o |

where iy >0,0< -0y <1/p,0<p<1,and Ao, >0, Ag > p.

All fractional derivatives involved here are of Riemann — Liouville type.
The Lo fractional derivatives D? f; in [0, 2] are each of fixed sign a.e. on
[0,2], and DP=Ff;(0) =0, for k=1,...,[8|+1;j=1,..., M.

Here [-] denotes the integral part of the number; I" stands for the gamma
function.

Aﬁ) ds > {(Ml—(()\al"r)\ﬁ)/P))

)

] ((Nay+28)/p)

11.2 Background
We need

Definition 11.1. (see [187, 295, 314]). Let « € R4 — {0}. For any
feLi(0,x); x € Ry —{0}, the Riemann — Liowville fractional integral of
f of order « is defined by

1

() ()= 705 /O (s— )L f(£)dt, Vs € [0,a], (11.1)

and the Riemann — Liouville fractional derivative of f of order o by

Df (s) := ﬁ (i)m/os (s — )™ () dt, (11.2)

where m = [a]+1, [-] is the integral part. In addition, we set DOf := f :=
Jofs Jouf = Dfifa >0, D=f = Jof, if0 < a <1 If a €N, then
Def = (@ the ordinary derivative.

Definition 11.2. [187]. We say that f € L, (0,z) has an Lo frac-
tional derivative Df in [0,2],2 € Ry — {0}, iff DYk f € C ([0,2]),k =
1,...,m = [a] + ;& € Ry — {0}, and D' f € AC ([0, x]) (absolutely
continuous functions) and D*f € Ly (o, z) .
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We need

Lemma 11.3. [187]. Let « € Ry, > a, let f € Ly (0,2) ,x € Ry —{0},
have an Lo, fractional derivative DPf in [0,2], and let DP7Ff(0) = 0
for k=1,...,[6]+ 1. Then

DO (s) = —— )/Os(s_t)ﬁ—“—lz)ﬁf(t)dt,vse[o,x]. (11.3)

-«
Here D*f € AC ([0,z]) for B—a > 1 and D*f € C([0,x]) for 8 —«a €
(0,1), hence D*f € Ly, (0,x) and D*f € Ly (o,x).

11.3 Main Results

11.3.1 Results Involving Two Functions

We present our first main result.

Theorem 11.4. Let a; e Ry, 0<f—a; <1/p, 0<p<1,i=1,2,
and let f1,fo € L1 (0,z),2 € Ry — {0} have, respectively, Lo, fractional
derivatives DP f1, DP fo in [0,2], each of fized sign a.e. on [0,z], and let
DB=Ef(0) =0, for k=1,...,[8]+ 1;i =1,2.

Consider also p (t) > 0 and ¢ (t) > 0, with allp (¢), 1/p(t), ¢ (¢t),1/q(t) €
Lo (0,2). Let Ag > 0 and Aq,, Ao, > 0, such that Ag > p.

Call

P (s) := /0 (s — PP/t ()P D g =120 < s <,
(11.4)

A(s) = q(s) (P (8))/\11((1771)/17) (P, (S))/\az((pfl)/p) (p(s))*)‘ﬁ/P (1L5)
(T (B =) (T(8 — az)) e

(p=2p)/p

A= ([ (A ds) (11.6)

and
5y = 2= ((er#20)/p) | (11.7)

If Ao, =0, we obtain that

/0 a(s) [ID° fi ()1 (D2 fu ()] + 1D fa ()0 [DP fo ()] ds
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(Ao (x) |)\a2:0) <)\a1>\‘i )\B>AB/p 51 {/Omp(s) [|Dﬁfl (S)|p+

D% (s)]" ] ds| (O zrnie) (11.8)

Proof. From (11.3) and assumption we have

D% £ (3)] = 1 /s<s—t>ﬁ*“”1!Dﬁfj<t>!dt» (1L.9)

L(B—ai) Jo

Vse[0,2], i=1,2; j=1,2.
Next, applying Holder’s inequality with indices p, p/ (p — 1), we find

i f (g :; ? s — B—a;—1
D% (s)] )/0< )

L'(B—a
(P )" (@) |Df; (1)) dt (11.10)
1 s . Bai1 “1/p p/p—1 (p=1)/p
> v ([ (=07 o) ) (11.11)
s 1/p 1
B P _ (s p—1/p
([ ralornela)” = pma )
s 1/p
(/O p(t)|DP; (t)ypdt) . (11.12)
That is, it holds
s 1/p
|D%i f; (s)] > F(Bl—oz,-) (P (s))P~V/P (/O p(t)|D°f (t)’Pdt>
(11.13)
Put s
zj () ;:/ p ()| DPf; (1) dt, (11.14)
0
thus,

2 (s)=p(s)[D°f; ()], ae in (0,2), 2 (0) =0; j=1,2. (11.15)

Hence, we have

[D* f; (s)] = (P ()17 (2 (s)'7, (11.16)

T I(B- )
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" D7f ) = () (2(9) (11.17)
ae. in (0,2), i=1,2; j=1,2.
Therefore we obtain
q(s) [(D™ 1) ()1 |(D2 fo) (s)[ 2 [(D? f1) (s)] ™
240 5 _1041))&1 (P () 077 (2 ()7 (11.18)
1 As/p

(Pa ()2 077 (2 ()27 (p ()7 (21 ()
(11.19)

= A(s) (21 ()P (2 (5)) 2P (zi (s))wp Jae. in(0,2).  (11.20)

Consequently, by another Holder’s inequality application, we get (by
(p/As) <1)

/qu(s) (D™ f1) ()] [(D2 f2) ()2 [(D f1) ()| ds

Ag/p

> a0@) ([ (2 () () 2, (s)ds) 11.21
i (11.21)

Similarly, one finds

/0 ¢ (5)[(D* fo) (s)[*1 (D2 1) ()2 [(D* f2) (s)| ds
z Ag/
> a0 ([ @ @ g o)L
0
Taking A, = 0 and adding (11.21) and (11.22), we derive

| a@ [0 ) @1 107 £ (I 41D ) () 102 1) (9] s

> (Ao () [ra,=0) [(/Ox (21 (5)) 1/ (Z; (s)) ds> Xa/p .
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‘ , As/p
([ @ermaea)™] - a
0
(AO () ‘Aa2:0> [(21 (x))()‘(ﬂ +Xs/p) +
Aay+As/p L )‘/5/177
(22 (:E))( + )} <)\a1 +/\6> _ 1121
(>‘01+>\g/p)

(Ao () [ra,=0) (ﬁ)kﬁm </Ozp(t) |D? £, (1)|° dt)

(ra1+2/0)

+ (/ p()| Do (1) dt) =: (%). (11.25)
0
In this study, we frequently use the basic inequalities
27 a" b)) < (a+b)" <a"+b", a,b>0, 0<r <1, (11.26)
and
a"+b" < (a+b)" <27 (a" +b"), a,b>0, r>1. (11.27)

At last using (11.7), (11.26), and (11.27), we get

(¥) = (Ao (2) [ra,=0) < AaA—jAﬁ )z\a/p N
pr(t) [|Dﬁf1 (t)|” i |Dﬁf2 (t)m dt] (Xay+25/p)
0

Inequality (11.8) has been proved.

We remark the following.

Here we see that (p/p—1)(8—a;—1)+1 >0, =1/(p—1) > 0 and
p(t) € Lo (0,2); thus (see (11.4)) P; (s) € R, for every s € [0,z]; also
P; (s) is continuous and bounded on [0, z] .

By A\g >p >0, we have 0 < p/Ag < 1, p/p— Az < 0.

We observe that

(11.28)

L — o Aay — Qi Ay s Ag/p
10 = 70 TB =)™ (6= 02) ™ (v (s))

(Py (s)) 2 7P (P (s)) 2P e Lo (0,2)
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and 1/A(s) >0, a.e. on [0,z].
Therefore 0 < Ap (x) < oo, and all we have done in this proof is valid.
]

The counterpart of the last theorem follows.

Theorem 11.5. All here are as in Theorem 11.4. Further assume

Aoy > Ag.
Denote
5y = 217 (Xaz/ %) (11.29)
and
O3 1= (0 — 1) 27 re2/As (11.30)

If Aoy =0, then

[ o 0 py@re | (0%8) 6 410 ) (o

(p°1z) (s)ﬂ ds

B A Ag/p
> (A0 @)l -0) 200 (22 )
e

(>‘B+)‘m2)/p

' (/pr(s) [{Dﬁfl ()" + D7 f (S)ﬂ ds) : (11.31)

Proof. When \,, =0 from (11.21) and (11.22) we find

/0 ") (1D f2 ()2 | DP f1 () + (D2 f1 ()2 [DP o ()] ] ds >

(11.32)
(40 (2) [r, =0) [( /0 (o) (5 () ds) v
([ or= () ) W] .
(Ao (2) |n., —0) 2728/7 (M ()7 1= (x), i)

by Ag/p > 1 and by (11.27), where
M (z) := /0 (22 ()22 2 () + (21 ()2 25 (9)| ds. (11.34)

We observe that
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M (z) = /Ow ((21 (s))Aag/Aﬁ + (22 (s))/\ag//\ﬁ> (le (s) + z; (s)) ds

- /0 ) (21 ()22 21 () + (22 ()2 2} (5)] dis (11.35)

(by (11.27))

wzs 223’\"2/)‘5213 225/3
52/0<1<>+ ()2 (21 (5) + 2 (5)) d

(s /\ﬁ) [ (@) QexP2/29) (@) Qa2 20) ] (11.36)

= 63 (21 (2) + 22 (@) o2 P/ 0) (Aa - AB)

_ (}\a:\j )\ﬁ) {(21 (x))((/\a2+/\ﬁ)/>\ﬁ) + (22 (m>)((/\a2+,\ﬁ)/Aﬁ)} (11.37)

[62 (1 (@) + 22 () P2 T20/20) (5 () CoraT29729) (55 () o T2/ 20)] |

11.38

(11227) ()\ /\f_A ) [52 <(Z1 (x))(xwﬂg//\ﬁ) + (2 (x))(xaﬁ,\ﬁ/xﬁ))
asz B

= |21 (@) Pz 29) (2 () Poa o) 2] (11.39)

:( As )(52—1) (21 (@) O t29729) (2 (@) (o 3a29)]
(11.40)

(11.27) g (hea +25/25)
> ag BIAB i .
(Aa2 Aﬁ> 83 (21 (%) + 22 (2)) (11.41)

That is, we get that
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Ag
> (25
M(l‘) - (/\a2 —|-/\5

Therefore, by (11.32),(11.33), and (11.42), we derive

>%@mm+@uwhﬁ“mﬂ (11.42)

by As/p
(92 (40 0) 1o, -0) 2007 (2 )

537 (21 (1) + 22 () Do )7 (11.43)
\ Ap/p N
— (A )o@/ [ B saolp
( O(x)|)\a1_0) Aoy + Ag 3

(Aas+r5/p)

Uomp(s) UD% (8)]” + D% fa (s)ﬂ ds] . (11.44)
We have established (11.31). O

We need

Theorem 11.6. (see [48]) Let 0 < s <z and f € Lo ([0,2]), r > 0.
Define

F(s) = /0 (s— )" f(¢)dt. (11.45)

Then there exists

F' (s) _r/os (s—t)""' f(t)dt, all s € [0, 2] (11.46)

We proceed with a special important case.

Theorem 11.7. Let 1 < f—ay < 1/p, 0 < p < 1, a1 € Ry and
let fi,f2 € L1 (0,2), 2 € Ry — {0} have, respectively, Lo fractional
derivatives DB f1, DP fy in [0,z], each of fized sign a.e. in [0,x], and let
DB=Ef(0) =0, for k=1,...,[3] +1;i=1,2. Consider also p(t) > 0 and
q(t) 20, withp(t),1/p(t), ¢(t),1/q(t) € Loo (0,2). Let Aa 2 Aas1 > 1.

Denote

0y = (21—<Aa/xa+1> _ 1) 9= Aa/Na+1 (11.47)

x 1-Aat1 Aat1
L(z):= <2/0 (q(s))“/(“u“”ds) (AQT—T;) . (11.48)
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and
Py (z) = / (2= ) P70 (p ()T ds, (11.49)
0
_ ()‘a+)‘a+1)
P, (x)((P 1)/p)
T(a) e () [ L) 11.50
() <>< S (1L:50)
and
wy 1= 2P=1/P)(RatAat) (11.51)
(I)(lL') = T({E) w1. (1152)
Then

[ a@ [0 P D R @) D a9 D ()] s

x » » (Aa+rat1)/p
> (x) [/ p(s) (|D/3f1 (s)|" + |D5f2 ()] ) ds] . (11.53)
0
Proof. For convenience, we set
Qo 1= vy + 1. (1154)

By Lemma 11.3 and assumption we have

D™ = F ey

Vs e [0,2],i=1,2, and

/S (s — )71 DA, (1)) dt, (11.55)
0

D% fi (s)] = |V i ()] =
1 B B—a1—2 16}

A —t ! DP f; ()| dt, 11.56

N epme MO A LAC] (11.56)
Vs e [0,2],i=1,2.

By Theorem 11.6 we obtain that

(DY fi () = D fi (s) = D f; (s), (11.57)

Vse[0,z],i=1,2.
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So we have
a 1 ) —a;—1
D" 1y = e [, =07 D O] =gy, (5.
(11.58)
where 7 =1,2,i=1,2,0<s <z
We also have by Theorem 11.6 that
(9j.a1 (5)) = Gjaz (8)5 Gjai (0) = 0. (11.59)
Notice that, if 5 — as = 1, then
s () = [ 1DF; 1) at. (11.60)
0

Next, we apply Holder’s inequality with indices 1/Aq11 < 1, 1/(1 — Agg1) <
0 to obtain

/Ow g (s) D fy () [DOH fy (5)| " ds = (11.61)

Aat1

/f’fq (5) (gr.an ()™ ((92,a1 (3))/> ds >

0
T (I1=Xa+1)
Lo
0

(/Oi (Gres ()72 (g (5)) ds> o : (11.62)

Similarly, we find

| a@1m P (Do ) s >
0

T (1=Xa+1)
([ @ as)
0

(/OI (92,00 ()" (g1, (5)) ds> o . (11.63)

Adding the last two inequalities (11.62), (11.63), we derive

/0 Ca(s) [IDT P (DT R )] D7 g 9) D ()] as



240 11. Converse Riemann—Liouville Fractional Inequalities

Aa41

> (/OI (g (s))(1/1=Xa1) ds> (17 2en) {(/Oz (91,01 ()27 2041 (gg 0 (5)) ds> n

</O$ (oo ()24 (g1.0 () ds) QH] (11.64)

(11.27) © (1=Xa+1)
27 (2 e as) x
0

[ 01 0 (0000 () + (20 9 (g1 51t

Aat1

(11.65)
(notice (11.34) and (11.42), so similarly we have)
( ))/1- Aa+1)d8>(1_/\a+l)
Aat103 Aacts (Aat2at1)
(A +Aa+1) (91,01 (%) + 92,0, (2)) (11.66)
(Matrat1)
= L(2) (91,0, (%) + 92,01 () (11.67)
_ L() )
(1(8 = an)) e
x (Aa+ratr)
[0 oo o [0 0] + [0 0
(11.68)

(applying Holder’s inequality with indices p/(p — 1) and p, we find)

T L)?(ciw ) {/z<w7t><‘**al”“’/@*“ (p (1)) /=D dt]“p‘”/”(*aﬂwn
o N
(11.69)
z (Rat+2ra41)/p)
U p(t) (D f1 (8)] + |D" f (t)|)pdt} -
0
((ra+Xxay41)/p)

L (2) (1 (2))®~ /PPt rei)
(T (8 — o)) Petrats)

v (o] + o)l
(11.70)
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(Mat+Aat1/P)

1@ [ [0 (0°A 0]+ DR o)) a

= (ra+rat1/p)
U2 1 (@) 20 1M Gt rar) { [ro(pProf +|pPro|) a |
0 (11.71)
" (Ma+rat1)/p
— ®(2) U p(t) (\Dﬁf1 O +|D fs (t)|p) dt] . (1L72)
0

We have proved (11.53). O
We continue with
Theorem 11.8. All here are as in Theorem 11.4. Consider the special

case of Aoy = Ao, + Ag.
Assume here for j = 1,2 that

zj (z) := /xp(t) DA f; (1) dt € [H,9],0< H< U, (11.73)
0
along with

h — 1) hl/h—l

v (
hi= g >l My(1) = 0 (11.74)

Denote

p/p
T (x) == Ao () (>‘—5)A 9(P=2Xa, =3%3)/ (1, (1))—2(%1 +Xs)/p

)\al + )\,@
(11.75)
Then
| @ I @ 107 o (P [0 ()] +
(D% fy ()2 (D f ()M [DP fo ()] | s >
N T Q(Aa1+)‘5)/P
T (z) (/O p(s) <|D5f1 ()" + | D? (s)|p> ds) (11.76)

Proof. We apply (11.21) and (11.22) for A\, = Aa, + Ag, and by adding
we obtain
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| @ I @ 10 (P [0 (0] +

(D% fa () 1D fy (9 (D% (3)] ] ds

0

x As/p
> Ao (x) [(/ (=1 (3))>\a1/>\ﬁ (22 (5))>\a1+)\[3/>\ﬁ 2/1 (s) ds) +

T Xay /g 1 Ag/p
</0 (=1 (s))(AalJr)\ﬁ)/)‘ﬁ (22 (s)) ' 24 () ds) 1 (11.77)

Xay /g

[22 (s) 2, () + 21 (s) z; (s)} ds] = (11.79)

x Aoy /Ag , Ag/p
Ag () 20-29)/p [ | @260 (1 (5) 2 (9)) ds}

(11.80)

As/p
= A0 (0 20 (o ()22 (@) O ) (220 sy

(see [377])

2 ay ()2 (—dn Y (21@) iz )\ O
> Ao Ao + A8 2M,, (1)
(11.82)

— T (a) (21 () + 22 (2)) 2O $29)/7 = (11.83)
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R 2(Xay +2g)/p

T () [/ p(s) (‘Dﬁﬁ (s)|p + ‘Dﬂfg (s)’p) ds} . (11.84)
0

We have proved (11.76) . O

Next are special cases of the above theorems.

Corollary 11.9. (to Theorem 11.4) Set A\,, =0, p(t) = q(t) = 1. Then

/0 1D i () [DP £y () 4 (D fo () [DP o (3)] ] s =

x (A01+>‘B/P)
are) | [ [P0 @ + D% 0] s ,
where
As/p
Cy (z) == (Ao (2) [xa,=0) (AmAj/\ﬁ) o1, (11.85)
with
oy = 2" (Certr)/r) (11.86)

We have that

B ((Rayp=2ay)/p)
B 1 p—1
(o () bepmo) = { ((r - oq))*“l) ()

(11.87)
( p—Ag )((PM?)/P) y
)\alﬁp - )\alalp - )\011 +p - )\ﬁ

2((RarBp=Aaya1p=Xa, +p=X5)/p)

Proof. By Theorem 11.4. The constant (Ao (z) \,\azzo) was calculated
in [48]. O

We continue with

Corollary 11.10. (to Theorem 11.5, Ao, =0, p(t) = q(t) = 1, Ao
Ag). Then

>

2
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Ay

| om0 1025 6 4107 69

DA f, (s)|>\5} ds >
(11.88)

(As+Aay)/p

C:@) ([ [IDh 0 + 1075 ) as)

Here

(r-2s)/ Ao\ o
02 (J,‘) = (AO (.ﬁ) |>\a1:O) 2P 8)/P (m) (53 . (1189)

We have that

. ((Aazpanz)/p)
B 1 p—1
(AO (x)|)\o/1:0) {((F(ﬁ_a2)))‘a2> (ﬁp_aﬂ)_l)

(11.90)
< p— )\ﬂ )((P—/\ﬁ)/P) .
Aoz BP = Aay @2 — Aoy, +P — A

2((RagBp—Aasa2p—Xay+p=2s)/p)

Proof. By Theorem 11.5. The constant (Ao (2)][x,,=0) was calculated
in [48. O

11.3.2  Results Involving Several Functions

Here we use the following basic inequalities. Let aq, aa,...,a, >0, n € N,
then

al+...+a <(ag+...4+a,) <n"! <Za:> , >, (11.91)
i=1

and

a4 .. al) <(ar+...+a,) < Za:, 0<r<1. (11.92)
i=1
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We present

Theorem 11.11. Let a; € Ry, 0< G —a; <1/p,0<p<1,i=1,2,
and let f; € L1 (0,z), j=1,...,M € N,z € Ry — {0} have, respectively,
Lo fractional derivatives DPf; in [0,z], each of fized sign a.e. on [0,z],
and let DP7*f;(0) =0, for k=1,...,[f]+1; i =1,..., M. Consider also
p(t) >0 and q(t) 2 0, with all p(t),1/p(t), q¢(t), 1/q(t) € Los (0, ).
Let \g >0 and Ao, Ao, = 0, such that A\g > p.

Put

P(s) = / (5 — )P D/=1 () V=D gy i 1 9 0 < s <z,
0

(11.93)
As) o L PO (y ()220 sy
([ (8= an))™ (I (B — a))*
T (p—2Ag)/p
A (z) == (/0 (A(s))P/@—Aﬁ)ds) , (11.95)
and
5t = M ((ea+20) /) (11.96)
Call
Ag/p
o1 (x) == (Ao (x) [x,,=0) (ﬁ) : (11.97)
If Ao, =0, we obtain that
x M N
| a@ [ X 10ms @ (g )] | s =
. M ((Aay+2rs)/p)
i@ | [ o) | X100 ) ) ds ey

Proof. By Theorem 11.4 we get

x A A
/0 a(s) [|D“1fj @ D85 )|+ 1D S () [ D fya (9) } ds >
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(40 (@) ., 0) (Mf%)wal [re 70+

Aoy +Ag/
}( ' ﬁp),jzl,?,...,Mfl. (11.99)

D% fya1 ()] ds
Hence by adding all the above we obtain

M—-1

[ o { S 1D )P D7 )+

Jj=1

| D f 11 (3)\/\‘11 |Dﬁfj+1 (5)‘/\ﬁ} } ds

(Aay+25/p)

> 011 () {]g:l {/Omp(s) [’Dﬁfj (s)’p + ’Dﬁfj.u (s)ﬂ ds}

j=1
(11.100)
Also it holds

A B

/0 g () [ID7 £ )P D7 () (D% far ()P D7 s (9] s

((Aal +/\ﬁ)/p)

511 () [/Omp(s) [|Dﬂf1 (5)]" + |D? far (s)]”} ds} (11.101)

Adding (11.100) and (11.101), and using (11.91) we have

N - ai Ao 8 Ap
2 [Calo) | 107y 0 (D75 (0 | ds >
0 =

R

-1

((Rar+2s)/p)
] n

[/wp(s) |:‘D’8fj (s)’p + ‘Dﬁfj-H (s)’p} ds
0

1

d11 () { :

{/Oxp(S) [|Dﬁf1 (s)|p + |DﬁfM (S)H ds]

(11.102)

>

(Aay+25/p) }

x ) (()\d1+>\[3)/p)
Ml*(ku1+)‘ﬂ/p)51<p1 (x) {/O p(S) (22 ‘Dﬁfj (3)’1)) dS}
=

(11.103)
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‘We have established

[ ats ZID“J“ Yor [DPf, () | ds >

M1*(>\a1 +>\6/1’)51 (2(>‘a1 +)‘ﬁ/p)*l)

N M ()‘a1+Aﬁ/p)
o1 (2) { [ v [ 75, <s>|”] ds} o (o

thus proving (11.98). O
Next we give

Theorem 11.12. All here are as in Theorem 11.11. Further assume
Aas = Ag.
Denote

(r-2s)/ Ao\ o
@y (2) == (Ao (2) [5,,=0) 2P P(w) 577 (11.105)

If Ao, =0, then

M—-1

[ 108 X I @ (078 (9 +

=1

1 1y () [0 £y ()] +

197 e ()= (D24 )] 107 1 P D 41| 2
(11.106)
) " ((Ap+ray)/p)
Ml—()x5+)\a2/p)2(A5+Aa2/P)@2 (z) {/ p(s) Z ‘Dﬁfj (s)’l’] ds} .
0 j=1

Proof. From Theorem 11.5 we have

J, 4 [!D“wa (1 [y 0+ [0 gy ()

(s)\*‘*} ds >
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)()\5+)\,12/p)

@, (2) (/Omp(s) [[Dﬁfj ()" + |D fisa (S)H ds . (11.107)

for j=1,...,M — 1. Hence by adding all of the above we derive

= M-1
| e (Z [1D°2 £y (5)P=2 (D7 £ () +
D2 £ () |DP f0 ()] ] ) ds >
M—1 " (As+Xay/p)
x S Br (s O 1(s Pl ds
P | X ([ r@ 12500 + 10 ] a5)
(11.108)
Similarly it holds
/ Ca(s) [0 ()P (D7 (9] 4 1D i () [ D7 o (5)] ] s >
© (As+Xay/p)
o2 @) ([ o) |07 A 410 )] as) (11.109)

Adding (11.108) and (11.109) and using (11.91) we derive (11.106). O
We continue with

Theorem 11.13. Let 1 < f—a3 < 1/p, 0 <p < 1l,a1 € Ry, and let
fj€Li(0,z),j=1,...,M € N, =z € Ry —{0} have, respectively, L
fractional derivatives DP f; in [0,z], each of fized sign a.e. on [0,z], and
let DP=*f;(0) =0, for k=1,...,[8]+1; 5 = 1,..., M. Consider also
p(t) >0 and q(t) = 0, with p(t),1/p(t), q(t), 1/q(t) € Lo (0,2). Let
Aa = Aat1 > 1; @ is as in Theorem 11.7.

Then

= M—1
[ o {{ >[I0 P (D5 i )+

j=1

D fiq (s)] | DL (S)’/\QHH

+ [P 1 () [DM s () 1D far () [PV () | s >
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© M R (AatXxa+1)/p)
[ v (Z D75, (5 ) ds} .

j=1
(11.110)

Ml—()\a+Aa+1/P)Q(Aa-‘r)\aJrl/P)q) (z)

Proof. From Theorem 11.7 we have
1

- M—
[ 0@ X [ @r ot e

Jj=1
|Da1f+1 |Da1+1f ( )| a+1} ds
M—1 x (Aa+>\a+1/P)
[ p6 (105 @+ D s ) ]
=1
’ (11.111)
Similarly it holds
| @ [ s r (Dot o+
D far () [D2 L ()] ds
x (Aa+Aar1/p)
> P () [/ p(s) (‘Dﬁfl ()" + |D° far (s)|p) ds] . (11.112)
0

Adding (11.111) and (11.112), along with (11.91) we obtain (11.110). O
We present
Theorem 11.14. All are as in Theorem 11.11. Consider the special case

of Aoy = Aay + Ag. Here T (x) is as in (11.75).
Assume here for j =1,..., M that

zj (z) := /Ip(t)’Dﬁfj (t)}pdte [H, U], 0< H<WU.
0

Then

M—-1

/o 0(5)3 8 D (1D £ ()1 1D fiaa () P [ D2 ()

Jj=1

Ag
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+1D% £ () D fy () [Py ()]}
Ap

+ (I )P 1D s (9P D ()

+ Do f, (5)‘)‘a1+>‘6 D™ far (s)\Aal |DﬁfM (5)’/\/’} } ds > (11.113)

> M 2(Aa; +2p)/p
MO=(R0a1+35)/))22(Ner +26) /7T () { / p(s) (Z D%f; (s>!p> dS} :
0 1

Jj=

Proof. Based on Theorem 11.8. The rest of the proof is as in the proof
of Theorem 11.13. O

We continue with

Corollary 11.15. (to Theorem 11.11, Ao, =0, p(t) = ¢ (¢t) = 1). Then

T M
/0 Z'D(Mf Oq |D5f] (S)‘)‘B dSZ

" ((Aay+28)/p)

1%1 () /OI S IDPfi ()" ds . (11.114)

j=1

Here (Ao () [a.,—0) within ¢, (z) is given by (11.87). O

ag

Proof. Based on Theorem 11.11. O
We also give

Corollary 11.16. (to Theorem 11.12, A\, = 0, p(t) = ¢q(¢t) = 1). It
holds

M—-1

L Z s @07 o
0 =

D225 (5) 2 [D7 i1 ()] } +

[1D% far ()= D2 () + 1D £y (5) o | D° o ()] ] s >
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((As+Xaz)/p)

(Ml—(Ag+>\a2/P)> 2(>‘5+A“2/p)4p2 (z) {/“5
0

M P
Z ‘Dﬁfj (5)‘ ] ds
=1

’ (11.115)

In (11.115) , within @, (), (Ao (x)[x.,=0) is given by (11.90).

Proof. Based on Theorem 11.12. O

11.3.3 Results with Respect to Generalized Riemann —
Liouwille Fractional Derivative

We give the notion of a generalized Riemann — Liouville fractional deriva-
tive at arbitrary anchor point a € R; see [64].

Definition 11.17. Let v > 0; define

(DLf)(s):=(D"fq) (s —a), s> a, (11.116)
where f, (t) := f(t+ a) is the translate function, for v = 0 both sides
equal to f (s), and for v = n € N we get (D" f) (s) = f(™ (s), the ordinary
derivative.

Clearly here

(DUf) (2 +a) = (D) (2).. (11.117)
For p(s), DYf (s) € Loo (a,2), > a, a,x € R we get

w—a

/wmy)(D:;f)(y)dyz [ perowiry@d s

all a < w < z.

So here we transfer the results of Sections 11.3.1 and 11.3.2, using the
above concepts, to arbitrary interval [a, 2] . Thus earlier results are applied
to f, over [0, — a], for f over [a,z] and use the generalized Riemann —
Liouville fractional derivative. This method was applied extensively in [45];
see there for all details concerning this transfer.

We need

Definition 11.18. [45] We say that f € L; (a,w), a < w; a,w € R has
an L, fractional derivative D f [3 > 0] in [a,w], iff

(1) D feC(a,w]), k=1,....,m:=[0] +1
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(2) DI f € AC ([a,w])

and

(3) D7 f € Lo (a,w).

We need

Lemma 11.19. (see [45]) Let > a >0 and let f € Ly (a,w) have
an Lo fractional derivative DS f in [a,w], and let (D% f) (a) =0, k =
1,...,[8]+1.

Then

Do f (s) = ! )/S(s—t)ﬁalfo(t)du (11.119)

I'f—a«
all a < s <w.

Clearly here D2f € AC ([a,w]) for B —a > 1, and in C ([a,w]) for
B—a€(0,1), hence DY f € L (a,w), and DS f € Ly (a,w).

Notice that for > 0 that

(DB f) (a) = D% £, (0), all k=1,...,[3] + 1. (11.120)

Here we only show two such transfers; for the rest of the results so far we
can get similar corresponding transfers, acting as in [45].

We give

Theorem 11.20. Let «; >0, 0< 8—a; <1/p,0<p<1,i=1,2, and
let

fi,fo € L1 (a,x), a,z € Ra < x,

have, respectively, Loy fractional derivatives D2 fy, DB fy in [a,x], each of
fized sign a.e. on [a,x], and let D% f;(a) = 0, for k = 1,...,[8] + 1;
i=1,2.
Consider also
p(#) > 0 and g (1) >0,

with all L L
pt),—, q(t), — € L (a,x).
OO R
Let
Ag > 0and A, Aa, >0,
such that

)\5 > p.
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Put

P; (s) :== /0 (s — t)p(ﬁ_o‘i_l)/p_l (p(t+ a))_l/(p_l) dt, 1=1,2; 0<s<z—a,
(11.121)

Als) = q (s +a) (P, (s)) 1@~ VP) (P, () o2 P=1/P) (1 (5 4 @) 20/P
(T8 = )™ (T (8 — az))™2 ’
(11.122)
e (p=25)/p
A (z —a) := (/O (A (s))P/ P=25) ds) 7 11123,
and
5y = 21~ (Rar+Xs/p) (11124

If Aoy, =0, then

[ a@ [0 s 0P DA + 1D fa () (D2 (9] ] ds =

(o) heo) (525 ) 0 [ p0) I8+

D212 ()] ds| (Ootrle) (11.125)

Proof. We apply (11.8) for

fia =fi(+a), foo:=fa(-+a), p(-+a), ¢(-+a)
and the fractional derivatives
Dﬂflan Dﬁana Daiflum Dai’ng, 7 = 1,2,

all on [0,z —a] .

Namely here we have that the functions fi14, faq, p (- + a), ¢ (- + a) fulfill
all the assumptions of Theorem 11.4 on the interval [0,z — a] , so for Ay, = 0
we get by (11.8) that

D fra ()] + 1D foa ()

JARRTEEY (AT AT D% o (9]
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Ag/p r—a
> (Ao (z — a) |, —0) (MA—ﬁA;;> 5 UO p(s+a) [[D" fra () +

Ny +25/
1D foa (5)|"] ds}( vHhale) (11.126)
Using (11.117), and from (11.126) we find

/La a(s+a) [|Dg fi (s +a) ™ [DIfa (s + )| +
0

1D f2 (s + @) [DEf2 (s + a)| ] ds >

)\B )‘ﬁ/P r—a »
(Ao (z — a)[x.,=0) (W) 5 [/O p(s+a) [[fol (s+a)|”+
|DEfa (s + a)lp} ds} (estrarr), (11.127)

Let Fy, (s) := F (s +a), Gq (s) := G (s + a) denote the integrands of left
and right integrals of (11.127) . Notice easily that F,, G, € Lo (0,2 — a),
that is, F, G € Lo (a,x), hence F, G € Ly (a,x).

Thus

/:_aFa(s)dSZ/;F(s)ds, /Ow_a(;a@)ds:/;c;(s)d&

proving (11.125) . Notice for a = 0, inequality (11.125) collapses to inequal-
ity (11.8). O

We finish this chapter with

Theorem 11.21. Let «; >0, 0< 8—a; <1/p,0<p<1,i=1,2, and
let

fieLi(a,z), j=1,..., M eNa,zeR, a<uz,

have, respectively, Lo fractional derivatives DPf; in |a,z], each of fized
sign a.e. on [a,x], and let

DBFfi(a)=0, fork=1,...,[8]+1; j=1,..., M.

Consider also
p(t) > 0and ¢(t) >0,
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with all ) )
p(t),—, q(t), — € L (a,x).
()p<t) (t) G (a, )
Let
Ag > 0and Mg, Ao, >0,
such that
)‘ﬁ > p.
Call

P; (s) := /0 (s — t)p(ﬁ_o”_l)/p_1 (p(t+ a))_l/(p_l) dt, 1=1,2; 0<s<xz—a,
' (11.128)

q (s +a) (P () PP (Py (5)) 2 (@702 (3 (5 4 a))H0/P

A(s) = )
) (I(8 = a1))™ (I' (8 — az))™
(11.129)
T—a (p=2p)/p
Ao (z —a) = ( /O (A (s))P/(P=2a) ds) , (11.130)
and
5 = M= 20 /) (11.131)
Call
As/p
@1 (z—a) = (Ao (z — a)[r.,—0) (;—f_%) . (11.132)
If Aoy, =0, then
x M \
[ a6 (Zwm (5)P [ D1 (5] ) s >
) y ((hor+35)/)
dipy (x—a) [/ p(s) (Z \foj (s)’p) ds] (11.133)

Proof. Based on Theorem 11.11 (see (11.98)) and similar to Theorem
11.20. O
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Multivariate Canavati Fractional
Taylor Formula

We present here is a multivariate fractional Taylor formula using the Cana-
vati definition of fractional derivative. As related results we present that
the order of fractional-ordinary partial differentiation is immaterial, we dis-
cuss fractional integration by parts, and we estimate the remainder of our
multivariate fractional Taylor formula. This treatment is based on [40].

12.1 Introduction

The main motivation here comes from Canavati [101], Anastassiou [17],
and Anastassiou [19], where there is presented a Taylor univariate frac-
tional formula by using an appropriate definition of fractional derivative
introduced first in Canavati [101].

So we extend this formula to the multivariate fractional case over a com-
pact and convex subset of R¥, k > 2, for all fractional orders v > 0.

We give an estimate to the remainder of our multivariate fractional
Taylor formula. We give under mild and natural assumptions that the order
of fractional-ordinary partial differentiation is immaterial. Also we present
some fractional integration by parts results. The main overall ingredient
here is the Riemann-Liouuville integral.

G.A. Anastassiou, Fractional Differentiation Inequalities, 257
DOI 10.1007/978-0-387-98128-4_12, (© Springer Science+Business Media, LLC 2009
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12.2 Results
‘We make

Remark 12.1. We follow Anastassiou [19, p. 540] (see also Canavati
[101] and Anastassiou [17]). Let [a,b] € R. Let x,x¢ € [a,b] such that
x > xo, xo is fixed. Let f € C([a,b]) and define

L ’ x—t)V ! x x
T /xo( LY f(t)dt, o < a < Db, (12.1)

v > 0, the generalized Riemann—Liouville integral. We consider the sub-
space C7 ([a,b]) of C™([a,b]),n = [v],a:=v —n(0 < a < 1):

(S0 f)(x) =

C% ([a,b]) == {f € C"([a,]) : J{° o f" € C*([wo, b))} (12.2)

Hence, let f € CY ([a,b]), we define the generalized v - fractional deriva-
tive of f over [z, b] (see also Canavati [101] and Anastassiou [17]) as

Dy f o= (TP, f™) (12.3)

Notice that

(720 (@) = _t /z “aonefma (12.4)

I(l—a) /g,
exists for f € CY ([a,b]).
Let fz,(t) := f(xo+1t), 0<t<b—zy, x> xg.By change of variable
we obtain

(DG fao ) (@ = m0) = (D5, f) (). (12.5)

When v € N then the fractional derivative collapses to the usual one.

We mention the fractional Taylor formula. See Anastassiou [19, p. 540],
Canavati [101], and Anastassiou [17].

Theorem 12.2. Let f € CY ([a,b]), zo € [a,b] fized.
(i) If v > 1, then it holds

—z0)? - x— o)L
f(@) = f($0)+f'($o)($*xo)+f”($o)%+'"+f(" 1)(:30)%
+(Jy° Dy f)(x), all  x€a,b]: x> x0. (12.6)

(i) If 0 < v <1 we have

f(x) = (J;°D; f)(x), all x€lab]: x> x0. (12.7)
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We transfer Theorem 12.2 to the multivariate case.
We make

Remark 12.3. Let Q be a compact and convex subset of R*, k > 2;
z:=(21,--+,2k), To:= (To1,..-,Tor) € Q . Let f € C"(Q), n € N.
Call

gz(t) = f(xO + t(Z - -'170))70 <t< 1§gz(0> = f(:EO)?gz(l) = f(Z) (12'8)

Then

k J

k n
gt (0) = [(Z(zz - x(}i)%) f] (o). (12.10)
i=1 ¢

If all fo(zo) := 0%f/0x*(x0) = 0,0 := (1,...,qu), o € ZT, i =
1,....k; |af = Zle o; =: 1, then ggl)(O) =0, where [ € {0,1,...,n}. We

quote that
k

0
glz(t) = Z(ZZ — in)(()_jv(xO + t(Z — 1‘0)) (1211)
i=1 !
First let 1 <v <2 ;thenheren:=y]=landa=v—-1;1—-a=2—.
Because 0 <v—-1<1,thenn*:=v—-1=0,a*=v—-1—-n*=v -1,
and 1l —o* =2 —v.
Set ) .
(Jugy)(x) := —/ (x — )" tg.(t)dt, (12.12)
L) Jo
0<z<1.
Consider

C”([0,1]) := {g € C*([0,1]) : Jo_,g’ € C*([0,1])} € C*([0,1]),1 < v < 2.

(12.13)
Assume that as a function of ¢ : f, (zo + t(z — o)) € C*71([0,1]), i=
1,...,k, then there exists the fractional derivative ggy), gz”) = (Jopgl).
The last comes by using (12.11) to have

(esta) = s || -0 a0 (214)
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k C— T T i
_ Z?l(;zz_ > 0i) /O (@ =)' (’“)JJ:‘; (20 + t(z — w0))dt, (12.15)

0<z<1.
Hence it holds
(J27Vg;(‘r))l =

k T /
Z(Zi — x()i) (1_‘(2;_1/) /O (1‘ _ t)l—ugl']; (ajo —+ t(Z — xo))dt) (1216)

k
— Z(z — 201) (oo (fo, (0 + t(z — x0))))'. (12.17)
That is,
k of (v—1)
g(t) = Z(Zi — i) (8% (zo + t(z — xo))> : (12.18)

0<t<1, 1<v<2.
Thus the remainder turns to

k
(Logi (1) = D (21 = woi) [ (fo, (w0 + t(z = 20)) V(1) (12.19)

i=1

By (12.6) applied on g. we obtain

f(z) = g:(1) = f(zo) + (Jugl)(1). (12.20)
That is, it holds
k
f(2) = f(zo) + Z(zi — 20)[Ju (fa, (w0 + t(z — 30))) @~ V](1).  (12.21)

More precisely we find

F2) = Flao) + Do = 20) s
[0 et te eV 22
0

From Remark 12.3 we have established the basic multivariate Canavati
fractional Taylor formula.

Theorem 12.4. Let f € CY(Q), Q compact and convexr C R¥, k > 2.
For fivzed x0,z € Q, assume that as a function of t : fu,(xo +t(z — x0)) €
C10,1]), 1 <v<2,alli=1,...,k. Then
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f(z1,. 05 2) = f(wor, ..., xox )+

> o) [ ot e ) Ve (12:20)

(i) Given f(xo) =0, then

~ (i~ zoi) [
f(2) =; lF(V)O’ /0 (1= t)" " (fu, (w0 + t(z — )V Vat. (12.24)
We make

Remark 12.5. Continuing from Remark 12.3. Here f € C?(Q),Q C R?,
we have

2

g7 (t) = (21 — 5001)2 %(mo +t(z — o)) + 2(21 — xo1) (22 — Z02)
1

ﬁ(z +t(z—x0)) + (22— x )2&(3: +t(z — x0)) (12.25)
D10y L0 0 2 — 202 02 0 0))- .
Let 2<v<3;thenn:=[y]=2 a=v—-n=v—-2, 1 —a=3—v. Set
v*:=v—2;thenn* :=[v—-2]=0, a* = (v—2)—n*=v—-2, 1—a* =3—v.

We have (0 <z <1)

(st)0) = gy [ (o= 07 01t =

(21 - 101)2

1 ! 2—v
T(3—1v) /O (x =) 7" foran (o + t(z — z0))dt

+2(Zl - .1301)(22 — .2302)

i ’ 2—v
m /O (x - t) fﬂclasz (330 + t(z — xo))dt

+(20 — 202)? ! ) /Ox(x — )27 frnwy (o + (2 — 20))dt.  (12.26)

raé—v
That is, it holds.
(Js-092) (@) = (21 — 201)*(J3—u (frra, (0 + (2 — 0)))) (2)+
2(21 — wo1) (22 — 02) (30 (fary 2o (To + (2 — x0)))) (w)+
(22 = 202)*(J3—0 (fazes (20 + t(2 — 20)))) (). (12.27)
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Assuming now that fu,z, (zo +4(2 = 20)), fu,as(T0+1(z=20)), fasa,(To+
t(z — xp)), as functions of ¢ belong to C'*~2)([0,1]) we obtain that there
exists

9 (t) = (21 — 201)* (far s (w0 + (2 — 20))) D+
2(21 — wo1) (22 — 202) (fara2 (To + t(z — 20))) "+
(29 — 202) 2 (fanws (T0 + t(z — 0))) 2. (12.28)
Next we observe that
(1,99 (@) = (21 — 201)* (Jo (fara (T0 + t(z — 20))) " 72)(2)

+2(21 — w01) (22 — 202) (Ju (faras (T0 + t(z — 70))) ) (2)
+(22 = 202)* (o (fagas (0 + (2 — 20))) ™) (). (12.29)

We have proved via (12.6) the next Taylor type result.

Theorem 12.6. Let f € C%(Q), Q compact and convex C R2. For fized
xo, 2 € Q assume that as functions of t: fu,z, (o + (2 —x0)), faoiz.(To +
t(2=20));  fasws(To+t(z—10)) € C¥=2([0,1]), where 2 < v < 3. Then

()

of of

f(z1,22) = f(wo1,z02) + (21 — 9601)8—331(%0) + (22 — 3502)6—332

(z0)+
=0 s [ 0= 0 o+ 10z = 20
+2(21 — wo1) (22 — 3302)% /0 (1 =) (faras (20 + (2 — 20))) V"2 dt+
1 ! v—1 v—
(22 — xozfm/g (1= )" (s (w0 + (2 — 20))) V"2 dt.  (12.30)

(ii) When f(xg) = g—!l(afo) = aa—gg;(xo) =0, then

f(z1,22) = (21 — 201)” / (1= )Y (forz, (w0 + t(z — x0))) V2t

+2(z1 — xo1) (22 — 02)

/ - lezg (x[) + t(Z — 1’0)))(”_2)dt+

(22 — 02)” ﬁ/o (1 =) (fogay (0 + t(z — 20))) = 2dt.  (12.31)



12.2 Results 263

The following general multivariate Canavati fractional Taylor formula is
valid.

Theorem 12.7. Let f € C™(Q), Q compact and conver C R¥ k> 2;
here v > 1 such that n = [v]. For fized xo,z € Q assume that as functions
of t 1 folwo + t(z — 20)) € C»=™([0,1]), for all a := (ay,...,a), a; €
7 i=1,...,k; |a| = Zleai =n.

Then

()

k of
f(2’1, R Zk) = f(xm, R JEOk) + Z(Zz — in)a—xi(xm, S ,.Z‘Ok)

=1

{(Zf_l(zi - in)(f;;)Qf} (201, -, Tor)
2

+ + ...

|:<Zf_1(’zi - iUOi)a%)n_l f] (o1, - -, ok)
(n—1)!

n (v—n)
1 1 . k P
W/o (1-1) ! [(Z(zz—xm)ax> f} (zo + t(z — xp)) p dt.
(12.32)

(ii) If all fo(x0) =0, o = (a1,...,04), oy € ZT, i =1,...,k, |af :=
Z§:1a¢:l7l:0,...,n—l, then

f(zl’”"Zk):ﬁ/o (1—t)”*1

k n
[(Z(ZZ — ,’Eoz)aaxz> f] (LL'() + t(Z — SU())) dt. (1233)

Proof. Use (12.6). O

(Note that fractional differentiation is a linear operation.)
We make
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Remark 12.8. Continuing from the previous remarks. Let here 0 < v <
1. Assume that f(xg + t(z — z9)) € C¥([0,1]) as a function of ¢ . Then by
g-(t) := f(xo + t(z — x0)) we have

a6 = (fro+t(z—20))™, and (Jy g)(6) = (T (f(wo +1(z—20))) ™)) (2),

t € [0,1]. Hence

(J, g¢(1) = ﬁ /0 (1 —t)" "1 (f(zo + t(z — 20))) P dL. (12.34)

We have established the next multivariate Canavati fractional Taylor
formula when 0 < v < 1.

Theorem 12.9. Let bounded f : Q — R, where Q convex C R* k> 2,
such that as a function of t : f(xo+t(z—x0)) € C*([0,1]),0 < v < 1,z0,2 €

Q being fized.
Then

1
f(zl,...,zk.)r(y)/o (1 —t)" " (f(zo +t(z — x0)))Pdt.  (12.35)

Proof. Use (12.7). O
We make

Remark 12.10. Next we study the ordinary partial derivatives of frac-
tional derivatives. Let 0 < o < 1, f € C*([0,1]?), = € [0,1] fixed, and
consider

v(x, z) = /Oi(x — )" f(t, z)dt, (12.36)

Vze[0,1].
We observe that

ra) < [ Cw— )2 < e | w—trar-

11—«
B e
1—« l1—«

[1flloo

That is, the function

p(t) == (x—t)"f(t, 2) (12.37)
is Lebesgue integrable in ¢ € [0,z], Yz € [0,1]. Thus one can consider
integration in (12.36) over [0,x), Vz € [0, 1].
Also the function

Az)i=(x—t)"4f(t, 2) (12.38)
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is differentiable in z € [0,1], V ¢ € [0,2). That is, we have

N(z) = (z - t)*a%Nt € [0,z). (12.39)
Moreover,
/ —allO
@l @-n=| S (12.40)

Y (t,z) € [0,z) x [0,1].

The R.H.S (12.40) is integrable in ¢t € [0, z] and nonnegative. Hence by H.
Bauer [79, pp. 103-104] we obtain that (z —¢)~“0f(t, z)/0z is integrable
in t€0,2) and

0(z, 2) _/’3 B _oOf(t, 2)
9. ), (x—1t) 92 dt, (12.41)
vV ze[0,1].

We have proved

Lemma 12.11. Let 0 < a < 1, f € C1([0,1]?), 0 <z < 1. Then

% (/Ow(m —t)“f(t,z)dt) = /Ow(x —t)*“%dt, (12.42)

vz e€0,1].

We make

Remark 12.12. Assume now 0 < o < 1, f € C"*1([0,1]?), n € N.
Then by Lemma 12.11 we get

6 T Y 8nf B x Y 8n+1f

Let now v >0, n:=[v], a :=v —n.
We suppose existence of

§) = 00D (5, (G269) ) @ a2

Then it holds
(002D = 56w = 5 (o (50 (G02)) ) ) (o) =

z z
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3% <J1a (S;L—;lg(-,z)» (2, 2)

— 5 (o0 (o69) ) =002,

(9")(,2)): = g (2, 2), V(x,2) €[0,1]% v>0. (12.45)

That is,

In brief, it holds
(g(y))z = (gz)(u)~ (1246)

Under more similar suitable assumptions one obtains
(g(u))zz = (922)(V)» (g(V))le2 = (gnm)(u)a (g(u))mnm = (9212223)(V)7 S
(12.47)

We have established that the order of fractional-ordinary partial differ-
entiation is immaterial.

Theorem 12.13. Let g € C"1([0,1]?), and v > 0 such that [v] = n € N.
Assume the existence of g (x,2) , and (¢ (x, 2))., ggy)(x,z) both exist
and are jointly continuous in (z,z) € [0, 1]?.

Then

(9“(2,2)): = ¢ (@, 2), (12.48)

V(x,z) € [0,1]2.

We make

Remark 12.14. Next comes fractional integration by parts.
Let f,g € C”([0,1]), v > 0, n:= [v], @ := v — n. Here

v _ d(J1—ag™)
dx

d(Ji—af™)

@) —
o f .

9

That is, d (J1_ag™) = ¢Wdx,d (Ji_o f™) = f*)dz. We observe that

1 1
/ (N1 f ™) (@)™ (2)dz = / (Niea f™) (@) (J1—ag™) () =
0 0

(J1—a /") (1) (J1-ag™)(1) —/O (J1—ag"™)(@)d (J1-a ™) (2) =
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1
(J1-a f("))(l)(Jl—ag(”))(l)*/ (Ji—ag"™)(@) ) (2)da.  (12.49)
0
Next let us take g € C¥([0,1]), 1 <v <2, n:==1 a:=v—n=
v—1,1—-a=2-v, and fe C([0,1]).

Then ¢ (2) = d(Jo_,, ¢')(x)/dx; that is, d(Jo_, ¢')(x) = g (x)dz.
Hence

/ F(@)g¥) (2)dz = / F@)d( oy o)) =
0 0
1
F) (o ¢)(1) — / (o ') (@) f (2)d. (12.50)

We have established the following fractional integration by parts formu-
lae.

Theorem 12.15. (i) Let f,g € C*([0,1]), v >0, n:=[v], a :=v —n.
Then

/0 (Ji—a f™)(2)g™) (z)dz =

(Ji—a S") (1) (10 9™)(1) —/0 (J1—a ") (@) [P (@)dz.  (12.51)

(ii) Let g € C*([0,1]), 1 <v <2, f € CY([0,1]). Then

/ F(@)g® (@)dz = F(1) (o ¢')(1) — / (Jaey ¢)(@) [ (2)d. (12.52)
0 0

We make the last

Remark 12.16. Here we estimate the remainder (12.32). By definition
in this chapter (see (12.2), (12.3)), the fractional derivatives are continuous
functions. So the function

A )
Gy(t) := { [(Z(zz - xm)aii) f} (o + t(z — 330))} » (12.53)

i=1

t € [0,1], that appears in the remainder of (12.32), is continuous in ¢t. We
write the remainder (12.32) as
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& 9 n (v—n)
l(Z(zz in)&m) f] (zo +t(z —m0)) p dt =

1
I'()

/1(1 — )Gy (t)dt, v > 1. (12.54)
0
‘We obtain
1 1 L 1 1 B
R < 5 [ =060l < s [ G0l =

1
o) Gz o,1))- (12.55)

Also for p,g>1:1/p+1/qg=1, we get

1 1
RS s [ =07 G0l <
0

I'(v)
1 1 1/p 1 1/q
((1— t)“)%) (/ |G,,(t)|th) -
I'(v) </0 0
! . Gl (12.56)
T(v) (plv = 1) + /e VIO '
In the case p = ¢ = 2 we have
1 1
R £ =— —— G.|IL, . 12.57
‘ | = F(V) \/ﬁ || ||L ([0,1]) ( )
Finally we get that
1t - 1G]]
R,| < — 1—t)" " HG,()|dt < =—21==. 12.58
R < 5 [ Q=0 G0l < 2 (12:58)

We have established the following remainder estimate.

Theorem 12.17. All here are as in Theorem 12.7. Let R, be the re-
mainder in (12.32) (see (12.54)), and G, as in (12.53). Then

Gz, (j0.1)) G, (10,1))

L(v) 7 Tw)(p(v—1)+1)/r’
1GullLao1)  11Gulloo }
Fv)yW2v—1 T'(v+1))’

where p,q>1: 1/p+1/q=1.

|R,| < min{

(12.59)

Comment. The chain rule as in ordinary differentiation is not possible
in Canavati fractional differentiation. That limits us a lot from using the
multivariate Canavati fractional Taylor formula, as we employ the usual
one involving only ordinary partial derivatives of functions.
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Multivariate Caputo Fractional Taylor
Formula

This is a continuation of Chapter 12. We establish here a multivariate frac-
tional Taylor formula via the Caputo fractional derivative. The fractional
remainder is expressed as a composition of two Riemann—Liouville frac-
tional integrals.

We estimate the remainder. This treatment is based on [53].

13.1 Background

We start with

Definition 13.1. [134] Let v >0; the operator JY, defined on
Ly (a,b) by

1
(v)

for a < x < b, is called the Riemann—Liouville fractional integral operator
of order v. For v = 0, we set JO := I, the identity operator. Here I' stands
for the gamma function.

By Theorem 2.1 of [134, p. 13|, JYf(x), v > 0, exists for almost all
x € [a,b] and JY f € Ly (a,b), where f € Ly (a,b).

Here AC™ ([a,D]) is the space of functions with absolutely continuous
(n — 1)-st derivative.

JVf () = / (x— )" f(t)dt (13.1)

G.A. Anastassiou, Fractional Differentiation Inequalities, 269
DOI 10.1007/978-0-387-98128-4_13, (© Springer Science+Business Media, LLC 2009
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We need to mention

Definition 13.2. [58, 134] Let v > 0; n := [v], [-] is the ceiling of the
number, f € AC™ (Ja,b]) . We call the Caputo fractional derivative

1

DL, f(x) = NOED) /‘” (@—t)" "7 (1) (13.2)

YV € [a,b].

The above function DY, f (x) exists almost everywhere for = € [a, b].
If v € N, then DY, f = f) the ordinary derivative; it is also DY, f = f.

We need

Theorem 13.3. (Taylor expansion for Caputo derivatives, [134, p. 40])
Assume v >0, n = [v], and f € AC" ([a,b]).

Then
"=l ek (g . ,
o)=Y I e v i [ @0 DL @i (133
k=0 e
Vi € [a,b]

13.2 Results

We establish analogues of Theorem 13.3 to the multivariate case. We make

Remark 13.4. Let Q be a compact and convex subset of R¥, k > 2;
Z = (Zl,...,Zk), X0 1= (ZL‘Ol,...,IEok) € Q. Let f € CH(Q),HGN
Set
9= (t) == f (zo + t (2 — o)),
0<t<1; g:(0) = f(x0), 9 (1) = f (). (13.4)

Then
(J) <§ — T0i) l) f| (wo+t(z—x0)), (13.5)

i=0,1,2,...,m,
and

) f] (o) - (13.6)
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a = (ag,...,

If all fo (o) := 0%f/0x> (x9) = 0
M0y =0, where [ € {0,1,...,

ks o := Zle a; =:1, then g’ (0
quote that
k
0
Z — o) —f(x0+t(z—x0)).

1

<.

When f € C?(Q), Q C R?, we have

2
g7 (t) = (21— 51001)2 8—;; (o +t(z —x0))+
1

2

2(z1 — z01) (22 — To2) R (zo+t(z—x0))+

2
(22 — 202)° g—é (zo +t (2 — x0)),

and so on.
Clearly here g, € C™ (]0,1]), hence g, € AC™ (]0,1]).

Let now v > 0 with [v] = n.
By applying (13.3) for g. we find

Here we observe by (13.2) that

D%yg. (t) = ﬁ/@ (t— )" "L g™ (s) ds.

Let us consider the case of 0 < v < 1; that is, n = 1. Then

Doy () = =5 | (t= 97" sl (s
(13.7) 1 ¢ _ v
- r(1_y)/0 (t=>s)

k
(Z (2 — woi) 58_92 (xo+s(z— xo))> ds =

271

ag), a; € LT, 0 =
n}. We

(13.7)

(13.8)

(13.9)

(13.10)
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That is,

a 1—v af
Dyg= (t) = (2 — woi) Jy~ (6m~ (Io—l-t(z—xo))), (13.12)

=1

for all t € [0,1].
Consequently by (13.9) and (13.12) we get

1 ! v—1
f(z)=f(aro)+m/0 (1-1)

k
(Z (Zz — 1‘02‘) J&iu (gfo ({L‘O +t (Z — :L‘o)))) dt =

i=1
+Zk; — 0i) {(1”) /01 Q-
i (ggi (w0 + (2 — xo))> dt] . (13.13)

Based on the last comments we present the following basic multivariate
fractional fundamental theorem.

Theorem 13.5. Let Q be a compact and convex subset of RF k > 2;
2= (2z1,...,21), T0 := (To1, .- Tor) €Q, f €CH(Q),0<v < 1. Then

f(z) +§k; ) {21/)/01 (1—t)" !

Jg (gi_ (zo+t(z— xo))> dt] . (13.14)

We make

Remark 13.6. This is a continuation of Remark 13.4.
Let now 1 < v < 2;thatis, n =2, f € C?(Q), Q C R%
Then

1 K 1—v 1 (128)
D*OQZ()I‘(Q—z/)/O(tS) g, (s)ds =

1 t — a2f
m/o (t_s)l {(21—%1)23%%(:1004-8(,2—:50))—1—
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82
2 (Zl — .’Eol) (2’2 — 1'02) m (.’EO + s (Z — 1’0)) +

(20 — 3302)2 g—xg (o + s(z— mo))] ds =
(21 — o1)? [ﬁ /0 (t—s)'"" g—gjgf (w0 + 5 (2 = z0)) ds}
+2 (21 — wo1) (22 — %02)

{ﬁ /Ot (t—s)"" 6:66128];2 (zo + s (2 — x0)) ds]

e —a)* (s [ (690 S oot s (o - as)

= (21 — z01)° (Jg" (% (2o +t (2 — wo))>> (13.15)
+2 (21 — z01) (22 — T02) (Jg—” (% (zo +t (2 — xo))>>

+ (29 — z02)? (JgV (f% (2o +1t (2 — xo))>) .

That is, we get

D¥g- (1) = (21 — wo1)? (ng (% (wo +t(z— 560))))

2
42— o) (2 = o) (3 (o (o + = o)) ) ) +
(22 — 202)° <J§—" <% (zo+t(z— 3:0)))> ,0<t<1. (13.16)
2
Thus by (13.6), (13.7), (13.9), and (13.16) we obtain
f(z) = f(@o) + (21 — 2o1) 38_51 (o) +

(22 — wo2) g_ai (w0) + ﬁ/o (1- t)u_l
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{(21 —z01)° (Jg" @2{ (zo +t(z — xo))>> +

2

2(z1 — x01) (22 — ®02) (Jg_” ((9ng2 (xo +t(z— xo))>>

+ (29 — z02)? <J§“ (a (20 +t (2 — 20)) ))] (13.17)
of

= (00) + (21 = 01) 5. (10) + (22 = 02)

(21— 201)° (ﬁ /01 (1—t)"

(Jg" (;J; (zo+t(z— xo)))> dt) +

+2 (21 — zo1) (22 — 02) (ﬁ /01 (1—t)""

(JgV (az2gz2 (zo+t(z— xo)))) dt> +
o) (555 | o

(JO (;é (zo +t (2 — xo)))> dt) . (13.18)

We have established the following Caputo fractional bivariate Taylor
formula.

f
2
)

e (zo) +

Theorem 13.7. Let f € C?(Q), Q C R? compact and conver, z :=
(z1,22), ®o = (w01, T02) € Q, and 1 <v < 2. Then

(1) f (21522) = f ($01a$02) + (2'1 — 1‘01) 86_51

(o1, ®o2) +

0
(22 — x02) 8_:52 (o1, ®o2) + (21 — £E01)2

rly Yt (e %(%H(Z_xo)) dt
(v) Jo !
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1
+2 (Zl — xOl) (ZQ — 1'02) (F(ly) A (]. — t)yil

(ng (affafu (zo+t(z— xo)))> dt) +
(22 — 202)* (F(ly) /01 (11—

(Jg—” (gz (zo + (2 — xo)))> dt) ) (13.19)

Additionally assume that

I (= 9F

[ (z0) = B, (wo) = s (w0) =0,

then

1
(2) f (21,22) = (21 — 201)” <F(11/) /0 (1—t)"

<J§” (gi‘g (o +t(z— xo))>) dt

1
+2 (Zl — xOl) (Zg — .’EOQ) (F:(I-V) /O' (]. — t)yil

(Jg” (&:@fgxz (zo+t(z— m))) dt) +
2o (55 e

(Jg-v (gjé (zo + (2 — xo)))> dt) . (13.20)

We make

Remark 13.8. This is another continuation of Remark 13.4.
Let v >0,n=[v],feC"(Q). By (13.4), (13.6), and (13.9) we get
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n—1 Moz — zor) 2 x
(ks w00 22) £ (o)
;;[ S

1 ! yel
F(V)/o (1—1)""" D¥g. (t)dt. (13.21)
But we have

Dios- (0 = F=ss / (t— )"0 g™ (s) ds =

We have proved the following general multivariate Caputo fractional
Taylor formula.

Theorem 13.9. Let v > 0, n = [v], f € C™"(Q), where Q is a compact

and convex subset of R¥, k> 2; 2 := (21,...,21), 20 := (To1,...,Tox) € Q.
Then i
' of (x
1) f(2) = f(z0) + Z (zi — z0i) J;(x'o)_i_
i=1 ¢

k n
(- s

(xo+1t(z— xo))}] dt. (13.23)



13.2 Results 277

Additionally assume that fo (z0) =0, a == (a1,...,ax), oy € Z1, i =
1,...,k; |of ::Zleozi =:r,r=0,...,n—1; then

1 ! v—1 n—v
F(V)/o (1=t [J

k P n
{ [(i—l (e o) axi) !

We continue with

2) f(2) =

(xo+t(z— xo))}] dt =: R,. (13.24)

Remark 13.10. Here we estimate the remainder of (13.23), which is
the same as R, of (13.24).
The function

k 0 "
G, (t) = JS—V { [(Z (zZ — in) 83%) f]

i=1

(Ig+t(2:*$0))}, le [Oa 1]7 (1325)

which appears in R,, is continuous; see Proposition 114 of [45] and R, € R.
Similarly the remainder of (13.14) exists and the same holds for all the
integrals of (13.19); they are all real numbers.
So we can write
1

1
)/ 1—1)""'G, (t)dt, v>0. (13.26)
v)Jo

R”:F(

When v > 1 we obtain

1 ! v—1
IR, < m/ (1— 1)1 (G, () dt <

1 /1 1
|Gy (1) dt = =[G, ;
1—\(1/) 0 F(l/) | ||L1(0,1)
That is,
1
|Ry| < T0) IGvIlL, 0,1y - (13.27)

Also for p, g >1:1/p+1/¢=1and with p(v—1)+1 > 0 for v > 0,

we derive
1

I'(v)

1
R < [ -0 Gy 0l de <
0
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1/q

F<1u> (/ (a- t>”_1)pdt>l/p ( / 2 <t>|qczt) -

1 1

jrem| .
LW pw-1)+ 1)1/1’ Lq([0,1])
That is,
el < 1 : G (13.28)
TTTW) (pv— 1)+t 0D :

In the case of p=¢ =2 and v > 1/2 we have

1 1
R,| < NONTES 1G22y 0,1y) - (13.29)

Finally we get that
e v—1 Gyl
R, < — 1—t G, ()| dt < ——2;
that is,

G
< 4770 . .
IRul_F(V+1),V>0 (13.30)

We have established the following remainder estimate.

Theorem 13.11. All here are as in Theorem 13.9. Let R, be the re-
mainder in (13.23), and G, (t), t € [0,1] as in (13.25), v > 1.
Then

1Go Iy o, G2, 0.1
L) "Twpw-1)+1)7

G, G
1Gu L, 0.1 7 1G] oo ’ (13.31)
'(v)y2v—1T(r+1)

where p, ¢ >1:1/p+1/qg=1.

|R,| < min {
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Canavati Fractional Multivariate
Opial-Type Inequalities on Spherical
Shells

Here we introduce the concept of multivariate Canavati fractional differen-
tiation especially of the fractional radial differentiation, by extending the
univariate definition of [101]. Then we present Opial-type inequalities over
compact and convex subsets of RY | N > 2 | mainly over spherical shells,
studying the problem in all possibilities. Our results involve one, two, or
more functions. This treatment is based on [44].

14.1 Introduction
This chapter is motivated by the articles of Opial [315], Beesack [80], and

Anastassiou [15, 17-19, 26, 27, 61].
We would like to mention

Theorem 14.1. (Opial [315, 1960]). Let ¢ > 0, and y(x) be real, con-
tinuously differentiable on [0, c], with y(0) = y(c) =0 . Then

| e @lds < § [ @y (14.1)

Equality holds for the function y(z) = x on [0,¢/2], and y(x) = c—x on
[c/2,c].

The next result implies Theorem 14.1 and is often used in applications.

G.A. Anastassiou, Fractional Differentiation Inequalities, 279
DOI 10.1007/978-0-387-98128-4_14, (© Springer Science+Business Media, LLC 2009
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Theorem 14.2. (Beesack [80,1962]). Let b > 0.If y(x) is real, contin-
wously differentiable on [0,b], and y(0) =0 then

b
/ ly(x)y (x)|dz < g/o (v (z))*dz. (14.2)

Equality holds only for y = mx where m is a constant.

We describe here our specific multivariate setting. Let the balls B(0, Ry),

B(0,Rs); 0 < Ry < Ry. Here B(0,R):={z €RY :|z| < R} CRM, N >
2, R > 0, and the sphere SNV~ := {z € RY : |z| = 1}, where | - | is the
Euclidean norm. Let dw be the element of surface measure on S™~! and
let wy = fsN Ldw = 27N/2JT(N/2). For x € RY — {0} we can write
uniquely = = rw, where 7 = |z| > 0, and w = z/r € SV |w| = 1.
Let the spherical shell A= B(0,Ry) — B(0, R1) . We have that Vol(A)
wy(RY — RN)/N. Indeed A = [Ry,Rs) x S¥—1

For F € C(A) it holds

/A F(2)ds [5 B ( /R R F(rw)erdr> d; (14.3)

we often use this formula here.

In this chapter we present a series of various fractional multivariate
Opial-type inequalities over spherical shells and arbitrary domains. Opial-
type inequalities find applications in establishing the uniqueness of solution
of initial value problems for differential equations and their systems; see
[406].

14.2 Results
We make

Remark 14.3. We introduce here the partial Canavati type fractional
derivatives. Let f : [0,1]> — R. Let v > 0 ,n = [v] ,a = v —
n, 0 < a<1l; u>0 m:=|uy, 8:=p—m, 0<f < 1. Assume
J oMt f(t,s)/0z"0y™ € C([0,1]?); then (z —t)~%(y — s) PO f(t,5)/
0x™Oy™ 1is integrable over [0,z] x [0,y]; 2,y € [0,1]; that is,

F(z,y) // (x—1t)" )5%&&3 (14.4)

is real-valued.
Thus, by Fubini’s theorem, the order of integration in (14.4) does not
matter.
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Let now g € C([0,1]); we define the Riemann—Liouville integral; T is
the gamma function: [(v):= [[~ e "t "!dt, as

(Tvg)(x) = ﬁ /Ox(x — )" tg(t)dt, 0 <z < 1. (14.5)
We consider here the space
C¥([0,1]) :== {g € C"([0,1]) : Ti—a g™ € C*([0,1])}; (14.6)

then the v — fractional derivative of g is defined by ¢*) := (J1_q g"™);
see [101].

We assume here f(-,y) € C¥([0,1]), Vy € [0,1]; then we define the
v-partial fractional derivate of f with respect to x: 9f"(-,y)/0z" as

Pie), 9 (5 TLe)

oz ox"

T ) , Y (z,y) €0,1]. (14.7)
Also, we assume f(z, -) € C*([0,1]), Yz € [0,1], where
Cr([0,1]) == {g € C™([0,1]) : T1—p g™ € C'([0,1])}. (14.8)

Then we define the u — partial fractional derivative of f with respect to y:
oft /oyt (x, -) as

ofr(ey) O o
% -2 (jl_BW{@,y)) V(g €002 (149)

Define the space

CYH([0,1]%) := {f € C™T™([0,1)°) :

Tia (W) e ' ((0.1]), Yy € [0.1];

Ji-p (WJT(Z“;")) € C*([0,1]), Yz € [0,1];

3F,, Fy, Fy, € C([0,1]%)} . (14.10)

Define the mized Canavati fractional partial derivative:

I f(x,y)
oxvoyr
1 9% [T (Y _ 5 0" f (L, 8)
_ Al Bz S\
I'l—a)'(1-7) Bmﬁy/o /0 (@ =8y =) Qxnoy™ di ds.

(14.11)
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One can have anchor points xg,yo # 0; then all the above definitions go
through for = > z¢, y > yo.

Conclusion 1: Clearly then we have F,, = Fy,, and

8u+pf a,u+uf

= 14.12
Oxvoyr  Oyrdxv’ ( )
so the order of fractional differentiation is immaterial.
Here, it is by definition
I f(x,y)
oyroxv
1 0? vy oM f(t, 5)
— )7 Pz L dtds.
T(1—a)T(1—3) dyox /0 /0 (=) =8 g g dtds
(14.13)

Comment: (1) Let v =0; then n=a =0, and (14.11) becomes

o fx,y) _ 1 B ga f(t,s)
oyt r(1-p5) a9651//0 A Y oy™ dhds =

o5 8y8x// Baj;(ts)dtd_

(2 ([o-r242a) ) o

(14.14)
Notice for fixed y we have that (y—s)=% 9™ f(t,s)/0y™ is integrable over
[0, 4], so the function

ot = [-s) p A0S, (14.15)

is real-valued for any ¢ € [0, z].

By continuity of 9™ f/dy™ we have true that Ve >0 36 > 0
whenever [t; —t2| < 6 we have |0™f(t1,)/0y™ — 0™ f(t2,s)/0y™| < € .
We further have

Yy 6m 8m
ott) = ot = [ (oo (T - TS g
Hence
oltn) = gl < [ty oy ZA) - L g
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y 1-8
_ ) Bgs =Y
6/0 (y —s) Pds = 5 (14.16)
proving ¢(t) continuous.
Consequently
__ 1 9 ([ _p 0" f(x,5) _ 0" f(=z,y)
= (o () 0o S ) = S50

(14.17)

Conclusion 2: When v = 0, the fractional mixed partial derivative
collapses to the single fractional partial derivative.
(2) Let p=0; then m =08 =0, and (14.11) becomes

e A [ e S
G o)
otiee [ (o017 LDt iscontimaons i s € 0,4) =

ﬁ <6% (/Oz(x_t)—a %dt}) = % (14.19)

Conclusion 3: When p = 0, the mixed fractional derivative collapses
again to the single one.
(3) Let now n=v €N (i.e., a =0); then

O fwy) O ([TOf(ty) N\ 0wy
T‘%(/ o dt) o (14.20)

the ordinary one.
(4) When m = p € N (ie., 8 =0), then

0" fwy) D /y o f(x,s) 0" f(@.y) (14.21)

dyr By oy oym

the ordinary one.
(5) Furthermore, let finally both v =n € Nand p =m € N (ie,
a = [ =0). Then

S T / /y & i) A dtds =
oz Oyt axay Az oy™ N

3 (o ([ (] ) )
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O ([Tt () L\ 9T f ()
_63:(/0 R dt)_ prr T (14.22)

proving that the fractional mixed partial collapses to the ordinary one.
Fractional differentiation is a linear operation.

Conclusion 4: The above definitions we gave for the fractional partial
derivatives are natural extensions of the ordinary positive integer ones.

Having introduced the fractional partial derivatives we are ready to de-
velop our Opial-type results.

We make

Remark 14.4. First we consider a general domain. Let () be a compact
and convex subset of RN N > 2; z := (21,...,2x), Zo := (T01,..Ton) €
@ be fixed. Let f e C™"(Q), n € N. Set g,(t) = f(zo +t(z — 20)), 0 <
t<1;

9:(0) = f(x0), 9:(1) = f(2).
Then it holds

. N 9 I
g(t) = (Z(Zi — o) ax-> Il (o +t(z — a0)), (14.23)

i=1
7=0,1,2,...,n, and in particular
N af
gL(t) = ;(z = os) 52 (@0 + 1= = 20)), (14.24)
0<t<1.
Clearly here g, € C™(]0,1]). Let first 1 < v < 2; in that case we take
n := [v] = 1. Following [40] and by assuming that as a function of ¢ :

fu, (o +t(z — 20)) € C*71([0,1]), i = 1,..., N, then there exists g =
(J2—v ¢.), and it holds

N of (v—1)
g(t) = ;(Zi — To;) (axi (zo +t(z — Io))) , (14.25)
0<t<I1.

Also here we have

N i — L0i i 1—

(Ja—v 92)(t) = Zl:l(éz_y)o)/o (t—8)""" fo, (xo+8(z—x0))ds, (14.26)
0<t<1.

Clearly (J2—, g.)(t) € C*([0,1]) and (J2—, ¢-)(0) = 0. Therefore by (14.2)

we get

[ 15w g0l gl < 5 [ (0¥gu0)a vs e Dl (a2
0 0
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We have established the following Opial-type result.

Theorem 14.5. Let Q be a compact and convex subset of RN, N >

2; 2,70 € Q be fized; 1 <v < 2. Let f € CHQ). Assume that as a function
of t: fu,(xo+t(z —z0)) € C*71([0,1]),

i=1,...,N.
Then
1 ' ! 1—v
e /0 ;(zi — Zo;) </O (t =) 7" fu; (w0 + 5(2 — xo))ds>
N
Z(Zi — 20i) (fa, (w0 + t(z — 30))) V| dt <

s s N 2

> /0 (Z(z — 20:)(f, (w0 + t(2 — xo)))(”1)> dt, (14.28)
Vs el0,1].

Remark 14.6. (Continuation) Let here v > 2 and n:=[v], 8 :=v—n.
We assume that as functions of t: fo (o +t(z — 20)) € C*=™)([0,1]), for
all a:=(ag,...,ax), ; €ZT, i=1,...,N; |a| = Zfil a; = n. Clearly
then there exists ¢\ = (Ji-p gé”))’, and it holds

N 9 n (v—n)
g (t) = [(Z(z - a:m)ax) f] (zo +t(z — x0)),  (14.29)

all ¢t e0,1].
Of course, it holds

(Fis o)) L2 %ﬁ) / (t—s)"

r(1—
N o n

{ KZ(zi — Toi) M) fl (zo + s(2 — xo))} ds. (14.30)
i=1 B

Notice (Ji—p gi”))(o) = 0. Hence again by (14.2) we get

s s
| 150 90 1079 )1t <
0

5 /:(D”gz(t))th, Vse[0,1]. (14.31)

We have proved the following general Opial-type result.

Theorem 14.7. Let Q be a compact and convex subset of RN, N >
2; z,xg € Q be fized; v > 2, n:=[v], f:=v—n. Lt feC"Q).
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Assume that as a function of t: fa(xo+t(z —x0)) € C¥™([0,1]), for
all o= (ay,..ar), a; €Zt, i=1,....,N; |a| =N a; =n. Then

s t N !
ﬁ/o /O(t—s)ﬁ{[<2(zi—w0i)ai> f] ($0+S(z—w0))}d‘9

i=1

n 4 (v—n)
> f‘| (x0+t(z—x0)) dt <

L — |
it
B
|
8
S
S

n qv=n) 2
; /o [(Z(z — 20i) 81) f} (zo 4+ t(z —x0)) p dt, (14.32)
Vs el0,1].

Note. Following the last pattern one can transfer any univariate Opial-
type inequality(see [4]) into this fractional multivariate general setting.
Inasmuch as no chain rule is valid in the fractional differentiation, inequal-
ities such as (14.31), (14.32) are not revealing themselves to totally de-
compose into all of their ingredients. Next, working over spherical shells
we obtain a series of various Opial-type fractional multivariate inequalities
that look nice and are very clear.

We give

Definition 14.8. (see [17; 19, p. 540]) In the following we carry earlier
notions introduced in Remark 14.3 over to arbitrary [a,b] C R. Let x, 2o €
[a, b] such that x > xg,zo is fixed. Let f € C([a,b]) and define

GEne) = [ @m0 0 msash (143

the generalized Riemann—Liouville integral. We consider the subspace
¢y, ([a,b]) of C"([a,b]):

C% ([a, b)) == {f € C"([a,b]) : T ™ € CM[wo, b))} (14.34)

Hence, let f € C7 ([a,b]); we define the generalized v - fractional deriva-
tive of f over [xg,b] as

Dy, f o= (e ™) (14.35)

Notice that

(Jf”faf(”)) (z) = ﬁ /gﬁ(x — )M (1) dt (14.36)



14.2 Results 287
exists for f € C¥ ([a,b]).
Next we use

Theorem 14.9. [15; 19, p. 567] Let v, > 0, v > 1 such that v —~;, >
Li=1,....land f € CY([ab]) with fO(zg) =0, j=01,...,n—
1, n:= [v]. Here z,x¢ € [a,b] : * > xg. Let ¢1,q2 > 0 be continuous
functions on [a,b] and r; >0 : 22:1 ri=r.Let s1,8] >1:1/s1+1/s}) =
1 and sg,sh >1: 1/s9+1/sh =1 and p > s3. Furthermore suppose that

Q= ( [ dw) M oo (14.37)

Lo

and

@ = ([ wtyra) " < oo (14.38)

0

Call 0 :=p— s3/psa. Then

w)|"dw < Q1Q2

7,0

U{ Ty =) (U:

vi — 14 o)rie }
(z — 20)Eim (V=vi=Dritor+1/s:)

.((Zizl(y —; — D)risy) +rsio+ 1)1/
v r/p
([ wronnera) (14.39

zo

We next work in the setting of spherical shells introduced in Section 14.1,
Introduction.

We need

Definition 14.10. Let v > 0, n:= [v], o := v —n, f € C"(A), and
A'is a spherical shell. Assume that there exists Jf f(x)/0r" € C(A
given by

O fl) 1 0 ([, -a0"f(w)
Ra’r’l’ = F(]_ — a) E (/Rl (7“ - t) aTdt) 5 (1440)

)

where z € A; that is, * = 7w, r € [Ry, Ry, and w € SN~1.
We call 0%, f/0r” the radial fractional derivative of f of order v .
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We need

Lemma 14.11. Let v >0, v > 1 such that v—~ > 1. Let f € C"(A)
and there exists 0, f(x)/0r" € C(A), x € A, A a spherical shell. Further
assume that 0 f(Ryw)/0ri =0, 7 =0,1,...,n—1, n:=[v], Vw e SN
Then there exists 97, f(x)/0r7 € C(A).

Proof. The assumption implies that 0% f(rw)/0r" € C([R1, Ry]), Yw €
SN=1: that is, f(rw) € C% ([R1, Ro], Vw € SN~ Following [17], and [19,
pp. 544-545], we get that there exists 0}, f(rw)/0r", given by

o) 1T BRI )
1 - — )T 14.41
ory Ly —7) /Rl (r=1) orv dt; ( )
indeed f(rw) € C?zl([Rl,Rz]), Vwe §N-1,
Hence
a?% f(T w) 1 R oY f(tw)
. = _ \w—y—1 "R
ar T —7) Jp @ =1 et (14.42)

Let 7, — r, w, — w; then Xp, , (t) — X[ler](t), a.e.; also (r, —
)=l — (r — )77 and

O, f(twn) O, f(tw)

orv or?
Furthermore it holds that
0% f(tw,
Ko g (1) — 2 Pl 20)

L 0% f(tw)

Xip, () (r =)™ G v e on [R1, Ra]. (14.43)
However we have
v—y— a}% f(t wn)
Xip ) Ol =t 52— <
al/
(Ro — Ryt —le < 00. (14.44)
orv
Thus, by the dominated convergence theorem we obtain
2 0% f(tw,
X[thn](t)(rn - t)yivil % dt —
Ry r
Ro oY ¢
X[Rh,m] (t)(?“ - t)l/f“/fl %(w) dt, (14'45)
TnV

Ry
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proving the claim. [J

We present the following very general result.

Theorem 14.12. Let ~; > 0, v > 1l,such that v — vy, > 1; ¢
L...,l, n:=[v]. Let f e C"(A) and there exists 0% f(x)/Or"
C(A), » € A; A is a spherical shell: A := B(0,Ry) — B(0, Ry)
RN, N > 2. Furthermore assume that & f/0r7, j =0,1,...,n—1, vanish
on OB(0,Ry). Let r; >0 22:1 ri=p. Let s1,8] >1:1/s14+1/s) =1,
and Sa,8h >1:1/s9+1/sh =1, and p > sa. Denote

N m

(N=1)sy+1 (N=D)sj+1Y /51
R2 1 o Rl 1
) ’ 14.46
“ ( (N-1)s)+1 ) ( )
and |
R(lfN)SIQ/p+1 _ R(liN)s,Q/erl p/sh
Q2 = 2 - 1 . e
— 52
(1-N)2+1
Call o := p— 52/p32,
Also call
l o
S
1 &2 };[1 (F(V — 'yi))rl (V — - T o—)na
(RQ - Rl)(zizl(y_Wi_l)’“i-F%—i—ﬁ_l)
: 14.48)
1/s1 (
((Zé:l(y -7 — 1)7’1-51) 4 31(% B 1) n 1)
Then l
o f o s
/ H Rl (]/ Réru )
i=1

Proof. The assumption implies that f(rw) € C"([Ry, Rz]), 0%, f(rw)/
or’ € O([Ry, Rs]), ¥ w € SN~L. By Theorem 14.9 we have

Ry l
/]%1 Hl
Therefore it holds

Ro l
Lo~
SN—I Rl i=1

;i Ro
dr < C PNl
Ry

O, f(rw)
o

% flrw)|?
orv

dr) dw <

dr, Vw e SN-1,

(14.50)

o frw)|”

Orvi
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% f(rw) P

Ro
C V-1
SN-1 Ry 31""

Using Lemma 14.11 and by (14.3) we derive (14.49). O

dr) dw. (14.51)

We mention

Theorem 14.13. [15; 19, p. 573] Let v, >0, v > 1 such that v —-y, >
Li=1,....,0 and f € C%([a,b]) with fU9)(zo) =0, j=01.,n—
1, n:=[v]. Here x,x0 € [a,b] : © > xo. Let G(w) >0 continuous on [a,b]
and r; > 0: 2221 ri =r. Then

z !
[ atw) - TT0D% Aw)ydu

Nl (1D% f )\ [ = )it o)
T T (0 = + 1) (=" v+ 1) | '

We give

Theorem 14.14. Let ~; > 0, v > 1, such that v —v, > 1; i =
L...,l, n:= [v]. Let f € C"(A) and there exists 0% f(x)/0r" €
C(A), x € A; A is a spherical shell: A := B(0,Ry) — B(0,R;) CRN, N >
2. Furthermore assume that 07f/0r7, j = 0,1,...,n — 1, vanish on

0B(0,Ry). Let 7, > 0: 22:1 ri =r. Call

N-l(p, _ RSl rvtl
M = Ry (Bp— Ry) - > 0. (14.53)

Iicy (O =i+ D) (v = Yo rivi + 1)

Then
l Y Ti r
8R’1f(m) 27 V/2 Or, |
—_— de < M L 14.54
/A (H o AR 7P) ’ O |lo, 4 5
Proof. By Theorem 14.13 we get that
Re ! A flrw) " o% fl"
/ H RACC <M H Rl (14.55)
Rl =1 87"“ OO,A
Hence it holds
R> l 8% 7“ w T o T
/ (/ (H Rl ) dr |dw < M wy R, S .
SN-1 R1 T’Y‘ 37“” OO,A

(14.56)
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Using (14.3) and Lemma 14.11, we establish the claim. [

We need

Theorem 14.15. [61]. Lety >0, v > 1, v—y > 1, o, 3> 0, r > a, r >
1; let p>0, ¢ >0 be continuous functions on [a,b]. Let f € Cy (la,b])
with fO(x9) =0, i = 0,1,...,n — 1, n := [V]. Let x,z0 € [a,b] with
x > x9. Then

| atw)ip2, @10z, fw

(w)|*dw < K(p,q,7,v, o, 3,7,2,20)
0]
T , (a+p/T)
- ( [ v D, 5w dw) -
o

a a/r 1
K(p7qa’7a V,CY,ﬁ,T,.’L',JJO) = (Oé+ﬂ> ’ (F(Vfry))ﬁ

‘ r—a/r
. (/ (g(w))" - (p(w))—a)l/(r—a) . (Pl(w))(ﬁ(r—l)/r—a) - dw

0

(14.57)
Here

)

(14.58)

with

Pl (w) ——

w
/ (p(£) "Y1+ (w — )= DO/ gy
€T

0

(14.59)

We present

Theorem 14.16. Let v >0, v > 1, n:=[vjv—7>1, a,3>0, a+
B> 1. Let f e C"(A) and there exists Op,
a spherical shell: A := B(0, Ry) —

fla )/87' €C(A), z e A;Ais
B(0,R;) C R
assume that &7 f/Or? =0, for j =0,1,...,n —

, N > 2. Furthermore
17 on 0B(0,Ry). Then

Or, f(@)|” Ok, f(x) Ok, f(x) )| te

/A orY orv s K / ar,, de. (14.60)

Here
a/(a+p) R,
@ L B/(a+B)

K= — - - N—-1 P (a+5_1)d

<a+ﬂ> T(v— )P /Rl r (( 1(7)) r) ,
with

(14.61)

Py(r) ::/R tA=N)/atB=1) (. _ ) (v=y=D(atB)/(a+6=1) g, (14.62)
1
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Proof. The assumption implies that f(rw) € C™([R1, R2]) and
0% f(rw)/or’ € C([Ri,Rs]), V w € SN~1. Hence by Theorem 14.15,
Vwe SN we get that

2 B v @ 2 v a+p
/R TN71 6?%1.]((7&(“}) 8R1f(rw) dr S K r TNfl 8le(7‘w) dr.
Ry or7 orv Ry orv

(14.63)

Therefore it holds

SN-—1 Ry 67"’y 37“”
Rs Y. a+p3
=K </ (/ pN1 —le(rw) dr) dw) . (14.64)
SN-—1 Ry 37"’

Using Lemma 14.11 and by (14.3) we derive (14.60). O
We need

Theorem 14.17. [61]. Let v > 1, a,8 > 0, r > «, 7 > 1; let
p >0, ¢ >0 be continuous functions on [a,b]. Let f € C¥ ([a,b]) with
fOD(x0) =0, i=0,1,...,n—1, n:= [v]. Let x,2¢ € [a,b] with = > x.
Then

/ 9(w) | F(w)|? | D%, £(2)|* dw < K*(p,q, v, 0, B, 2, 20)

: ( / " p(w) | DY, fw)[" dw) o (14.65)

0

Here
«

a+p

K g Bora) = )a/r /)

z (r—a)/r
. (/ ((q(w))" - (p(w))—Ot)l/(r—a) . (pl*(w))(ﬁ(r—l)/r—a) ~dw> ’

- (14.66)
with

Pr(w) = / (p(£))~ 171 - (w — £) =D/ =1 gy (14.67)

Based on Theorem 14.17 we give similarly:

Theorem 14.18. Let v > 1, n = [v|, o, > 0, a+ 3 > 1. Let
f € C"(A) and there exists 0} f(x)/0r” € C(A), x € A; A is a spherical
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shell: A:= B(0,Ry) — B(0,R;) C RN, N > 2. Furthermore assume that
& f)ori =0, for j=0,1,....,n—1, on 9B(0,Ry). Then

9%, f(x)| 0%, f(x) |t
5 Rl < * Rl
/A f@)"| =57 de<K /A 57 dz. (14.68)
Here
o \(@/atB) Rs (8/(a+8))
K* = N=L(Py(r))leth=Dg
(+53) @@»ﬂ(ﬁhr (PL(r)) = dr ,
(14.69)
with
Pi(r) = / ") atB=1) (p — g)latD =D/ (a+f=1) gy (14.70)
Ry

Next we present a set of multivariate fractional Opial-type inequalities
involving two functions over the shell.

We need

Theorem 14.19. [26]. Let v > 1, 7,7, > 0, such that v —~y; >
L, v—2y>1,and fi,f2€C} ([a,b]) with

Do) = £$(wo) =0, i=0,1,....n—1, n:=y (14.71)
Here, x,x9,€ [a,b] : © > xy. Consider also p(t) > 0, and q(t) > 0

continuous functions on [xg,b].
Let A\, >0 and Ao, Ag >0, such that A\, <p, where p > 1. Set

Pi(w) = / (w— )PP ()T Da g =1,2, @ <w<b,

zo

(14.72)
Alw) = q(w) - (Py(w)) = (e=1/P) . (Py(w)) s (P=D/P) (p(w))~rv/P
| T =) (T =) |
(14.73)
. (p=Au)/p
Aole)i= </ A(w)p/(p_k")d“J) : (14.74)
and

) 21=(QatX)/P) i N, + A, < p,
51‘—{1, i Aot A > p.
(14.75)
If Mg =0, we obtain that

Av
+

[ aw) [0z @) (02,0) w)

Zo



294 14. Canavati Fractional Multivariate Opial Inequalities

|(D2 f2) (w)[* - [ (DY, fa) (w)

/\”} dw

A, A /p
< (Ao(@) [ns=0) - (W) .

x ((AatX)/p)
: [/ p(w) [|(D%, fr) (w)|” + [(Dy, f2) (w)]"] dw} - (14.76)

0

Similarly, by (14.76), we derive

Theorem 14.20. Let v > 1, v{,75 > 0, such that v—vy; > 1, v—"yy >
1, n:=[v], and fi, f2 € C"(A), and there exist 0% fi(x)/Or", 0%, fa2(x)/
orv € C(A), A := B(0,Ry) — B(0,R;) C RN, N > 2. Furthermore
assume 09 f1/0r7 = 3 f3/0r7 =0, forj=0,1,...,n—1, on OB(0,Ry).

Let Ay, >0 and Ao >0; A\g >0, p:=X,+ A, >1. Call

Pyp(w) == /w(w — )= =D/ (=) (1=N)/(p=1) gt (14.77)
Ry
k:1,2, ng’UJSRQ;

(N=1)(1~ (A /p) Xa((p=1)/p) As((p=1)/p)
Alw) =2 (P (w)) (P (w))™ . (14.78)
(C(r = 71))2e (T(v = 7))

R» Aa/p
Ao(Ry) := ( / (A(w))”/’\”dw) . (14.79)

Ry

Take the case of Az =0. Then

/. [ o] (B!
'@f) o (22 @ ] i <
e (5 () o () oo
(14.80)

We need
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Theorem 14.21. [26]. All here are as in Theorem 14.19. Denote

goom [ 2 =1 i Ag =N,
701, if Ag <\,

If A\, =0, then

[ aw) (|02 ) (D%, 51) )] +

0

(D322 @) (D%, £2) ()] o

Ny A Av/p A /p
<(A o) 2Pl [ v v
< U hmo) 2707 (20 )

(A +28)/p)
) . (14.81)

- ( / " pw) [|(D2, 1) @) + | (D2, f2) ()] dus

Zo

all 2o <x <b.

Similarly, by (14.81), we derive

Theorem 14.22. All basic assumptions are as in Theorem 14.20. Let
A >0, Ao =0, Ag >0, p:=X, +Ag > 1, Py defined by (14.77). Now it

18
wWN=D(A=X,/p) (pQ(w))Aﬁ((pfl)/p)

Alw) = , 14.82
w T — 2 (14.82)
Ry As/p
Ao(Ry) = ( / (A(w))”/)‘f’dw> . (14.83)
Ry
Denote /A
2 =10 af Ag = Ay,
03 .—{ 1. i Ag <A (14.84)
Then
A A §
/ O @) | O @) || fa) [ |0 o) |
A or72 arv or72 orv -
(Av/p) v P v p
A 0% f1(x) 0% fa(x)
/\ﬁ/P v Au/p Ry Ry
g 2o () s [ (BB B

(14.85)
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We need

Theorem 14.23. [26]. All here are as in Theorem 14.19 , (Ay, Ag # 0).
Denote

2(QatAa)/ A= if A, + A > Ay,

=4, i Aa+Ag < Ay, (14.86)
and
~ 1, lf )\a+)\ﬁ+)\u ZP;
Vo = { 21=(AatAs+X)/P) if N, + As + A < p. (14.87)
Then
’ V1 Ao V2 As v A
[ atw) [|(0n5) @ |03 £2) ()] (D5, ) ()
xo
H(D35) @] [(D282) () - |(DE, f2) ()] ]
Ay S T R AR
S AO(‘T) ()\a +)‘B)()‘Ot T /\5 + /\u) |:)‘a V2 + 2 (71)‘5) :|

z (AatAs+Ar)/p)
| (/ p(w) (I(Dz, f2) @)" +[ (D, f2) (w)[") dw) ’

0
(14.88)
all o <x <b.

Similarly, by (14.88), we obtain
Theorem 14.24. Let all basics be as in Theorem 14.20. Here, Ay, Ao, Ag

>0,p:=Xg+Ag+ A, > 1. Also Py, k=1,2 as in (14.77), and A(w)
is as in (14.78).

Here it is
Ry AatAs/p
Ao(Ry) = ( /R (A(w))”/’\“J“Aﬁdw) , (14.89)
(()\ +28)/ ) .
n={ ] TR eIy (14.90)
Then
/ R h@ [ 05 @)™ |9, i)
A orn or7z orv
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Ag

Aa
O (@) | |0k fo@) [ O, o) ||
T <
or7z orn orv

(A /p)
Ao(R2) M ' {/\AU/P + 2(>‘a+>‘ﬁ)/p(,y~1>\ﬁ)>\u/17:|
()\a + /\g)p «

/ (%lfl(ﬂc)
A

orv

p

0%, fo(z)
orv

p) da. (14.91)

We need

Theorem 14.25. [26]. Let v > 2 and ~; >0, such that v —~; > 2.
Let fi1, fo € C¥ ([a,b]) with

1(@)(%0) = g(i)(xo) =0, i=0,1,...,n—1,

n = [v]. Here x,xq € [a,b] : @ > xg. Consider also, p(t) > 0, and q(t) > 0
continuous functions on [xq,b]. Let

Ao >0, 0<Agq1 <1,
and p > 1. Denote

b 9Aa/(Aat1) _ 1, if Ao > Aas1s
3 = 17 Zf )\a S )\a+17

T (1—)\a+1) 0 A Aol
L(zx) := <2/ (q(w))(l/l()\oHrl))dw) ( 3Aa+1 > ’
o

)\a + )\a+1
(14.92)
and
x
Pi(e)i= [ (o= O D) oD a4
Zo
_ (Aat+Aat1)
Py (z)(® 1)/1)))
T(x) = L(z) - [ ot : 14.94
(@)= 1) (P2 (14.94
and
wy = 2@~ 1/P)RatAatr) (14.95)
O(z) =T (z) wi. (14.96)
Then
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Aa Aa
(D22 £2) @) [(D2 1) ()] dw <

z ((Aat+Xrat1)/p)
o) [ [ v (05,1 @)+ (05,1 <w>|”dw] 7

’ (14.97)
all  xp <z <b.

Similarly, by (14.97), we obtain

Theorem 14.26. Let v > 2, v; > 0, such that v —~, > 2, n =
[V]. Let f1,f2 € C™(A) and there exist 0% fi(x)/0r”,0% fo(x)/0r
C(A), A = B(0,R2) — B(0,R;) C RN, N > 2. Furthermore assume
D f1)0rd = fy)/0ri =0, j=0,1,....,n—1, on OB(0,Ry). Let Ay >
0, 0 < Ag+1 <1, such that p:= Ay + g1 > 1.

Denote
20/ Xatt) 1 if Ny > Aaat
bs = { 1, i Aa < Aasis (14.98)
L(Ry) :=
(1= Aat1) (N At )/ Aai1)  p(N-Aap)/(A-AqpN] P Tre+) (050041 Yt
[2(1\7— Xa+t1) (R & >] ( ’
(14.99)
and
Ro
Py(Ry) ::/ (Ro — £) =m=Dp/(G=1) L 0=N)/G=1) g (14.100)
Ry
pl(RQ)(pfl) .
®(Rs) := L(R») <— 2P, (14.101)
T —1))P
Then
Ao Aa+1 Aa Aa
O (@) [ [0 @) | O @) [ |0 @) [T
A or Ormtl or Ormtl v
O fr(@) [P 0%, fa(2)|”
< P(R L ! dx. 14.102
< & 2)/,4 < orv orv ) v ( )
We need

Theorem 14.27. [26]. All here are as in Theorem 14.19. Consider the
special case A\g = Ao + \,. Denote

~ )\ )‘V/P
T(x) := Ao(ac)(A jA) 2(P=2Xa=37)/p, (14.103)
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Then

[ aw) (|02 @) [(D3£) ) (02, 1) ()]

0

+ (D22 fr) ()™ (D2 f2) ()| | (D, f2) (w)
)2((Aa+/\u)/p)

)\"} dw <

1) ([ o) (02, 5) QO+ (0%, 2) )

Zo

)

(14.104)
all o <x <b.

Similarly, by (14.104), we obtain

Theorem 14.28. Here all are as in Theorem 14.20. Consider the case
Ag=Aa+ A Aa >0, Ay >0, \g >1/2, p:=2X\g. Here Py, k=1,2,
as in (14.77) and A(w) is as in (14.78). Call

(14.105)

Ro ((2Aa+A0)/p)
Rl >

Ao(Rg) = (/ (A(w))P/ (PAatAv)

Also set

~ )\ AV/P
T(Ry) := Ag(R2) (E) 2(=2/p) (14.106)

Then

Aa As A,

Iy, fr(x)

ar’Yl

Oy fa()

87“72

%, f1(z)
orv

A

O f1(x)
orz

A
0% fa(2)

Oor7

<

)\a
O, @) ™|
orv

p) da. (14.107)

We need

Theorem 14.29. [26]. Let v > 1, vy,79 > 0, such that v —~y; >
L v—"y>1 and fi,f> € CY ([a,b]) with f{"(xe) = 3 (o) =0, i =
0,1,...,n—1, n:=[v]. Here, z,x¢ € [a,b] : x > xg. Consider p(z) >0
continuous functions on [xo,b]. Let Ao, Ag, A, > 0. Set
(2 — o) PAa At A1) )

(PAa —71Aa + VA5 =795 + D(T(v — v, + 1) (D(v — v, + 1)))\’6 .
(14.108)

pla) =
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Then

[ o 1025 ) [(02.2) ) (021) ()] +

0

(D22 1) ()] |(D32 £2) (w) | | (DY, £2) (w)

Av

}dw

p(z) v 2(Aa+Ay v 2\ v 2\ v 2(Aa+Ay
< B2 [ID2, o202 + DY, AIE2° + D%, £l 29 + 1D, f2l 20 ]

2
(14.109)
all z¢g <ax <b.

Similarly, by (14.109), we get

Theorem 14.30. Same basic assumptions as in Theorem 14.20. Let
Aas Ags Ay > 0. Call

]:,»é\f—l(R2 _ Rl)(vkafﬂn Aa+rAg—v2A5+1)

Ry) = .
) = e b v — 3% £ DT — 7 + DV (O — 75 T D)
(14.110)
Then
Ao A
/ o ()| |0k fal2) |7 |0, fr(@) |
A orm orVz orv
Y2 Ap Y1 Ao v Au
O fi(x)| | Og, fo(x) | | 0%, f2()
dr <
orz orm orv
(R T [P 2Rt gy £ |2
PERIr Ny || o | o o ||
oY 2Xp oY, 2(Aat+A0)
iy /2 i /2 . (14.111)
or” || or” ||
We need

Theorem 14.31. [26]. Assume, as in Theorem 14.29, \g = 0. It holds

[ o) [[020) @) (D5, 7) @)+

0

(D23 f2) (w)|* - | (DY, f2) (w)

A"} dw <
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(& — @)A1 2 4V |Ip() || o b [ ratA o ratA
(s e o) 1Pl ™ oz ).
(14.112)
all xg <z <b.

Similarly, by (14.112), we derive

Theorem 14.32. All are as in Theorem 14.30. Assume Ag = 0. Then

Aa b Aa A |
[ || g e o] ,,

A Orn orv orn orv -
oxN/2 Ré\/fl(Rz _ Rl)(VAa771A0+1) 8]”%1 f1 Aoty 3}%1 f2 Aot
T(N/2) (vAa — Y1 Aa + DTV — 91 + 1)) e orv orv ||

(14.113)

We need

Theorem 14.33. [26]. (In relationship to Theorem 14.29, g = A\, +
Av.) It holds

[ vt (0200 @) [(D3.£2) ()7 (D2, 1) ()] +

0

(D22 f1) ()] (D22 £2) ()| [(D, £) (w)

( (l’ _ xo)(2V/\a_71)‘u+VAV_”/2)\a—72)\u+1)
(

20 — Y1 Aa + VAL — Yo ha — VoA, + 1)

/\"} dw <

, [P(2)]] 0 >
(T(v — 4 + 1) (T(v — 4 + 1)) ratrv
: (HDQOﬁHZ(A“H” + H(D;sz)HiiA““”)) : (14.114)

o0

all  x9g <z <b.

Similarly, by (14.114), we derive

Theorem 14.34. All are as in Theorem 14.30. Assume Ag = Ao + Ay
Then

Aa Aat+Ay
/ 87{11 f (Zﬂ) 3?%21 fo (JL‘) aj{%lfl (x) A
A orn orvz orv
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Xa+Ay Aa
O h@)|" | @) O, L) M| (2
Or7z Or: orv —\I(N/2)

Révfl(Rz _ Rl)(ZV)\a771)\Q+V)\,,7’yz>\a772)\y+1)
2vAa = 71Aa +vA0 = Y2ha = Y2 dw + DT — 1 + 1) e (D — v 4 1)) et
o 2(Aa+Av) oY 2(Aa+Xy)
i /1 , J2 . (14.115)
or” || o or” ||

We need

Theorem 14.35. [26]. (In relationship to Theorem 14.29, A\, =0, A\, =
Ag.) It holds

/ () [| (D3 1) ()] - (D22 £2) () +

Lo

(D22 £2) () - [(D32 f2) (w)[ ] dow <

p*(x) [HDZOJ‘HHii“ + ||DZOf2HZ2“} : (14.116)
all To < x <b
Here
(= wg) B2 Ae 1A HY - p(a)|

prie) = ((ma = 71Aa = Y2ra + DV =7y + 1)) (T — 75 + 1))*&) '
(14.117)

We get, by (14.116), the result

Theorem 14.36. All are as in Theorem 14.30. Assume A, =0, A\, =
Ag. Then

Ao Ao Ao Ao
/ Ot fr(e) |7 |9 fal) O hi@) "o fe@ [
A orn Orz 2 Or =
2N/ O, fr || || 9%, Lo ||
* . L 14.11
L U 2 R v I RS

where

Ré\lil(RQ _ Rl)(2l’Aa_'Yl>\a_"/2Aa+1)

*(Ry) :=

p(R) (<2m e e T DT TP 7, T wa)
(14.119)
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We need

Theorem 14.37. [26]. (In relationship to Theorem 14.29, A, =0, \g =
Av.) It holds

[ o) (10322 @) |0, 1) )+

(D3 12) @)Dz, ) ()] aw <
( (x — 20) =722 - |[p(2) oo > . {HD” leW

y 27
(vAg = 7228 + (T — 75 + 1)) o T H(onh)Hooﬁ}’
(14.120)

allxg < x <b.

We get, by (14.120), the next result.

Theorem 14.38. All are as in Theorem 14.30. Assume A\, = 0 and
Ag = A. Then

Ag

A
/ O fo@) [ |0, @)™ O fr@) || O, o) |
A Or7z orv or7z orv -
27TN/2 Révjl(Rg _ Rl)(VAﬁ772Aﬁ+1) 811%1]1-1 273
(F(N/2)> (¥Ag = 7225 + D(T(v =75 + 1)) ‘ oY
+ ‘ o | | (14.121)

We make

Assumption 14.39. Let v > 1, n:=[v], f; € C"(A), j=1,...,M €
N, and there exist 8% f;/or" € C(A), A := B(0,Ry) — B(0,R,) C
RN, N > 2. PFurthermore assume that 0'f;/0r' =0, i=0,1,...,n—1,
on OB(0,Ry), forall j=1,...,M.

Next we present a set of multivariate fractional Opial-type inequalities
involving several functions over the shell.
We need

Theorem 14.40. [27] Let v > 1, v1,75 > 0, such that v—y, > 1,v—74
1and f; € C% (la,b]) with f(P(zo)=0,i=0,1,....n—1, n:=1[v], j

v
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..M € N. Here, z,x¢ € [a,b] : © > xg. Consider also p(t) >0, and
q(t) > 0 continuous functions on [xg,b]. Let A, >0 and Ao, g >0
such that X\, < p, where p > 1. Call

P (w) := / (w — )V DR/ (TP g R =1,2, 39 < w < b;
’ (14.122)
(P Aal(p=1)/p) . (P As((p—1)/p) =A/p
Aw) = q(w) - (Pr(w)) A( 2(w)) . (p(w)) .(14.123)
T =y )t - (T =)
x (p=Xv)/p
Ag(x) == ( / A(w)p/(p)‘")dw> . (14.124)
Set
)\1/ Av/p
o1 (x) = (Ao(x) |xs=0) - <—/\Q+AU) , (14.125)
\ MI=QetXe/P) i N 4+ X, < p,
&= { 20tN) 1 0 At A S (14.126)
If Ag =0, we obtain that
[ ot Z\ (D35) @) - | (D2,8) @)™ | dw <
o
i u (AatA0)/p)
5@ | [ pw) | X 1(055) @) | du . (427)
xo j=1

all zog <x <b.

Similarly, by (14.127), we derive

Theorem 14.41. Let f;,j = 1,...,M,as in Assumption 14.39. Let
Y1,Y2 = 0, such that v — vy, > 1, v —vy > 1. Let A\, > 0, and A, >
0; A\g >0, p:=Ay+ A, >1. Set

Pr(w) := /w(w _ t)(V*’Yk*1)P/(P*1)t(1*N)/(P*1) dt, (14.128)
Ry
k:172a Ry <w < Rs,
wN=DA=/P) (P (w)) e ((P=1)/P) ( Py (w)) s ((P=1)/P)

A= 6 — )% [~ )P ()

Ry Ao /P
/ (A(w))p/’\adw> : (14.130)

Ry

Ao(RQ) = (
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Take the case of A\g =0. Then

AR

=1

< (Ao(R2)|x,=0) (A;)WP) li </A

Jj=1

Ao
a’h fj )

87’71

0%, f; |
orv

Ok, fi(x)|°
orv

dx)] . (14.131)

We need

Theorem 14.42. [27]. All here are as in Theorem 14.40. Denote

Nofhe 1 >
83 ::{ ? ’ L i ;\Z - i: (14.132)
1, if )\V—l—)\g > p,
€2 :{ MI=(OutXa)/p) i N, 4+ A < p, (14.133)
and
Av Ay Ml Av/p
o () = (Ao(x)[5,=0)2*/P) <A5+A> 537, (14.134)
If Ao =0, then
T M-—1 \ \
[ aw) 343 [10350) @) |(D,5) @)
o ]:1
+ |(D2£) (@) (D%, fy0) ()]}
{1032 far) @) (D2, 12) ()]
#1(D2.7) @) | (05, fa) ()] o <
N y (\ut26)/p)
2((\tA) /D) (1) - {/ IS ] dw} 7
X0 j=1
(14.135)

T > xg.

Similarly, by (14.135), we obtain
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Theorem 14.43. All basic assumptions are as in Theorem 14.41. Let
A >0, A =0;23>0, p:=XA, + g >1, P, defined by (14.128).
Now it is
(N=1)(1=X/P) (P, Ap(p—1/p)
Alw) =2 ( 2(“;)) 7 (14.136)
(T =v2))*e

R, As/p
/ (A(w))P™ dw> . (14.137)

Ry

Ao(RQ) = (

Denote

g/ _ :
5 ;:{ 27007 =1, 1 Ag 2 A, (14.138)

1, i Ay < A,
Call

/\z/ Av/p
0y (Rs) 1= Ag(Ry)278/P (-) svlr, (14.139)
p

Then \
O fi+1()

0%, fi1(z)
orv

A
o £() [
orz

Ag Au

O far ()

Or72

0%, f1(x)
orv

As ]

O fr(x)

or7z

0%, fu(z)
or?

%jf”) pd:c) . (14.140)

200 |3 ([

j=1

We need

Theorem 14.44. [27]. All here are as in Theorem 14.40, (A, Ag # 0).

- 2(OatA)/A) 1 i Ay + Mg > Ay,
e { L, i Ao+ Ag < A, (14.141)
and
- 1, if Ao +Ag+ A >p,
V2 z{ 21=(QatAat2)/P) - if Ny 4+ Mg+ Ay < D (14.142)
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Set
A Av/p
@3(x) == Ag() - <(Aa - )‘6)(/\:+ s /\V)) (14.143)
and
= 1= { _}\’wumwwpx " iz ! iﬁ ! iZ iﬁ (14.144)
Then

/x [Z 1@25) () [ (D32 fy0) ()™ | (D2, 1) ()
Au}

+ ([P 12) @) [(D22 faa) (@) (D, 11) ()] ™

+ (DL £;) @)™ (D i) @) [(DZ, fi+1) (w)

+ [(D32) @)™ (D33 far) () [ (DY, far) (w)] ™ )] duw
- M
< 2(,\Q+Aﬁ+/\u/p)53@3(x),{/ p(w) Z‘(Dgofj) (w)|p] dw}((AaJr,\ﬁJrA,,)/p)’
" (14.145)

all xg <z <b.

Similarly, by (14.145), we obtain

Theorem 14.45. All basic assumptions are as in Theorem 14.41. Here
Avs AasAg > 0, p =Xy +Ag+ A, > 1, Py as in (14.128). A is as in
(14.129). Here

Ry (Aat+As)/p
Ao(Re) == (/ (A(w))p/(A“Jr/\ﬁ);) . (14.146)

Ry

i Ao+ Ag < A (14.147)

i

. 2MatAs/A) 10 if Ay 4+ Ag > Ay,
V1= 1

Set

A
Ro) = An(R v (v /P) | \Ow/P) 1 o((RatAp)/P) (A7 \ ) Aw/P)|
e3(Ra) = Ao 2>((Aaw)p) QP 4 (Ti2a) /7]
(14.148)
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Then

0%, fi(x) |
orv

o fia (@)

orm

+

Ao
8}/21 fj+1({L‘) Av

orv

A
o i) [

orvz

O, 1(x)

or7z

IR, fiv1(x)

orv

+

0%, fi(z) |
orv

Ao A
0 fu(z) |

or7z

O, fi(x)

orm

+

Ag Ay

Aa
Oy faa ()

Orn

%, fu ()

<
orv dz <

O, fi(x) 7
o

204(R5) ﬁj:( /A dx) . (14.149)

We need

Theorem 14.46. [27]. Let v > 2, and v, >0, such that v —~; > 2.
Let f; € €% (la,b)) with f7 (o) =0, i =0,1,...,n—1, n:=[], j =
..M € N. Here, z,x¢ € [a,b] : © > . Consider also p(t) >0, , and
q(t) > 0 continuous functions on [xg,b]. Let Ao >0, 0 < Aoy1 <1, and
p > 1. Denote

(Aa/Aat1) _ ]
0, ;:{ helferti=1, i Xa 2 Ao, (14.150)

1, Zf )\a S )\a+17

x (1—=Xa+1) Aat1
1= (2 g a) (e )

Aoz + )\a-‘rl
(14.151)
and
Py (z) ;:/ (z — t)((valfl)p/(pfl))(p(t))fl/(pfl)dt, (14.152)
o
— ()‘a+/\a+1)
Py(x)P l/p))
T(z) = L(z) - (— , 14.153
() =1) (g = (14.153)
and
wy = 2= 1/P)Aatrats) (14.154)

O(x) :=T(x) wy
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Also put
. ]-, Zf )\oz + )\a+1 Z D,
Eq4 = { ]\417(/\0‘+)\0(+1/p)7 i Ao+ Aot < p . (14.155)
Then
" M—1 R
/ q(w) |: D'Yl | ’(D’Yl+1fj+1) (U})’ a+1
xo i—1

<.

+ (D3 f51) @)™ (D34 £) )]+ ] }
{1037 @) (D2 far) )
+ |(D3 far) @)™ (D 1) ()]

M (()‘a+)‘a+l)/p)
S 1(D5£5) (w)]” | dw 7
j=1

(14.156)

x
< 2(/\a+>\a+1/P)€4(I)(x) / plw

0

all xg <z <b.

Similarly, by (14.156), we get

Theorem 14.47. Let all be as in Assumption 14.39. Here v > 2, v, >0
such that v — vy, > 2. Let Ay > 0, 0 < Agy1 < 1, such that p :=
Ao + Aag1 > 1. Denote

2Reet) 1, if - Na = g,
2 “{ 1, i A < dast, (14.157)
1 — a1 (N—Aas1)/(1=Aat1)
L = 2| —T at1 at1
o= [ (55 (2
_ _ (1=Aat1) O\ Aat1
(N=Xa+t1)/(1=Xat1) 3Aa+1
_Bfadl 14.1
R1 >:| ()‘oc + >\a+1) ' ( 58)
and
Ra2
P(Ry) ;:/ (Ry — H)=1=D6/-0) L0=N/G=D g (14.159)
Ry

(p—1)
®(Ry) := L(Ry) (%) 2(r=1), (14.160)



310 14. Canavati Fractional Multivariate Opial Inequalities

IE]

e
IR, fivi(x)

or"

R ()

67’71

Then

Aat1

871+1f]+1( )
Orm+tl

)

>\o< 1
O @) |
Ormitl

)\a+1

) )] 6

O fi(x )|*

drnm

+

IR ()
orvitl

Ao
Iy fr(x)

Orm

Ao
0 filw)

ormntl

(/]

Jj=1

2B(Ry) =

We need

Theorem 14.48. [27]. All here are as in Theorem 14.40. Consider the
special case Ag = Ao + A,. Denote

- )\ )‘u/P
T(z) := Ap(z) ()\ —:)\ ) 2(P=22a=3X/p) (14.162)
]., ; 2 )\a + >\V > )
€5 = { Ml_(2()\a+>\u)/p)7 z; QE)\Q + )\y; Sg } . (14163)
Then
v = At A
[ o {{ > (1028 @] [(D2150) @] (D2, £) ()]
o j=1

+(D225) @) (D i) @) (D%, f40) ()] ™] }
[120) @) 1D £30) @) (D2, 1) ()]
103 0) ) (D3 1) @) (D2, 1) ()] }

N " 2(Aa+A)/p)
< 22((/\a+)w)/1’)55 T(CL‘) [/ p(u}) (Z |(D;ij) (w)|p> du}] ,
o j:].

(14.164)
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all  xog <x<b.

Similarly, by (14.164), we have

Theorem 14.49. Here all are as in Theorem 14.41. Consider the case
Ad=Aa+ i Aa >0, Ay >0, \g >1/2, p:=2X\g. Here Py, k=1,2,
as in (14.128) and A is as in (14.129). Set

Ry (2Xa+X0 /D)
Ag(Ry) := < / (A(w))ﬁ/@M“v)dw) . (14.165)
Ry

Also put

~ )\ (A /p)
T(Ry) := Ao(Ry) < Aﬁ) 9~ (/p), (14.166)

Then

Mo Aot
O fi(x)

ar'Yl

O fiva(x)

or7z

%, fi(x) |

orv *

/

M—1
Jj=1

Aat+A Ay

. Ao
O, fit1 (@)

ar"h

I, i (@)

87’72

|

O f1(x)

ar"/z

O, fir1(x)
or?

Mo Mo
Op, J1(x)

or71

O (@)

Or7z

ey
9%, fi(z) |}

orv +

Aot A
Op, faa () [

or?

daz)] . (14.167)

Aa
O fu ()

orm du

O, fi(x)
orv

<2T(Ry) Z(/A

We need

Theorem 14.50. [27]. Let v > 1, vy,79 > 0, such that v—v, > 1, v—
Y221 and f; € C% ([a,b]) with fi7 (o) =0,i=0,1,....,n—1, n:=
[v], 7=1,...,M € N. Here, x,x0 € [a,b] : & > xg. Consider p(z) >0
continuous functions on [rg,b]. Let Ao, Ag, Ay > 0. Set

(PAa =71 at+vAg—v2Ag+1) Hp(ﬂﬂ)

(z — z0) lloo
(PAa = 71Aa +VAg =725 + (T (v — 9, + 1) 2 (D(v — 9, + 1)))\’6
(14.168)

pla) =
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Then

e {{ > [|035) @ (D2 15) @) [(D5,5) () +

Jj=1

((D328) @) (D32 F50) () [ (D%, 1) ()]} +
{|<mf1> ) (D2 ) ()] (05, 1) () +
@] (D2 fa0) @) (D, ) ()] } o

D’Y2
M 2(Aa+An 2\
{Z I ’+H(D;0fj)Hof}}7 (14.169)
<b.

all o<z

Similarly, by (14.169), we have

Theorem 14.51. All are as in Assumption 14.39. Let ~v,,7v5 > 0, such
that
v—y 21, v—ry>1; Ay, Ag, Ay > 0. Set

Ré\’*l(RQ _ Rl)(l'/\a —Y1da+vAg—v2Ag+1)

Ry) :=
P e vha & vAs — s + DO — 7y D= (T — 7, + D)%
(14.170)
Then
_ Aa A
/ MZ O f1(2) |7 |03 fia (@) |7 |0, fi () | .
A = orm or7z or?

A e
O fi(@) |7 | OR: fiaa(@) | | 0%, fran(2) [ N
or7z orn orv

0%, fu(x) ™
orv

Ao A
oy fur(x)|™”

87’72

R fr(x)

orm

+

-
%}} . (14.171)

|

A
373ﬁf1(93)’ ’

Ao
Oy, fur ()

ar’Yl

Ok, fu ()
orv

Orz

27TN/2 M
fre o {5 {2

aleJ

Or, 1
orv *

2(Aa+Ap)
‘ or?

o0



14.2 Results 313

We need

Theorem 14.52. [27]. (As in Theorem 14.50, A\g = 0.) It holds

/ (Z\ (D32 1) (w)[* (D2, f5) (w) ) dw <

T —x (PAa—71Aa+1) -
((VA(a —Vfi\a—&-l)(l‘(y _”51( +”1 ) (ZHD il ) , (14.172)

all xg <z <hb.

Similarly, by (14.172), we obtain

Theorem 14.53. Here all are as in Theorem 14.51. Case of Ag = 0.

Then \
im/%ﬁm O, fin) ™
T | =<
= \Ja orn arv

v Aa+A
g, [
orv

o2 V/2 RY"Y(Ry — Ry)("Aa=71Ra+1) M
(T(N/2)> (Aa = Y1Aa + D)(T(v =71 +1))re =

We need

(14.173)

Theorem 14.54. [27]. (As in Theorem 14.50, A\g = Ao + A,.) It holds

/o) {{ > [10285) @) [(D2.500) )] | (02,5 ()] +

|(D328,) @)™ | (D3 fi1) @) (D% fian) )] b+
[1(D22.12) ) [(D32 a0) () (D2, 1) ()]
(D32 f1) ()| [ (D32 far) () [(DY, far) ()]

< 2(:1; _ xo)(QV)\a_’Yl>\a+V>\u_'Y2>‘a_'Y2AV+1)

20 — Y1 Aa + VAL — Yo ha — VoA, + 1)

Y+

() |oo )
(O =71 + D) (D = vy + 1)) Qetr)
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u 2(Aa+A0)
A DL BT (14.174)
=1

all g <z <b.

Similarly, by (14.174), we derive

Theorem 14.55. Here all are as in Theorem 14.51. Case of Ng =
Ao +A. Then

M—1 Aa AatAy

IREDS

Jj=1

I fix) A

ar’Y 1

O fiva(x)
Orz

g, fi(x)

orv

+

AatAy Ao Ay

O, fir1(x)
or?

I, fi (@)

ar’h

|

O f1(x)
orz

g, fiv1(z)
ar"h

Ao Aoty A

%, f1(z)
or?

IR f1(x)

87“71

IR ()

67“72

Aot A
O, fu (x)

Er=n de <

orv

oy faa) }

47N/2 Révfl
T(N/2) \ (20ha — Y12 + v — Yodra — VoA + 1)

(Ry — Ry)¥Aa=7Aatvdr =72 a =720 +1)
(C =y + 1P =72+ 1))“”*”’)

M 2(Aa+A0)
1> . (14.175)

Jj=1

0%, I
or?

We need

Theorem 14.56. [27]. (As in Theorem 14.50, X, = 0, Ao = Ag.) It
holds
v = A A
[ o) $ 8 [1035) @) | (D3 414) (]

0 j=1
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+[(D36) @) (D2 1) @) ]}
+ [[(D2 ) () | (D3 F3e) ()
+1(D22) (@) (D3 far) ()] ] } dw

<2p"(x

(S| e

all  xog <ax<b.
Here we have
(z = wp) BAe 7121220 |Ip(2)]| o

P <(2ma ~71ha = Yoha + DI =31 + P (T 7, + D)
(14.177)

Similarly, by (14.177), we derive

Theorem 14.57. Here all are as in Theorem 14.51. Case of N\, =

0, Ao = Ag-
I{E]

Then
Ao
O3 [i(x)

or7z
+ [

e
i f1(x)

Or7z

< (ljl(ﬂTN//;)) p*(Rz) [i

Jj=1

Mo
I fiv(x)

87"‘/2

i

Aa
0 ()

or7z
} dx

% 1|7
— . 14.1
o | o ( 78)

Mo
Op, 1)

or7

g, fiv(x)
orm

Aa
O ()

Irn

e
O far()

arn

Here we have
Rév_l(RQ _ Rl)(Zy)\a—'yl)\a—'yz)\a—H)

(2vAa — 7120 — Y2Aa + DT — 71 + 1)) (D(v — 4 + 1))Ae
(14.179)

pr(Re) =
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We need

Theorem 14.58. [27]. (As in Theorem 14.50, Ao =0, A\g = \,.) It
holds
v = A A
| »w) {{ > [I(D2500) @) | (B2,5) @)
o j:l

102 £) @) (02, fr1) )] ]}
+ 122 00) ()™ (D%, 1) ()
+ [(D22A) (@) |(Ds fr) ()] } dw

M
Z fj||ijﬁ] , (14.180)

< 2.( (& — 20) M 1224V p(2) | o0 >
N (VA =725 + (I — 72 + 1))

all  xog <ax<b.
Similarly, by (14.180), we give the following.

Theorem 14.59. Here all are as in Theorem 14.51. Case of Ao =
0, A\g = A,. Then

IE]

A
O fi(@) |

orVz
+ [

A
oy fi(x)|™”

Orz

)‘5 )\[j

O, fin1 (@)

87‘72

I, [i(x)
orv

i

3%, fi(z) |
orv

-

4AnN/2 Rév 1(R2 _Rl)(W\B "/2>‘ﬂ+1) M
<F(N/2)> (VAg = 7225 + D(I(v =75 +1)) z:l

0%, fi+1(z)
orv

A
0% fu(z) |

or7z

Ok, fu (@)
orv

%, fi I
or?

e¢]

(14.181)
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To extend the above research we give a motivational result regarding
fractional integration by parts.

Proposition 14.60. Let f € C'([0,1]) and g € C¥([0,1]), v > 0, n :=
[V], a«:=v —mn. Then

/0 f@)g (@) de = fF(1)(Tr-a ¢™)(1) — /0 (J1-a ™) (@) f' (x)da,
(14.182)

Proof. Here ¢ = d(Ji—a ¢"™)(z)/dz; that is, d(Ji—a ¢™)(z) =
g™ (z) d.
Hence, by ordinary integration by parts we have:

/ (@)™ (x) da = / f@)d (Ti—a 9")(z) =
0 0

FO)(Fra g™)(1) - / (Fizo ¢™) (@) (2) da,

0
by (Ji—a 9)(0) = 0. O

Now we are ready to give

Definition 14.61. Let v >0, n:=[v], a:=v —mn, ¢g:[0,1] = R such
that there exists ¢(™ which is measurable. Assume that (J;_o ¢(™) €
L'([0,1]). We say that ¢) € L'([0,1]) is a weak fractional derivative of
order v for g, iff

/ u(z) g™ (z) do = — / (Ji—a §™) (@) (z) da, (14.183)
0 0
Vue C(0,1]) : u(1)=0.

Based on the above Definition 14.61, we can extend the concept of weak
fractional differentiation to anchor points xg # 0, and to the multivariate
case, especially to the radial case. Then we try to generalize the results of
this chapter.



15

Riemann—Liouville Fractional
Multivariate Opial-Type Inequalities
over a Spherical Shell

Here we introduce the concept of the Riemann—Liouville fractional radial
derivative for a function defined on a spherical shell. Using polar coor-
dinates we are able to derive multivariate Opial-type inequalities over a
spherical shell of RV, N > 2, by studying the topic in all possibilities. Our
results involve one, two, or more functions. We also produce several gener-
alized univariate fractional Opial-type inequalities, many of which are used
to achieve the main goals. This treatment is based on [45].

15.1 Introduction

This chapter is motivated by articles of Opial [315], Bessack [80], Anastas-
siou, Koliha, and Pecaric [64, 65], and Anastassiou [46, 48].

Opial-type inequalities usually find applications in establishing the unique-
ness of solution of initial value problems for differential equations and
their systems; see Willett [406]. In this chapter we present a series of vari-
ous Riemann—Liouville fractional multivariate Opial-type inequalities over
spherical shells. To achieve our goal we use polar coordinates, and we intro-
duce and use the Riemann—Liouville fractional radial derivative. We work
on the spherical shell, and not on the ball, because a radial derivative can-
not be defined at zero. So, we reduce the problem to a univariate one.

Consequently we use a large array of univariate Opial-type inequalities
involving generalized Riemann—Liouville fractional derivatives; these are
Riemann—Liouville fractional derivatives defined at the arbitrary anchor

G.A. Anastassiou, Fractional Differentiation Inequalities, 319
DOI 10.1007/978-0-387-98128-4_15, (© Springer Science+Business Media, LLC 2009
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point a € R. So we also present a very large set of generalized univariate
Riemann—Liouville fractional Opial-type inequalities transferred from ear-
lier ones, proved at anchor point zero for the standard Riemann-Liouville
fractional derivative. In our results we involve one, two, or several func-
tions. But first we need to develop an extensive background in three parts,
and then follow the main results in three subsections.

15.2  Background—I

Here we follow [356, pp. 149-150] and [383, pp. 87-88]. Also here RY, N > 1
denotes the N-tuple of reals R, and N denotes the natural numbers. Let
us denote by dor = Agn(dr) the Lebesgue measure on RV, N > 1, and
SN=1 .= {z € RN : |z| = 1} the unit sphere on RY, where | - | stands for
the Euclidean norm in RY. Also denote the ball

B(0O,R):={z eRY : |z| < R} CRY, R >0,

and the spherical shell

A:=B(0,Rs) — B(0,Ry), 0< Ry < Rs.

For z € RY — {0} we can write uniquely = = rw, where r = |z| > 0 , and
w=x/r € S¥71 |w| = 1. Clearly here

RN — {0} = (0,00) x SNV,

also the map
@ :RY — {0} - SN B(x) =

is continuous. In addition, A = [Ry, Ra] x SN~L. Let us denote by dw =
Agnv—1(w) the surface measure on SV~1 to be defined as the image under
® of N - Agn restricted to the Borel class of B(0,1) — {0}. More precisely,
the last definition is as follows. Let A € SN¥~! be a Borel set, and let

A={ru: 0<r<1, ue A} c RV,

we define

Agn-1(A) = N - \gn (A).
Noting ®(rz) = ®(z), all r > 0 and 2 € RY — {0}, one can conclude that

/ fo®(x)dx = rN/ fo®(x)dx
B(0,r)—{0} B(0,1)—{0}

and thus

rN

/ Fod@ydr =" | fwAgv-i(du),
B(0,r)—{0} SN-1
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for all f nonnegative and measurable functions on (SV =1, Bgn-1); B stands
for the Borel class.
We denote by

27TN/2
wy = Agn-1 (SN = / dw = ———
N = Agwa (577 g1 T(N/2)

the surface area of SN¥~! and we get the volume
wy rV B o N/2 N
N  NT(N/2)

1B(0,7)| =

so that |B(0,1)| = 20¥/2 /(N T'(N/2)). Clearly here

wy(RY — RY) _ 2n/2(RY — RY)
N T NT(N/2)

Vol(A) = |A| =
Next, define
Y1 (0,00) x SN RN — {0}
by ¥ (r,w) := rw; 1 is a one-to-one and onto function. Thus

(r,w) =9~ (2) = (2], ®(x))

are called the polar coordinates of x € RY — {0}.
Finally, define the measure Ry on ((0,00),B(0,0)) by

Ry(T) = / rNldr, any T € B(0,00)-
r

We mention the following very important theorem.

Theorem 15.1. (See exercise 6, pp. 149-150 in [356] and Theorem
5.2.2 pp. 87-88 of [383].) We have that A\gv = (Rn X Agn-1) 0 9b™ " on

In particular, if f is a nonnegative Borel measurable function on
(]RN, B]RN), then the Lebesgue integral

o (z)dx = /(0700) pN-1 (/SNl f(rw))\sw_l(dw)> dr

:/ </ f(rw)rN_ldr> Agn—1(dw). (15.1)
SN—1 (0,00)

Clearly 15.1 is true for f a Borel integrable function taking values in R.
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Using the facts that:

(i) The Lebesgue measure of a Lebesgue measurable set K equals the
Lebesgue measure of a Borel set (i.e., there exist M, an F,, and T a
Gs sets: M C K C T with Agn (K) = Agn (M) = Agn (T) 5 see [354],
p. 62).

(ii) For each g Lebesgue measurable function, there exists an f Borel
measurable function such that g = f a.e. (see [356, p. 145]), we get
valid that (15.1) is true for Lebesgue integrable functions f : RN — R.

We give the important

Proposition 15.2. Let f : B(0,R) — R, R > 0, be a Lebesque integrable
function. Then

R
/ f(z)dx = / ( f(rw)erdr> dw. (15.2)
B(0,R) sn-1 \Jo

Proof. Call
f(z), =€ B(0,R),

F(z):=
0, z€RYN —DB(0,R).

Then apply (15.1) for F to get (15.2) easily.
At last here we give the main tool for this chapter.

Proposition 15.3. Let f : A — R be a Lebesgue integrable function,
where

A:=B(0,Rs) — B(0,R;), 0< Ry < Ro.

= " rw)rN " tdr w
/Af(x)dx—/SN1<Rl (rw) d)d. (15.3)

Proof. Apply (15.1) for

Then

flx), =€ A
F(z):=
0, zeRN — A4;

then (15.3) is valid. O
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We also need the following well-known result.

Proposition 15.4. Let f : [a,b] — R, be a Lebesgue integrable function.
Then

b b—a
/ f(z)dz=/ £t + a)dt. (15.4)
a 0
So if fo(t) := f(a+1t), the translation of f, then

/a " F(2)ds = /0 T e (15.5)

15.3 Background—II

Here we define the Riemann—Liouville fractional derivative that we use.

Definition 15.5. (See [64, 65, 187].) Let @« > 0. For any f € L1(0,2); « >
0, the Riemann-Liouville fractional integral of f of order « is defined by

(Juf) (5) = ﬁ / (s — 0 (), (15.6)

all s € [0, z], and the Riemann-Liouville fractional derivative of f of order
a by

()= pms () [[s-om ey (s

where m = [a] 4+ 1, [] is the integer part.
In addition, we set
Dof = f = J0f7

J_of =D, if a>0,
D™ %f:=J,f, if 0<a<l1.
If « € N, then D®f = f(®) the ordinary derivative.

Definition 15.6. (See [187].) We say that f € Li(0,x) has an L
fractional derivative D f in [0, ] if > 0, if and only if

D Ffec(0,z]), k=1,....,m:=[a] +1; a >0,

and
D> f € AC(]0,x]) (absolutely continuous functions),
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and D*f € Lo (0, ).
We mention

Lemma 15.7. (See [187].) Let f > o > 0. Let f € L1(0,z), x > 0, have
an Loy fractional derivative DP f in [0,z] and let

DPEf0)=0 for k=1,...,[8] + 1.

Then
Df(s) = F(ﬁl—a)/o (s — )" DB f(1)dt, (15.8)

all s € [0, z]. Clearly here
Df e AC(]0,z]) for f —a>1

and
Def e C([0,x]), for B —a € (0,1),

hence D*f € Lo(0,x), and D*f € L1(0,x).

Next, we define the generalized Riemann-Liouville fractional derivative
with arbitrary anchor point a € R; see [64].

Definition 15.8. Let v > 0, define
(Daf)(s) == (D" fa)(s —a), s=>a, (15.9)

for v = 0 both sides equal to f(s), and for v = n € N we easily get that
(D7 f)(s) = f("(s), the ordinary derivative. Clearly here

(Daf)(z+a) = (D" fa)(2). (15.10)

We use p(s) and D¢ f(s) in Leo(a,z), = > a, a,z € R. In that case by
using (15.5) we obtain

/w p()(De f)(y)dy = /Owap(z + a)(D f,)(2)dz, (15.11)

forall a <w < z, a, x € R, which identity we use a lot in this chapter.

Our initial intention is to transfer Riemann-Liouville fractional Opial
inequalities, [46, 48, 64, 65] applied to f, over [0,w — a], for f over [a,w]
and use the generalized Riemann—Liouville fractional derivative. For that
we observe the following.

Lemma 15.9. f € Ly(a,w) if and only if fo € L1(0,w — a), where
w > a, a,w €R; fo(t) == fa+1).
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Proof. We see that

[ el = [ 1o o

We need

Lemma 15.10. Let F(s) := f(s—a), a € R be fized. Here f : [0,w—a] —
R, where w > a and F : [a,w] — R. Then

(i) F € C(la,w)) if and only if f € C([0,w — a]).
(ii) F € Loo(a,w) if and only if f € Loo(0,w — a).
(iii) F € AC([a,w)]) if and only if f € AC([0,w — a]).

Proof. Tt is based on the fact that the map ¢ : [a, w] — [0, w — al, such
that g(s) :== s — a is one to one and onto.

(i) (=) Let F be continuous, and let z,, z € [0,w —a] : 2z, — z; that
is, z, +a — z+a, here z, + a, z+a € [a,w]. Hence F(z, +a) — F(z+a)
(i.e., f(zn) — f(2)), proving continuity of f.

(<) Let f be continuous, and let

Sp — 8 Sp, S € la,w] <= s, —a, s—a€[0,w—al,
and s, —a — s — a. Hence f(s, —a) — f(s — a); that is, F(s,) — F(s).

That is, F' is continuous.
(ii) We see that

[F(s)] = /(s = a)] < || fllse, 0.0-a]

a.e. in s € [a, w]. Hence

||F’HOO7 la,w] S ||fHoo, [0,w—a]-

Also
|f(s —a)| = [F(s)| < | Flloo, [ayu]

a.e. in s € [a,w]. So that
||f||oo, [0,w—a] < ||F||oo, la,w]s

that is,
||FH00, la,w] = ”fHoo, [0,w—a]s

proving the claim.
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(iii) (=) Let F be absolutely continuous; that is, for every e > 0 there is a
0 > 0 such that whenever (ay,b1), ..., (an,by,) are disjoint open subintervals
of [a,w], then

n

Z(bi—ai)<(5 = Z|F(bl)—F(al)|<e

i=1 i=1

Here (a; — a,b; —a) C [0,w —a], i =1,...,n and also disjoint. Rewriting
the last statement we have

> ((bi—a)—(ai—a) <6 = Y _|f(bi—a)— fla; —a)| <&

=1 1=1

that is, f is absolutely continuous. Notice that any open subinterval (a}, b}) C

[0,w — a] has the form (a; — a,b; — a), where (a;,b;) C [a,w], for each
i=1,...,n; by a, =a; —a, b, =b;, — a.

(<) Assume now f is absolutely continuous; that is, for every e > 0
there is a 6 > 0: for any (a1,b1), ..., (an,b,) that are disjoint subintervals
of [0,w — a], then

> (i - <5:>Z|f flay)| < e

The last statement is rewritten as
Ve>0)(3d>0): (a1 +a,by+a),...,(an+ a,b, +a) C [a,w]
(they are disjoint open subintervals); then
Z az+a))<5:>Z|Fb +a)—F(a; +a)| <e,
i=1 i=1

by
f(bi) = F(bi +a), f(a;)=F(a;+a).

Therefore F' is absolutely continuous. Notice again here that any open
subinterval (a},b}) C [a,w] has the form (a; + a,b; + a), where (a;,b;) C

(2R

0,w—alall i=1,...,n;bya,=a;+a, b,=b;+a. O

We need
Lemma 15.11. Here a < w, a,w € R. Then
p(8) € Loo(a,w) if and only if 6(z) :=p(a+ 2) € Loo(0,w — a).

In fact ||6||oo, [0,w—a] = Hp(s)”oo, la,w]-
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Proof. Let £' stand for the class of Lebesgue measurable sets. Assume
p(s) is Lebesgue measurable on [a,w]. Then for any ¢ € R we have

£ ([a,w]) 5 {z € [a,w] : p(z) < c} ={a+(z—a) € [e,w]: pla+(z—a)) < c} =

a+{(z—a) € [0,w—ad]: plat+(x—a)) <c}=a+{uec0,w—a]: platu)<c}.
Therefore
{uel0,w—a]l: 6(u) <c}={uel0,w—a]: platu) <c}=

—a+{z € lau]: pla) < b € £ ([0,w—a]),

for all ¢ € R. Hence ¢ is Lebesgue measurable on [0, w — a.
Assume now that ¢ is Lebesgue measurable on [0,w — a]. Then for any
¢ € R we have

LM([0,w—a])3{z€[0,w—a]l: 6(z) <c}=
{ze0,w—a]: pla+z)<c}={(a+z)—ac0,w—a]: pla+tz)<c}=
—a+{(a+2) €la,w]: plat+z)<c}=—-a+{z€la,w]: p(x)<c}

that is,
frefoul: p)<ct=at{zel0w—al: 5() <c} e £ ([,
for all ¢ € R. Hence p(s) is Lebesgue measurable on [a, w]. We do have that
16()] = p(a+ 2)] < 1P(5) 1o, fasel
a.e. z € [0,w — a]. Hence [[0]|s, [0,w—a] < IP(5)lloc, [a,w]- Also we have
p(a+ 2)| = 16] < 1601, 00—

a.e. 2 € [0,w — a]. Hence [|p(s)|lcc,[a,w] < [I6]loc,[0,w—a], Proving the claim.
O

We continue with

Definition 15.12. We say that f € Li(a,w), a < w; a,w € R has an
Lo, fractional derivative DS f (3 > 0) in [a,w], if and only if (1) DZ=*f ¢
C(la,w])), k=1,...,m:=[B] +1; (2)DS~1f € AC([a,w]); and (3)DZf €
Loo(a,w).

Based on Lemmas 15.9 and 15.10, the last definition 15.12 is equivalent
step by step to
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Definition 15.13. We say that f,(s) := f(a+ s) € L1(0,w — a) has an
Lo, fractional derivative DP f, in [0,w —a], 3 >0, w > a; a,w € R, if and
only if (1) DP=*f, € C([0,w —a]), k=1,...,m:=[B] +1; (2) D°~'f, €
AC([0,w — a]); and (3) DPf, € Loo(0,w — a).

Definition 15.14. Here we define for s > a,

DE™ f(s) = DE~UHD f(s) := DA-WHD £ (s—a) = J g1 fa(s—a) =
I S L B1-5
T (A +1=5) /0 (s = (a+ )" fla+t)dt, (15.12)

where f € Li(a,w), a < w; a,w € R. Notice that 0 < [B]+1 -3 < 1. If
f € Loo(a,w), then

pompey— L [T -8
DI (8) = o [ (=0 0
Remark 15.15. Notice that
(DS%£) (a) = DP7F £,(0), for k=1,...,[8] + 1. (15.13)

Based on Lemma 15.7 we get

Lemma 15.16. Let 8 > o > 0 and let f € Li(a,w) (if and only if
fo € L1(0,w —a), a < w; a,w € R) have an Lo fractional derivative
DB in [a,w] (if and only if f, have an Lo fractional derivative DP f, in
[0,w — a]), and let

(DE7Ff)(a)=0, k=1,....[8] +1

(which is the same as D?~Ff,(0) =0, for k=1,...,[8]+1). Then

) D*1u(s) = g [ 6= 07D e (150
all s € [0, w — al.
(ii) D2 f(s) = m/s(s — B DA f(1)dt, (15.15)

alla < s <w.
Clearly here

D¢ fe AC(Ja,w]) for B —a>1, and DS f € C([a,w]) for 3 —a € (0,1);
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hence DSf € Loo(a,w) and DSf € Li(a,w), and likewise for D*f, on
[0,w — al.

Proof. By Lemma 15.7, and by Definition 15.8 and (15.14), we have

& = (D“ s—a (1314 _ o s—a)—t)?a"t s a
(D2 () = (0 10) (=) "2 s [ (=)= =7 (DL1) ()
1 s—a
_ m/o (s — (t+ )P~ (DEF) (t + a)dt
(15.4) 1

= —- ° s — B—a—1 e
- F(ﬂ—a)/a (s —1) (DZ f) (t)dt, (15.16)

proving (15.15). O

15.4  Background—III
We make

Remark 15.17. Let f € Li(a,w), where a < w; a,w € R. Let § >
0, a < s < w; by Definition 15.8 we have

(D2S) (s) = ﬁ (i) /Osa(Sat)mﬁlf(ath)dt, (15.17)

where m := [] + 1.
If 3 =0, then (D f) (s) = f(s). Let now

F e Ll(A) = L1 ([Rl,RQ] X SNfl) .
For a fixed w € SV~ define g, (r) := F(rw) = F(z), where
rE A= B(O,RQ) — B(O,Rl),
0< Ry <r<Rsy r=|z| wz%GSNﬁl.
By Fubini’s theorem g, € L1 ([R1, R2], Big, r,): Bn), for Agn-1-almost
every w € SV1,
Call
K(F):={we S""': gy, ¢ Ly ([Ry, Ra], Bir, ,ra)> Bn) }

={we SN F(-w) ¢ Ly ([R1, Ra], Bir,,ra), Bn) }- (15.18)

That is, Agn-1 (K (F)) = 0. Of course, O(F) := [Ry, R2] X K(F) C A and
Arv (O(F)) = 0.
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By (15.17) then we have

(D) 0 = 7= (%)m / T = R g Ry )
’ (15.19)

where 3 > 0, m := []+ 1, r € [R1,Rg]. If 3 = 0, then (Dglgw> (r) =
Gw(r). Formula (15.19) is written for all w € SV=1 — K(F). We set

(Dglgw> (r)=0, for allw € K(F), r € [R1, Re], any 8 > 0.

The above leads to the following definition.

Definition 15.18. Let 5 > 0, m = [f] + 1, F € L1(A); A is the
spherical shell. We define

m er—Ry m—fB—
9% F(x) o GE)" Jo T r = Ru— )" R ((Ry + tw)dt,
57:: for w e SN — K(F),

0, forwe K(F),
(15.20)
where © = rw € A, r € [Ry, Ro], w € SVNL.
If 8 =0, define
O, F(x)
—4—— = F(x).
orf ()
We call
Op, F ()
orP

the Riemann—Liouville radial fractional derivative of F of order .
We make

Remark 15.19. If f € Lo (a,w), then (15.17) becomes

(Dgf)(s):m<d%> / (=t (15.21)

B>0 m:=[f]+1, s € [a,w]. If Fis a Lebesgue measurable function
from A into R and bounded, that is, there exists

M*>0: |F(z)| < M*, allx € A,

then of course F' € L1(A). Clearly then |g,(r)| < M*, all r € [Ry, R2], and
all w e SN-1.
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Therefore (15.19) becomes

(Phow) )= s ()

where m := [B] +1, 3> 0, r € [Ry, Ry], for all w € S¥~1 — K(F). In this
last case, (15.20) becomes

/T (r—t)" g, (t)dt,  (15.22)

Ry

o (&)™ [, (r = )™= F (tw)dt,
= for w € SN~ — K(F),
0, forwe K(F),

oy F()
orP

(15.23)
where z = rw € A, 7 € [Ry, Ry], we SN-L

We need

Theorem 15.20. Let > a >0 and F € L1(A). Assume that

oy F(x)

L € Loo(A).

Further assume that DglF(rw) takes real values for almost allr € [Ry, Ra),
for each w € SN~1, and for these \DglF(rwﬂ < M; for some M; > 0.
For each w € SN~ — K(F), we assume that F(- w) have an Lo, fractional
derivative D}glF(- w) in [Ry, Ra], and that

Dy P F(Riw) =0, k=1,...,[8] + 1.

Then
0% F(x r
BT _ (g, ) (ru) = e L =0t (D) (e

(15.24)
is true for all x € A, that is, is true for all v € [R1, Ra] and for all
w € SN, Here

(D%, F) (- w) € AC([Ry, Ra)) for B —a>1

and
(D%, F) (- w) € C([Ry, Ry]) for B —a € (0,1),

for all w € SN=1. Furthermore

O, F'(2)
&n—a € Loo (A)
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In particular, it holds

Fla) = F(rw) = ﬁ /R =P (DR F) (wyar, (15.25)

for allr € [Ry, Ra] and w € SN~ — K(F); x = rw, and
F(-w) € AC([R1,Rs)) for 5 >1

and
F(- w) € C([R1, Ra)) for g € (0,1),

for allw € SN~ — K(F).
Proof. Here we observe that for each w € SV=1 — K(F), we have
F(- w) € Ly ([R1, Ra], Big, ko) BN) -

By our assumptions and Lemma 15.16, we have

(DR, F) (rw) = ﬁ /R (r —t)?=°" 1D} F(tw)dt, (15.26)

for all r € [Ry, Ro] and w € SN~ — K(F), for 3 > a > 0, thus initially
proving (15.25) by setting o = 0 in (15.26). Here

D% F(- w) € AC([Ry, Rs)), for allw € SN~' — K(F), B —a > 1,

and
Dg F(- w) € C([R1, Ry]), for B —a € (0,1).

Formula (15.26) for a > 0, is true for all » € [Ry, Ro] and w € SV,
and

(D%, F) (- w) € AC([R1,Rs]), forallwe S¥°1, B—a>1

and
D F(-w) € C([Ry, Ry]), for f—a € (0,1).

Thus proving (15.24). Fixing r € [Ry, Ra], the function
dr(t,w) = (r — t)ﬁ_"_nglF(tw)
is measurable on

([Rl,r] x SN Bigy g X ESN—I) )

Here E[RM] x Bgy-1 stands for the complete o- algebra generated by

B[th] x Bgn-1, where By stands for the completion of Bx. Then we get
that

Lo ([wata)ao= [ ([ o= 0rpf prjar) o
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° F T
< || ) (Lo ([ oora)a)
or 0o, ([R1,r]xSN=1) \ Jgn—1 \JR,

(15.27)
861F(x) aN/2 (r — Rl)ﬁfa
- H RaT Hoo ([R1,r]x SN-1) <I?(N/2)> (B—a) =
8ﬂ1F(m) alN/2 — Ry)P
| o | o, A (FQ(N/2)> (Rz(ﬂ i%oz)) - 1529

Hence 6, (t, w) is integrable on
([Rl,r] x SN Bigy . X gsN—1) )
Consequently, by Fubini’s theorem and (15.24), we obtain that
(D%lF) (rw), B>a>0,
is integrable in w over (SN~1, Bgn-1). So we have that
(D%, F) (rw), B> a >0,

is continuous in r € [Ry, Rg] for each w € SV~1 and measurable in
w € SN for each r € [Ry, Ra]. So, it is a Carathéodory function. Here
[R1, Rs] is a separable metric space and S™V~! is a measurable space, and
the function takes values in R* = R U {£oo}, which is a metric space.
Therefore by Theorem 20.15, p. 156 of [10], (D%IF) (rw), B> a>0is
jointly (B[Rl,Rﬂ X ESNA)—measurable on [Ry, Ro] x SN=1 = A, that is,
Lebesgue measurable on A. Indeed then we have that

(D) () < gy [ =077 | (D, F) o) |

1D, F (- w)l| r _R)fa
B 0, [RlaRZ] (/ (7,. _ t)ﬁaldt> < Ml (/r' Rl)
Ry

<
- (B —a) “IB-a) (B-a)
(15.29)
Ml B—
<— 1 (Ry— o=
_F(ﬂ—a—i—l) (Rg Rl) T < 00,
for all w € S¥~1 and all r € [Ry, Ry); that is, we proved that
| (D%IF) (rw)| <7 < o0, (15.30)

for all w € SN~ and all r € [Ry, R»], hence proving that

O, F'(2)
&n—a € Loo (A)
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We have finished our proof. [

We have built the machinery to do Riemann—Liouville fractional Opial-
type inequalities on the spherical shell.
Now we are ready to present our main results next.

15.5 Main Results

15.5.1 Riemann—Liouville Fractional Opial-Type Inequalities
Involving One Function

‘We mention

Theorem 15.21. (See [64].) Let 1/p+1/q = 1 with p,q > 1, let v >
0, v>vy+1=1/p, and f € L1(0,2) have an L, fractional derivative D" f
in [0,2], © >0, such that

DI f(0)=0, forj=1,...,[v] + 1.

Then

[0 0ol < o [ 10°s(0)1as) T s

where
2 (rp+2)/p
Q(z) = = (15.32)
214 T(r+1) ((rp+1)(rp+2))
and
re=v—vy—L1 (15.33)

We transfer Theorem 15.21 to arbitrary anchor point a € R. We present
Theorem 15.22. Let 1/p + 1/q = 1 with p,q > 1, let v > 0, v >
v+ 1—1/p, and f € Li(a,x) have an Lo fractional derivative DY f in
[a,z], a, x € R, a < x, such that
DY If(a) =0, forj=1,...,[v] + 1.

Then

/: D3 f(s)] [Daf(s)lds < Qz —a) (/I Dgf(s)|qczs> 2/,17 (15.34)

where  is as in (15.32).
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Proof. By Lemma 15.9, f, € L1(0,2 — a) with L, fractional derivative
DV f, in [0,z — a]; see Definitions 15.12 and 15.13. Furthermore it holds
(see (15.13)),

DI f,(0)=0, forj=1,...,[v] + 1.

Therefore by (15.31) we have

r—

/OHL |D7 fa(s)[ D fa(s)|ds < Q(z—a) (/O a |vaa(s)|qcis>2/q. (15.35)

Using (15.10) we have

2/q

|10 sl 102 st alas < o) ([ 1020 s+ aas)
By Lemma 15.16, we have that

D) f e AC([a,x]) for v —~ >1 and D] f € C([a,z]) for v — € (0,1).
Clearly then by Proposition 15.4 we get

/0 T D) (s 4 a)| [(DUF) (5 + a)lds = / " D27 ()] | (DLF) (s)ds

(15.36)
and

/ D) (s + 0))7ds = / D2 () lods,
0 a

notice here functions under right-hand side integrations are integrable.
That proves (15.34). O

‘We mention

Theorem 15.23. (See [64].) Let v > v > 0, and let f € L1(0,z) have
an Lo fractional derivative DV f in [0,2], x > 0, such that

DV f(0)=0, forj=1,... [v] +1.

Then
/0 DY F(s)| DV f(s)|ds < Qu(x) ess supocpay D" F()E  (15.37)

where
x7'+2
Q = — =v—v—1. 15.38
1(.’[’) F(T+3)7 r v Y ( )
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We give the general transfer.

Theorem 15.24. Let v > v > 0, and let f € Li(a,z) have an Ly
fractional derivative DY f in [a,z], a, x € R, a < x, such that

DY If(a) =0, forj=1,...,[v] + 1.
Then
/z 1D3f ()| [DGf(s)lds < Qu(w — a) ess supyep oy [Dof ()], (15.39)
where Qy is as in (15.38).

Proof. By Lemma 15.9, f, € L1(0,2 — a) with L, fractional derivative
DV f, in [0,z — al; see Definitions 15.12 and 15.13. Furthermore it holds
(see (15.13)),

DI f,(0)=0, forj=1,...,[v] + 1.

Therefore by (15.37) we have

/0 D7 ful(3)] 1D fu(5)lds < 0 (x — a) es5 Supyefon_aj | D" fals)[2.

(15.40)
Using (15.10) we get

/ D7 f(s+a)| | (DLS) (s+a)lds < O (2—a)ess sup,cioo_a | DLf(5+a)*
0

We have again by Proposition 15.4 that

| 0ns ol 1D+ alds = [ 1D2s) 1D )ds. (5.1
Also by Lemma 15.11 we obtain
ess SUDye(o o—a) | Dif (s + a)|* = ess supe(, .y [D4f(5)],
thus proving the claim. [
We give the transfer

Theorem 15.25. Let 1/p+1/g=1 with0 <p <1, let v >~ >0, and
let f € Li(a,x) have an Lo fractional derivative DUf in [a,x], a, © €
R, a < x, such that

D7 f(a) =0, forj=1,...,[v] + 1.
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Additionally assume (1/DYf) € Loo(a,x) and that DY f has the same sign
a.e. in (a,z). Then

x x 2/q
[ Dzl Dol > - o ([CIoseras) s
where Q is defined by (15.32).

Proof. Based on Theorem 2.3, of [64], special case of a = 0. It is a similar
method of proving as in Theorem 15.22. [

We give the transfer.

Theorem 15.26. Let 1/p + 1/q = 1 with p,q > 1 let v > 0, v >
vy+2—1/p, and f € Li(a,x) have an Lo, fractional derivative D f in
[a,z], a, x € R, a < x, such that

D7 f(a) =0, forj=1,...,[v] + 1.

Then

/j DY f(s)] | D7 f(s)]ds < Qa(x — a) (/ |Dgf(s)|qu> Q/q, (15.43)

where
t2 (rp+1)/p

B G D T e

Proof. Based on Theorem 2.4 of [64], special case of a = 0. It is a similar
method of proving as in Theorem 15.22. [J

We present the transfer.

Theorem 15.27. Let v > 0, v > v+ 1, and let f € Ly(a,z) have an
Lo fractional derivative DY f in [a,x], a, x € R, a < x, such that

D7 f(a) =0, forj=1,...,[v] + 1.

Then
| DL 1D (5l ds < ala = @) ess supieuy [DEFOF, (1549

where
Q1) (. >0 (15.46)
3 = , = U. .
2 (D(v—7y+1))°
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Proof. Based on Theorem 2.5, of [64], special case of a = 0. It is a similar
method of proving as in Theorem 15.24. [

We further give

Proposition 15.28. Inequality (15.45) is sharp; namely it is attained
by
fi(s)i=(s—a)’, a<s<z, v>~v+1, v>0.

Proof. Here we are acting as in Remark 2.6 of [64]. We use the known
formula
s T(u) T
/a (s =)t —a)'"tdt = %(s —a)" " w >0, (15.47)
Let
0<j<[l+1, m=P-j+1 a:=v-—[v]

We have 1 —a >0, v+ 1 >0, and by (15.21) we obtain

S i " 1 a\™ [ o i} B
DS fu(s) = D7 (s—a)’ = m ($) / (S—t)(l ) 1(t—a)( +D)-1
(15.48)

I T(l-a)T(v+1) (d%)m(s_a)mﬂ R NChR) FRY)

CT(1l—a) T(m+j+1) !
(15.49)
that is,
. T 1
DY (s —a)’ = (”,J[ ) (s — ay (15.50)
4!
Hence
D7 f(a)=0, forj=1,...,v] +1 (15.51)
and
D! f.(s)=Di(s—a)’ =T(v+1). (15.52)
Using Lemma 15.16, in particular applying (15.15), we obtain
Fv+1)(s—a)"" Tv+1) o
D7 (s—a)? = D'y+1 oy S\ T \u—y 1'
a(s a’) F(U _ ’Y + 1) ’ a (S a’) F(v _ /_Y) (S a’)
(15.53)
Therefore
((v+1))°

L.H.S. (15.45) = /a D7 fu(s)| D3 fi(s)lds = T(w—) T —7+1)
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/x(s—a)%“_”)‘lds = % (FF(U—JFU)Y (z—a)?"=") = R.H.S. (15.45),

(v—vy+1
(15.54)
thus proving the claim. [

We present
Theorem 15.29. Let 1/p+1/g=1with0 <p <1,lety>0, v >~y+1,
and let f € Li(a,x) have an Lo fractional derivative DY f in [a,z], a, x €
R, a < x, such that
DY If(a) =0, forj=1,...,[v] + 1.
Also assume (1/D2f) € Loo(a,x) and that DY f has the same sign a.e. in
(a,z). Then

x xT 2/‘1
/ DI £(s)| DT f(s)lds > Dl — a) ( / IDZf(S)qu8> . (15.55)
where Qg is given by (15.44).

Proof. We transfer here for arbitrary anchor point a € R, Theorem 2.7
of [64]. We apply the earlier established method; see Theorem 15.22. O

We present

Theorem 15.30. Let 1/p+ 1/q = 1 with p,q > 1, let v > 0, v >
v+ 1—1/p, and let f € Li(a,x) have an Lo, fractional derivative DY f in
[a,z], a, v € R, a < x, such that

D7 f(a) =0, forj=1,...,[v] +1;

let m > 0. Then

[ reras < oue - ([ ipgsoeas) M s

a

where
t(rm+14(m/p))
Q4(t> = o . ,
(C(r+1)) (rm +1+ (;)) (rp + 1)m/p
ri=v—~y—1, t>0. (15.57)

Proof. Based on Theorem 2.8 of [64] and its transfer to arbitrary anchor
point a € R. [
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We give

Theorem 15.31. Let v > v > 0, and let f € Lq(a,z) have an Ly
fractional derivative DU f in [a,z], a, x € R, a < x, such that

DY f(a) =0, forj=1,...,[v] +1;

let m > 0. Then
/ 1D} f(5)|™ds < Qs (x — a)esssupyeiaa | DL )™, (15.58)

where

fo—)m+1
Qs(t) = . t>0.
(Ce—y+ )" (@=v=Dm+1+(2)) (0= y)m+1)

(15.59)

Proof. Based on Theorem 2.9 of [64], and so on. O

We next give the notation valid for the rest of Section 15.5.1; we follow
[65].

Notation 15.32. Here we call
e [: a positive integer.
e v, r;: positive real numbers, i = 1,...,[, r = Zizl Ti.
e 4;: real numbers satisfying 0 < p, <wv, i=1,...,L
e a;=v—p;,—1, i=1,...,1
o a=max{(a;)_: i=1,...,1}, where (a;)_ := (—a;)+.
e f=max{(a;)+: i=1,...,1l}, where (a;)4 := max («;,0).

e wi,wy: continuous positive weight functions on [a,z], a, x € R,
a <.

e w: continuous nonnegative weight function on [a, x].
o Sp,s: sp>0and 1/sp+1/s), =1k=1,2.

We write & = (pq,..., 1) for a selection of the orders u; of fractional
derivatives, and 7 = (71, ..., 1) for a selection of the constants r;.



15.5 Main Results 341
We mention

Theorem 15.33. [65] Let f € L1(0,x) have an Lo, fractional derivative
DV f in [0,2], = > 0, such that

DI f(0)=0, forj=1,...,[v] + 1.

Here a =0. For k=1,2, let s;; > 1 and p > 0 satisfy

52
1— sy

asy <1, p> (15.60)

and let 0 = 1/s9 — 1/p. Finally, let

T 1/8/1 T 7"/5/2
Q= </0 wl(T)SlldT> i Qo= (/0 'lUQ(T)Sé/pd7_> . (15.61)

Then l
| o s <
0 i=1
@ r/p
Q1QoCy Pt (/) (/ ws(7) |va(T)PdT> , (15.62)
0
where p := 22:1 o;ri +or, and
O.'I"O'
Cl = 01(’0,ﬁ,7,p781,82) = .
[Tics T = )7 (s + )77 (psy + 1)/

(15.63)

We transfer the last theorem to arbitrary anchor point a € R.

Theorem 15.34. Here all constant and parameter notation is as in
Theorem 15.33. Let f € Li(a,x), a < x, a,z € R, have an Lo fractional
derivative DY f in [a, x|, such that

D7 f(a) =0, forj=1,...,[v] + 1.

Let

)= ([ wiryiar) " ula) ([ watrytirar) "

(15.64)

Then l

[ o IIpe s

i=1

Tidr <
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z r/p
Q@i e = a0 [ualo) ID31Par) . (1505
Proof. By Lemma 15.9, f, € L1(0,2 — a) with an L., fractional deriva-
tive DVf, in [0, — a]; see Definitions 15.12, and 15.13. Furthermore it
holds (see (15.13))
D7 f,(0)=0, for j=1,...,[v] + 1.

Notice that

T—a , 1/Sl1 r—a , 7‘/3/2
Q1(a) := (/o wi (T + a)sldr) , Q2(a) = (/ wa (T + a)fsz/pdr) .

(15.66)

Next we apply (15.62) on [0,z — a] to f, with respect to

wi(a+71), wala+7), 7€ [0, —al.
We have

r—a l
| e LD futnprar <
0 i=1
r/p

Q@@ (-0 (([* ek n) D%, )lar )

(15.67)
Equivalently, via (15.10), we write
r—a l
[ was 100 fta+nimar <
0 i=1
r/p

Q1(a)Qa(a)Cy (x — )1/ ( / " wn(at ) IDLf(at r>|pdr)

(15.68)
By Lemma 15.16, we have that D4 f € AC([a,z]). Hence, by Proposition
15.4, we get (15.65). O

Next, we apply Theorem 15.34 to the spherical shell A. We give

Theorem 15.35. Here all constant and parameter notation is as in
Theorem 15.33. Let f € L1(A) with

Og, /()

Lo (A), 4;
G © (A), z €

A:=B(0,Ry) — B(0,R;) CRY, N>2, 0<R; < R,.
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Further assume that Dy f(rw) € R for almost all r € [Ry, Ry], for each
w e SN, and for these |DY, f(rw)| < My for some My > 0. For each
w e SN — K(F), we assume that f(- w) has an L fractional derivative
Dy f(- w) in [Ry, Ro], and that

Dy f(Riw) =0, j=1,...,[v] + 1.

Wetakepzzizlri, and 0 < pg < pg < pg <<y < .
If py =0 we set vy = 1. Denote

(N—1)s! +1 (N=1)s\+1\ 1/51
R YT — R t
QI(RI) = ( 2 ! ) )

(N-1s)+1
RU=N)(5/P)+1 _ p1=N)(sh/p)+1 P/ea
Q2(Ry) = [ =2 — : (15.69)
(1-N)(2)+1
Then
l i
o flx) v % f
— - d <C* 1 15.
/14}:[1‘ Orti ¢ (/‘ 87"” )’ (15.70)
where
C* = Q](Rl)QQ(Rl)Cl(RQ - Rl)p+(1/sl). (1571)

Proof. By Theorem 15.20 for p; > 0 we get that

g, f (@)
Lo (A).
Ort < (4)
In general here we get that
! ,
I, £(
Li(A).
H ‘ 87'“7 ‘e 1(A)

i=1

Thus, by Proposition 15.3 we have
6,‘%’1

= H\ W /S N ( / Ii]_i[llDéif(rw)

:/ / 11 1P% frw)l™ v¥ " dr | dw. (15.72)
SN=1_K(f)) R ;4

T erdr> dw
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Because ‘ %éfv(z) ! € Li(A), we also obtain
8R Rz
L _/ E :/ / DY, frw)P N | dw
87"“ SN-1 Ry
R>
_ / / Dy, frw)? N ~tdr | duw. (15.73)
(SN=1—K(f)) \/R:

Notice here
f(-w) € Li([Ry, Ra)), for allw € SN~1 — K(f),

and Agy—1 (K (f)):0
Setting w1 (1) = wa(r) := rN=1 r € [Ry, Ra], we use Theorem 15.34, for
every w € SV — K(f). We get

I I 9% s

1 =1

T N 1d’l”

R
< Q1(R1)Q2(R1)C1(Ry — Ry)P /0 (/ | Dy, f(rw)P erdr> :
R1

(15.74)
that is, we find that

/ H|D“" (rw)|" rNldr <
R

1 4=1

Ro
c*/ DY, f(rw)[P vV dr, for allw € SN — K (f). (15.75)
Ry

Therefore

/ / H\D‘“ (rw)|" N dr | dw
SNTI-K(f) \YB1 =1

R2
<c (/ </ DY, frw)l? TN_ldr> dw> . (15.76)
(SN=1-K(f)) Ry

That is,
I < C*I, (15.77)

thus proving (15.70). O
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We continue with

Theorem 15.36. Let f € Li(a,z), a < z, a,xz € R have an Ly
fractional derivative DY f in [a,x] such that
D7 f(a) =0, forj=1,...,[v] + 1.

Then

l

: wllso (@ — a)?
/a w<T>g|Da R e

1Dafll5,  (15.78)

where p := Zizl(v — p)ri + 1.

Proof. This is a transfer of Theorem 2.2 of [65] and its proof. By (15.15)
we have

D20 < e [ (7 — 1) DR f () e, (15.79)

L(v— ;)

implying that
1D flloo (T — @)™

D*Hi < 15.
D2 ()] < AP (15.80)
Hence ( )
e - IDAAE (7 = @)
D (r)|re < 1allloo — 15.81
DL (o < e T (15.81)
and
l l )
DV T _ Z:‘,:l(”*#z‘)rt
UJ(T) H |ngf(7.) T < ||w||00 || l af”oo (T CL) R ) (1582)
i=1 [Tic) T(v = p; + 1))

Integrating (15.82) over [a,x] we get

l

S TT b p e <l DA
/aw< Tt s ar < e 12T

[wlloo IDafll5 (& —a)?

[, (Co—p; + 1) P

T /I(T _ a)Zé:ﬂU*M)n‘dT _

, (15.83)

proving (15.78). O
We apply Theorem 15.36 to the spherical shell A case.

Theorem 15.37. Let f € Li(A) with

on f
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Assume DY, f(rw) € R for almost all v € [Ry, Ry, for each w € SN~1,
and for these |DY, f(rw)| < My for some My > 0. For each w € SN~ —
K(f), we assume that f(- w) has an Lo fractional derivative Dy f(- w)
in [R1, Ra|, and that

Dy f(Riw) =0, for j=1,...,[v]+ 1

We take
0<py <pg<pg<...<py<o.

If py =0 we set ry = 1. Then
/ H O, f (@)
‘ 3r“z

where p = Zizl(v — w;)ri + 1.

RY '(Ry — Ry)PMy  2aN/?
"o ey (T — py + 1)) T(N/2)

(15.84)

Proof. Here

Hence as before

O f(x)

.1
R
I ::/ ‘ 1
Ag Ok

" de :/ (/ D’” flrw)|™ erdr> dw.
SN-1 K(f) Ri 5
(15.85)

Here we set w(r) := rN=1 r € [Ry, Ry]. For each w € SN=1 — K(f) we
apply Theorem 15.36. From (15.78) we obtain

N RY"Y Ry — Ry v ,
/ 1104 ferw) 7 tar <« —t2 B ZBD" ypo v o
R1 =1 P Hi:l (F(U*MiJrl)) ‘
(15.86)

Ry~ (R — Ry) MY

< l — =0, forallwe Y1~ K(f). (15.87)
P Hi:l (C(v—p; +1))"

Therefore
fre PN-1
I =/ / D“ flrw)|™ dr | dw
SN-1_K(f Ry 11_[1|
§9/ dw =190 dw (15.88)
(SN-1—K(f)) SN—1
) N/2

—9 = (15.89)

T(N/2)’
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proving (15.84). O
We continue with

Theorem 15.38. Let f € Li(a,z), a < z, a,x € R have an Lo frac-
tional derivative DY f in [a,x] such that

D7 f(a) =0, forj=1,...,[v] + 1.

Assume also that DY f has the same sign a.e. in (a,z). For k = 1,2 , let
0<sp <1 letp <0, andlet o :=1/s5 —1/p, Q1(a) and Q=2(a) as in
(15.64), Cy as in (15.63). Then

. !
| v ITIpe s

Tidr >

x r/p
Qu(@)Qa(a)Ch ( — a) /) (/ wz(T)IDgf(T)I”dT> (1590
where

1
pi= Zaim +or. (15.91)
i=1

Proof. Similar to Theorem 15.34 with transfer of Theorem 2.3 of [65] to
anchor point @ € R. [

We give

Theorem 15.39. Let s1,592,p € (0,1), rs1 <1 and

S9 S92 1 1

<p< , 0= )
1 — ass + 59 p 14 Bso S p

p as in (15.91), Q1(a) and Q2(a) as in (15.64), and Cy as in (15.63). Let
f € Li(a,x), a < z, a,x € R have an Lo fractional derivative D2 f in
[a, x], such that

D' f(a) =0, forj=1,...,[v] + 1.

Assume also that DY f has the same sign a.e. in (a,z). Then

. l
[ w102 s)

Tidr >

€T

r/p
Q1(a)Q2(a)Cy (z — a)Pt(/s1) (/ wg(T)|D2f(T)|pdT) . (15.92)
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Proof. Similar transfer of Theorem 2.4 from [65]. O
We apply Theorem 15.39 on the spherical shell A.

Theorem 15.40. All parameters and constants are as in Theorem 15.39.
We mkep—zZ 1Tiand 0 <y < prg <pg <o <y <. If uyp =0 we
set ry = 1. Let f € Ly1(A) with

on f

gy € Lo (A).

Assume that D}, f(rw) € R for almost allr € [Ry, Ry), for eachw € SN~1,
and for these |DYy f(rw)| < My for some My > 0. For each w € SN~1 —
K(F), we assume that f(- w) has an Lo fractional derivative Dy, f(- w)
in [Ry, Ro], and that

Dy f(Ryw) =0, j=1,...,[v] + 1,
also DY, (- w) has the same sign a.e. in [Ry, Ry]. Then

1 1
R f(x) r . 8R1
/AI:“W dw > C (/ | W ) (15.93)

where

C* = Ql(Rl)QQ(Rl)C1(R2 — Rl)p+(1/sl). (1594)

Proof. Similar to Theorem 15.35 by using (15.92). O
We continue with

Theorem 15.41. Let [ € Li(a,z), a < z, a,xz € R, have an Ly
fractional derivative DY f in [a, x|, such that

D' f(a)=0, forj=1,...,[v] +1.

Letv>py >p +1>1.Ifp,g>1: 1/p+1/q=1; then

| 1DE SO D2l < Cafa = prrer e
a

(/ax |D§f(r)|pdr> 2/p, (15.95)

where Co = Ca(v, 14y, g, D) i given by
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1\ (1/p)
Cy := ( )

2
T(v— p1)T(0 = piy + 1) (v = pp)g + DY (20 — pg — py — 1)g +2)*/*
(15.96)
Proof. Transfer to a € R of Theorem 2.5 [65]. O

We give

Theorem 15.42. Let [ € Li(a,z), a < z, a,x € R, have an Ly
fractional derivative DY f in [a, x|, such that

D' f(a)=0, forj=1,...,[v] +1;

also | DY f| is decreasing on [a,x]. Let 1 > 2. If p,g>1: 1/p+1/qg=1 and
(Zézl ai) p>—1, then

x 1/q
/Ilw“ ldr < Cy(a WWW“W(/mﬂm%Q |

(15.97)
where v := Eﬁzl a; and

_ p
03 = Cg(”l),lLL,p) = .
(yp+ V)Y (yp+p+ DT, Tw — ;)

(15.98)

Proof. Transfer of Theorem 2.6 of [65]. O

We finish this subsection with

Theorem 15.43. All are as in Theorem 15.42 with p = 1 and ¢ = o©
Then

/ H|D“ Hldr < Calw — a) 1 DY fIL (15.99)

where v := Zi’:1 a; and

. 1
Ci= G = T I I

15.100
i=1 Lo —p;) ( )

Proof. Transfer of Theorem 2.7 [65]. [
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15.5.2  Riemann—Liouville Fractional Opial-Type Inequalities
Involving Two Functions

‘We present
Theorem 15.44. Let
a1,0 € R-‘r? ﬂ > aq, o, ﬂ—Oéi > (1/p)7p> 1,1, = 172a

and let
fi,f2 € Li(a,x), a, z€R, a<x

have, respectively, Lo, fractional derivatives Dgfl,Dng in [a,z], and let
DP=Ffi(a) =0, fork=1,...,[8]+1; i=1,2.

Consider also p(t) > 0 and q(t) > 0, with all p(?, 1/p(t),q(t) € Loo(a, z).
Let A\g > 0 and Ao, Ao, > 0, such that A\g < p. Set

Pi(s) := / (s—t)p(ﬂ_ai_l)/(p_l) (p(t+ a))_l/(p_l) dt, 1=1,2; 0<s<z—a,
0

(15.101)

A(S) — Q(S + CL) (Pl(s)))\al((p—l)/p) (PQ(S)))\QZ((p—l)/p) (p(s i a))_)‘ﬁ/p

(03— )™ (°(5— az)) ™ ,
(15.102)

e (p—Xp)/p
Aole )= (/ (A e ds) : (15.103)
0
and
5 e 21~ (Ceart2a)/p) i A, 4 A5 <p, -
1’ Zf >\a1 +)\ﬂ > p.

If Ao, = 0 we obtain that

[ a0 i) IDZA + | D fa(s) P DEf(s) ] ds <

A A@/p(S
w2=0) \Aay + A3 !

}((z\aﬁ-)\ﬂ)/p)

(Ao(x —a)|,

{/x p(s) [[DZf1(5)IP + | D fa(s) "] ds (15.105)

Proof. Similar proof to those of Theorems 15.22 and 15.34. Here we
transfer Theorem 4 of [48] to an arbitrary anchor point a € R. In fact for
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a = 0 inequality (15.105) is identical to inequality (8) of Theorem 4 of [48].
We apply it here for the translates

fra = fi( +a), foa:=fot +a), p(- +a), q(- +a)
and the fractional derivatives
D fray D’ foa, D* fra, D foa, i =1,2,
all over [0,z — a].
We use Lemma 15.9, the equivalent definitions 15.12, 15.13, and (15.13).

We also use (15.9) through (15.11). We get the result by Proposition 15.4
applied at the end. [

We continue with

Theorem 15.45. All here are as in Theorem 15.44. Denote

53 = { 2ol Loif ey 2 Ag,

L A S (15.106)

If Aoy =0, then

/ q(s) [|Dg2 fa(s)[*22 |DZ fr(s) + | Dg2 fuls)[e2 | D fa(s)[*] ds <

As/
9(p=Ap)/p M ’ p(;A/e/p
Aoy =0 )\042 + )\g 3

()‘a2+/\ﬁ)/10

( [ v (10260 + D225 ds) O as107)

(Ao(x —a)

Proof. Transfer of Theorem 5 of [48] to a € R. The proof is similar to
that of Theorem 15.44. [

The complete case Ay,, Aa, # 0 follows.

Theorem 15.46. All here are as in Theorem 15.44. Denote

; 21 tXa2)/X) 1 if Aoy + Mgy 2 Mg,
e { Lif Aoy + Aoy < Ag, (15.108)
and
~ 1, Zf)\u + Ao +)\52p’
Vo = { 21—((Aa1+3a2ﬂ;)/p)’ if Aoy + Ay + Ag < . (15.109)
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Then, it holds
| a[iDz )P Dz ()P D2

+ Dg2 fu(s)[e2 | DG fa(s) P Ifoz(S)IAB}dS < Ao(z —a)

( 5
()‘oq + /\az)()‘oq + )‘042 + /\B

Ap/p
)) . [)\gf/p% +20=A)/P (50, )07

} (Aay +Frag+2rs)/p

[ [ o) (D216 + 1D ()P ds (15.110)

Proof. Similar transfer to a € R of Theorem 6 of [48]. O
We proceed with a special important case.
Theorem 15.47. Let > a1 + 1, a; € Ry and let
fi,f2€Li(a,x), a, rER, a<w
have, respectively, Lo, fractional derivatives Dgfl,Dng in [0,2], and let
DPFfi(a) =0, fork=1,...,[8]+1; i=1,2.

Consider also p(t) > 0 and q(t) > 0, with p(t), 1/p(t) ,q(t) € L(a,x).
Let Ay, 20, 0< Ay41 <1, and p > 1. Denote

{ Xe/Aatt — 1 if Ay > Aay1,
03 =

L if Xa < Aatr, (15.111)

T (1=Xa+1) 93)\ . Aatl
L(x —a) := <2/ (Q(S))(l/(l)‘““))ds) < ot ) ,

)\oc + /\a+1

(15.112)
and

Pi(z —a) ;:/ (z — 5)Bma=Dp/(P=1) (p(5))~1/(P=Dgs,  (15.113)

— (Aa+)‘a+1)
Pl(l' — a)(p 1/17))

T(x—a):= Lz —a) [ ——r—"t—— , 15.114

(o= a) o= 2o —a) (A0 (15.114)
and

wy 1= 2E=D/P) et rasn) (15.115)



15.5 Main Results 353

with
O(x —a) =T(x —a)w;. (15.116)

Then

[ a1z P D3 o) D o) (D (o) ] ds

<ae-a)] [ o) (DIRGP + 2R as] T sg)

a

Proof. Similar transfer to a € R of Theorem 8 of [48]. O
We give

Theorem 15.48. All here are as in Theorem 15.44. Consider the special
case of

Aas = Ay + Ag.

Denote

~ by As/p .
T(z —a) == Ao(z — a) (A—i@) 2(P=2Xa1=3Xs)/P - (15.118)
ay

Then .
[ a1z P 12 fa(s)Por e D2 ()P

HD2 () P D fals)r D fa(s)* | ds <

7 = a)( [ 99 (DIREP + D)) ds

2(Xaq+A3)/
) " (15.119)

Proof. Transfer of Theorem 9 of [48]. O
Next follow special cases of the last theorems.

Corollary 15.49. (to Theorem 15.44) Set A\,, = 0, p(t) = q(t) = 1.
Then

/ T [IDE AP IDEA(EP + D fals) P 1D fals)ds <

Cia-a)] | DRI+ DR APy ds] T 520



354 15. Fractional Multivariate Opial Inequalities

where
A Ag/p
Cl(.’E — a) = <A0(.’£ — a) ,\QQ—O) (m) (51, (15121)
1—((Aay+2p)/ .
01 := 2 ( ! p)7 if Aoy +Ag <p, (15.122)
1, if Aoy +2g 2> p.
We find that
(p —1 ((Aalp_kal)/p)
(Ao(x_“) _):{( X : o) ”
Xy =0 (L(B — a1))*er (Bp — arp — 1) ReaP=Aa)/P

(p— )\ﬁ)((P*Aﬁ)/p)
(()‘041/8]7 - Aalalp - )\al +p-— )\[3)((7’7)‘6)/?) ) } X

(z — a)((AalﬁP*AalOflpf)\aﬁrp*)\ﬁ)/?)_ (15.123)

Proof. Transfer of Corollary 10 of [48]. O

We continue with

Corollary 15.50. (To Theorem 15.44: set Ao, = 0, p(t) = q(

t)
1, Aoy =g =1, p=2.) In detail; let a1 € Ry, 8> a1, f—aq > (1/2),
and let

fi,f2 € Li(a,x), a, z€R, a<x

have, respectively, Lo, fractional derivatives DP f1, D? fo in [a, ], and let
DPFfi(a)=0, fork=1,...,[8]+1; i=1,2.

Then

/ (12 A1) 1D2F1(5)] + 1D Fa )] 1D fols)] ds <

z —a)B-an) r
<2r< e 1) ([ (e + 0fne]es).
(15.124)

Proof. Transfer of Corollary 11 of [48]. O

We continue with
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Corollary 15.51. (To Theorem 15.45; A\, = 0, p(t) = q(t) = 1.) It
holds

/ 1082 fa(s) o2 [DEfi(s)* + D2 fu(s) P2 [DE fals) | ds <

(As+Aras)/
| " (15.125)

Oute—a)] [ [DERGIP + D2 Ao)P)

Here

A Ag/p
Co(x —a) = (Ao(z —a) R 0) 9(p=As/p) ()\ i}\ﬁ) 5?3/17’
a1 = (e

(15.126)
L 2)\0‘2/)\[5715 Zf )\(x zAﬁa
03 : {1, if Aay < A 2 (15.127)
We find that
— 1)Qazp—Aay)/p
(Ao(x_“) >:{< e )¢
rer=0) ~ W(D(5 = a2)%2 (Bp — ap — 1)0ear )7
(p— /\6)((;0 Ag)/p)
(( azﬁp )\azo@p )\a2—|—p )\ﬁ)((P /\ﬁ)/P))}

(z — a)((AazﬂP*Aaga2P*>\a2+P*>\ﬁ)/p). (15.128)

Proof. Transfer of Corollary 12 of [48]. O

We give
Corollary 15.52. (To Theorem 15.45; \,, = 0 p(t) =q(t) =1, Ay, =
Ag =1, p=2.) In detail; let ag € Ry, B> ag, f— 042 > (1/2), and let

fi,fo€Lli(a,x), a, reER, a<uw
have, respectively, Lo, fractional derivatives DB f, D? fo in [a,x], and let
Dgfkfi(a) =0, fork=1,...,[0]+1; i=1,2.

Then

/ " [1D22 £2(s)] 1D F1(5)] + 1D52 F(5)] 1D fols)] ds <

Gito—a) ([ (02162 + (D21(s)?] ). (15.120)
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where
(z — a)P=e2)
V2T(B—a)VB—az V20 —205 — 1

Ci(x —a) = (15.130)

Proof. Transfer of Corollary 13 of [48]. O

We continue with

Corollary 15.53. (To Theorem 15.46; Ao, = Ao, = Mg = 1, p =
3, p(t) = q(t) = 1.) It holds

[ (102 110 1082 £a9) IDE (9] + | D3 (6] 1D )] D o) ] ds <

tote—a) (V22 ) ([ (0206 + P2 ds) . (15181
Here,
Ag(z —a) = 4(z — a)PP1a2)

1

F(ﬂ — 041) F(ﬂ — Otg)[3(3,8 — 3011 — 1)(3,8 — 30[2 — 1)(25 — ] — 042)]2/3.
(15.132)

Proof. Transfer of Corollary 14 of [48]. O

We give

Corollary 15.54. (To Theorem 15.47; here A\, = 1, Ao11 = 1/2, p =
3/2, p(t) = q(t) = 1.) In detail: let 8 > a1 + 1, aq € Ry, and let

fi,f2 € Li(a,x), a, z€R, a<x
have, respectively, Lo, fractional derivatives DB f1, D? fo in [a,x], and let
DPkfi(a)=0, fork=1,....[f]+1; i=1,2.

Then

/ (I AW V108 o)+ 1D )] /1D ()] ds <

v [ (ID2A@F IDiReP2)as|. (513)

where
Q(m — a)(35—3(x1—1)/2

N (VR eV )

(15.134)
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Proof. Transfer of Corollary 15 of [48]. O
We continue

Corollary 15.55. (To Theorem 15.48; here p = 2(Ao, +Ag) > 1, p(t) =
q(t) =1.) It holds

/ 1D fu() P 1Dg2 fo() 2 [DE fu(s)

D ()P D fo(s) s DS fa(s) ] ds <

(e - a)( / ’ (D2 f1(s) 201 #39) 4| D fo(s) 201 +39)) ds). (15.135)

Here,

< - As (Xs/2(Xay+2p))
T(x — =A — , 15.136
and
Ag(x —a) := 00" (z —a)?, (15.137)
where
1
g =
(D(B — 1)1 (T(B — ag))ertAs
ey + 205 — 1 (22%, +2Xa; A —Aay )/ (2ha; +2X5)
8 (2)\a1ﬁ 2058 — 2ha 0 — 2hpa; — 1)
((2Xay +2X5—1)/2)
2 205 — 1 1
x Ay F 2As ., (15.138)
e, B+ 2030 — 2ha, a3 — 2Agarg — 1
2\ 4 A (2Xa; +A5)/2(Aaq +A5)
0_* = < a1 ﬁ) ,
S
where
S = 4N2 B+ 6Xay AgB — 202 a1 — 200, Mgt
—2X\2 s — 4o, Agas + 2X578 — 2057
and

S
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Proof. Transfer of Corollary 16 of [48]. O

We give the following interesting special case.

Corollary 15.56. (To Theorem 15.48; here p =4, A\, = Ag =1, p(t) =
q(t) =1.) It holds

/ (1D ()] (D5 () DA+ (D52 Fu(9))? DS fo()] DL fo(s)]]ds <

T*(z — a) ( / ’ (D2 f1(s))* + (D2 fa(s)") ds). (15.140)
Here,
. _ Aj(z—a)
T (x —a) := N (15.141)
and .
A*(z —a) =50 (z —a)?, (15.142)
where

_ 1 3 3/4 3 3/2
"::rw—al)(rw—ag))?(45—4a1—1> (46—4a2—1> ’

(15.143)
3 3/4
o= 15.144
7 (126—40(1 —80(2) ’ ( )
and N
0 :=30— a1 —2as. (15.145)
Proof. Transfer of Corollary 17 of [48]. O
We continue with related results regarding the Loo-norm || - ||oo-

Theorem 15.57. Let ay, 0 € Ry, B> aq, a9, and let
fi,fo € Li(a,x), a, € R, a<z
have, respectively, Lo, fractional derivatives Dgfl,Dng in [a,z], and let
DB Ffi(a)=0, fork=1,...,[8]+1; i=1,2.
Consider also p(s) > 0, p(s) € Loo(a,x). Let gy, Aoy, Ag > 0. Set

ple —a) =
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[p(6)llee (2 = @)1 =01 +hey—ehes )
(F(ﬁ —ag + 1))>\a1 (F(ﬁ — Qg+ 1)))\(12 [ﬁAOtl - al/\al + ﬁ)‘ﬂéz - a2)‘062 + 1] .

(15.146)
Then .
[ o) [IDz fP (D52 ) D2 ()
| Dy i(s) P (D3 fols) P |DE fo(s)]ds <
p(z —a) 2(Aay +A5) 2Aa
B2 IDE Al + |1 D2 fulle
Aa Aoy FA
+ IDE IR + D2 )2 7] (15.147)

Proof. Transfer of Theorem 18 of [48]. It is similar to the proof of The-
orem 15.24, and so on. [

We give special cases of the last theorem.

Theorem 15.58. (All are as in Theorem 15.57; Ao, = 0.) It holds
/ p(3)[IDE" fa(s)* [DZFi(s)™ + D8 fa(s)r |DL fals) | |ds <

[P($)ll (& = @)#es 2+
(T8 = a1 + )P [Bha; — atha, + 1

Nap +X Nap +2
IDEAIR + D2 a2 .
(15.148)

Proof. Transfer of Theorem 19 of [48]. It is similar to the proof of The-
orem 15.57. O

We continue with

Theorem 15.59. (All are as in Theorem 15.57; Ao, = Aoy + Ag.) It
holds

x

| p[IDz s 15 fao)P 0 DL

a

| D2 fi(s)r 2 D2 fa(s)*1 DL fals)|* ] ds

y (s}l

T UI(B = an + 1) (D(B = ag + 1)) rea Ao
(x _ a)(Qﬂ)\al 7a1)\a1+ﬁ)\ﬁ7042)\0(17(12)\ﬁ+1)

(Zﬁ)\al — a1 Aa; + BAg — oo, — a2Ag + 1) }

2Ny +A 2Ny +A
: [IIfolHoi 1) D8 3T ‘*)]. (15.149)
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Proof. Transfer of Theorem 20 of [48]. O
We give

Theorem 15.60. (All are as in Theorem 15.57; Ag =0, Ao, = Aq,.) It
holds

[ oDz P 1D fa(s)P + Do) 1D fa(s) 1 s <

" 20 2Xa
p"(@ = ) [IDEAIE + DL IR, (15.150)
where
_ 1) (2BXa; —a1da; —a2iqg +1)
)= | Ip(o)lse (2~ ) ¥
- - @] T ] T a1
(F(ﬂ a1 + 1) F(ﬁ oo + 1)) 1 (26)\ a1 a2\ —+ 1)
(15.151)

Proof. Transfer of Theorem 21 of [48]. O
We give

Theorem 15.61. (All are as in Theorem 15.57; Ao, =0, Ao, = Ag.) It
holds

[ )Pz (o) IDEAGIP + D) (Do) ds <

e il O

. B g (|22 B |[2Ae2
ey o) ML L |

(15.152)
Proof. Transfer of Theorem 22 of [48]. O

We continue with

Corollary 15.62. (To Theorem 15.60; all are as in Theorem 15.57; \g =
07 >\a1 — )‘042’ o = (¥ + 1) It holds

[ o [ID3 fi)P D2 o) 4D ()P (D2 )P ds <

( (2 = )21 220001 Aer ) [p(s)] )
(2ﬁ)\a1 - 2a1)\a1 - )‘Oél + 1)(ﬁ - 041)/\&1 (F(ﬁ - al))2>‘<¥1

>\o< Aa
IDZANR + 12 fal - (15.153)
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Proof. Transfer of Corollary 23 of [48]. O
We give

Corollary 15.63. (to Corollary 15.62) In detail: let cc; € Ry, 8> a3+1,
and let
fi,f2 € Li(a,x), a, z€R, a<x

have, respectively, Lo, fractional derivatives DB f1, D? fo in [a,x], and let
DBFfi(a)=0, fork=1,...,[f]+1; i=1,2.

Then

[ (I 1 103 )+ 103 1a0)] D3 1) ds <

(x — a)?P—e1) ) - o
- IPa illse + 1P5 foll |- 15.154
(2(5_@1)2(F(5—0¢1))2 [” fill | Dy, fo] } ( )
Proof. Transfer of Corollary 24 of [48]. O
We finally give

Proposition 15.64. Inequality (15.154) is sharp; in fact it is attained
when f1 = fa, by

fils)=(s—a)’, a<s<xz B>a+1, ay >0.

Proof. Clearly (15.154), when f; = fs, collapses to

. (e 0= .
[ ol 1D s < (G ) DL
(15.155)

see Theorem 15.27 and Proposition 15.28. [

Next we apply the above results on the spherical shell A.
We make

Assumption 15.65. Let
ay, 0 € ]R+7 ﬂ > o, Q, ﬂ_ai > (1/p),p> 171 = 1727
and let f1, fo € L1(A) with

O fi(z) Op folz)

EICR orF € Loo(A), x € A;
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A:=B(0,Ry) —B(0,R;) CRY, N>2 0<R; <Ry.

Further assume that each Dgl fi(rw) € R for almost all r € [Ry, Ry], for
each w € SV~1 and for these |Dglfi(rw)| < M; for some M; > 0; i =1,2.
For each w € SV~ — (K (f1) U K(f2)), we assume that f;(- w) has an Ly,
fractional derivative Dlﬁ%l fi(- w) in [Ry, Rs], and that

Dy Ffi(Riw) =0, k=1,...,[6] + 1;

i=1,2. Let A\g > 0 and A,,, Aa, > 0, such that A\g < p. If a1 = 0 we set
Aoy = 1, and if ae = 0 we set Ay, = 1.

We need

Notation 15.66. (on Assumption 15.65) Set

Pi(s) := / (s —r)p(’g_ai_l)/p_l (7’—|—R1)1_N/p_1 dr, i=1,2; 0<s< Ry — Ry,
0
(15.156)

(s+ Rl)(N_l)(l_()\ﬁ/p)) (pl(s))/\al((p—l)/p) (P2(s))’\"“2((p_1)/”)

A(s) == ,
) (LB =)™ (T(8 = az)*
(15.157)
and
Ro— R, (p—Xp)/p
Ao(Ry — Ry) = ( / (A(s))P/ P=20) ds) . (15.158)
0
We present

Theorem 15.67. (All are as in Assumption 15.65 and Notation 15.66.)
Here Aoy >0, Ao, =0, and p = Ao, +Ag > 1. Then

/H@%ifl(x) = 5§1f1(x)‘*5+‘5%1f2(w) = aﬁlfm)‘xﬁ]d“
A Orai orP Orai orP -
Ay (Re/Qarts)
A _ b
( O(R2 Rl) a2_0> ()‘01+)‘3)
31%1f1(1’) p 3§1f2(9:) p
/AH 5 ‘ +’ o ’ }dm . (15.159)

Proof. By Theorem 15.20 for a; > 0 we get that

Op: fi(x) .
W S LOO(A), 1= 1,2
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In general here the integrands of both integrals of (15.159) are in Lq(A).
Thus, by Proposition 15.3 we have

I == L.H.S(15.159) = /

SN-—-1

Ro
(] U0 AP D, firu)+

D falrw) s DG, folrw) e dr ) duw =
Ra
J ([ UDgsiewPs 10, AGe)P+
(SN=1—(K(f1)UK(f2))) *Y/R:
D folrw) s DR, fa(rw) )~ dr ) duw. (15.160)

Similarly we have

I » 3 .
e 1255 |2 e
- /5'1\1—1 (/RR[ DY, fr(rw)[? + | D, fa(rw) [P }TN—ldr)dw -

R2
(| 0% At + 1D, ot 1 ar) .

Ry
(15.161)
Notice here Agn—1 (K (f1)UK (f2)) = 0. Here for every w € SN =1 — (K (f1)U
K(f2)) and for p(r) = q(r) = rN~=1, r € [Ry, Ra], N > 2 we apply Theorem
15.44. We obtain

/(SN—l(K(fl)UK(fz)))

R2
[e% le% N_
/R (DG fr(rw)**1 (D f1(rw) M+ DG fa(rw) 1 | DY fo(rw)[ M)~ dr <
1

A (As/Xay+25)
1 Crezr)

R
(/ [ DG, f1(rw) P + | D5 fo(rw)? ]rN1> dr. (15.162)

<AO(R2 —Ry) \

Ry
Integrating now (15.162) over SV—! — (K(f;) U K(f2)) and taking into
account (15.160) and (15.161) we derive (15.159). O

We continue with

Theorem 15.68. (All are as in Assumption 15.65 and Notation 15.66.)
Here Aoy =0, Ao, >0, and p = A\g + Ao, > 1. Denote

Aas/Ag _ :
63 — { Qg /2B 17 lf Aaz Z )\ﬁ, (15163)

1, if Ao, < Ag.
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Then
/Ha;;ffm) Aoy a,%lfl(@lxﬁ +‘8j‘§ff1(x) Aas aglf2<x>mdx<
4 Orez orP Orez orP -
Ag/p
(AO(RQ — Rl) ) 2)‘f¥2/p (/\_5> (5gﬁ/p
Aoy =0 p
Oy filz) p | On falz) P
(L2 |22 ar). (15161

Proof. Based on Theorem 15.45 and similar to the proof of Theorem
15.67. O

The complete case Ay,, Aa, > 0 follows.

Theorem 15.69. (All are as in Assumption 15.65 and Notation 15.66.)
Here Aoy, Aoy >0, p= Ao, + Aoy, +Ag > 1. Denote

_ 2((/\041"")‘&2)/)‘!3) _ 1’ Zf >\041 +)\a2 Z )\,67
7, { L if et A < s, (15.165)
Then
/Ha;;fl(x) Ay | O fo() | Aeo 8§1f1(x)‘m
A oro Oraz orP
| iaile) oen ) OiSale) 2 Op f2(2) e <
Oroz Oroi orP -
(As/p)
Ao(Ro — By) <A—ﬂ> T D) 90 (50 YO/,
(Aay + Aaz)p ' :
Oy fi(x) p | On falz) P
(/AH e "+ | = az ). (15.166)

Proof. Based on Theorem 15.46 and similar to the proof of Theorem
15.67. O

A special important case is next.
Theorem 15.70. (All are as in Assumption 15.65.) Here as = ay +
1, Ao = Ay 20, Aoi1:= Ao, € (0,1), and p = Aq + Aay1 > 1. Denote

0. 2(>‘a/>‘a+1) —]_7 if )\a Z>\a+1a
3= ]., lf )\a S )\a+17

L(RQ - Rl) =

(15.167)
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(1=Xa+1)
(1 B >\O£+l) N*/\a+1/17)\a+1 Nf)\a+1/17)\a+1
[2 o (P i )
>\a+1
(93 A_a+1> , (15.168)
p
and
Ra2
Py(Ry — Ry) := / (Ry — r)B=ea=0p/(p=1) ((A=N)/(P=V) gy = (15.169)
Ry
(Pi(Ry — Ry)®P™DN
P(Ry — Ry):=L(Ry — R A 15.170
( 2 1) ( 2 1) ( (F(ﬂ—al))” ( )
Then
s fr(@) 2o | DR fo(@) [rasr | Ot fa(2) | ra | BRI 1(2) | Aaa J
A H Orea Oroatl +’ Ore1 Oroi+i ] v

< ®(Ry — R) (/AH%‘Z ’%’ﬂdm). (15.171)

Proof. Based on Theorem 15.47 and similar to the proof of Theorem
15.67. O

We also give

Theorem 15.71. (All are as in Assumption 15.65 and Notation 15.66.)
Here Aoy, = Aoy + A3 and p = 2(A, + Ag) > 1. Denote

~ )\5 Aﬁ/ZD \ /
_ — _ - —AB/P
T(Ry — Ry) := Ao(Rs R1)<>\a1+)\5> 2 . (15.172)
Then
/Ha§1f1<x> Noy | O fa(@) | Aer A aﬁlmm‘xa
A Ore Oraz ors
O fi(2) Pt | Ot fo(@) | Mew | O, Sal@) 2o
| Fore | | o<
Oraz ore orP
3 Oy filx) p | Op falz) P
T(Ry — Ry) </AH o |+ | = "az ). asa73)

Proof. Based on Theorem 15.48. O
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We continue with related L., results on the shell A. We make

Assumption 15.72. Let a1, a3 € Ry, > aq, a9 and let fi1, fo € L1(A)

with

Op, N1(2) 0%, f2(2)

ors 7 orP
A:=B(0,Ry) — B(0O,R;) CRY, N>2 0<R; <Ry.

Further assume that each Dgl fi(rw) € R for almost all » € [Ry, Ry], for
each w € SV~1 and for these |D}%1 fi(rw)| < M; for some M; > 0; i =1,2.
For each w € SV~ — (K (f1) U K(f2)), we assume that f;(- w) has an Ly,
fractional derivative D}%l fi(- w) in [Ry, Rs], and that

€ Lo(A), x € A4

D fiByw) =0, k=1,...,[8] + 13

i=1,2. Let Ao, Mgy, Ag > 0. If ¢ =0 weset A\, =1, and if ay =0 we
set Ao, = 1.

We present
Theorem 15.73. (All here are as in Assumption 15.72.) Set
p(R2 — ) =

RQN_l(RQ . Rl)(ﬁ,\al—a1Aa1+BAa2—azAa2+1)
(F(ﬂ —Qq + 1)))\a1 (I‘l(ﬁ2 — Q3 + 1)))‘0¢2 (/8>\o<1 - al)\a1 + BAO& - a2>\az + 1) .

(15.174)
Then
/H@%ifl(x) i O fa@) | Ao afélﬁ(x)‘m
A Oroea Orez orP
‘a;zﬁfl(x) Aoz | Ot Fo(2) | o 8glf2($)‘/\a}dx<
Ore2 dron ors -
R ROIM2Ra1+28) L Af 2has o pf, 202 1 g, 20 +As) /2
P(z— 1)[1 + My + Mo + Mo ]m
(15.175)

Proof. It is based on Theorem 15.57. By Theorem 15.20 for a;; > 0 we
get that
O, fi
or®i
In general here the integrand of the integral of (15.175) belongs to L;(A).
Thus by Proposition 15.3 we have

€Lo(A), i=1,2 j=1,2.

L.H.5(15.175) = /

SN—-1

R
([ UDR AP DR o) 2 DG, A+

Ry

yDgﬁfﬁrw)PazLDgiﬁﬂrw)PalyDglﬁxrwﬂAﬂrN>ldr)dw (15.176)
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Ry
- /(sN L (K(f1)UK (f2))) (/ (1D fi(rw)|*r [DS2 fa(rw) M2 |DY fr(rw)|*+
= 1)U 2

Ry

\D?{l f1 (rw)|>‘“2 |Df§11 f2(7"lU)|)\°‘1 ‘Dglfg(TW)|>\ﬁ}TN71dT’) dw  (15.177)

(by (15.147) for p(r) = rV=1 r € [Ry, Ra))

p(Ry — R 2(Aaq +A
<ot | (105, A1 w2575+
2 (N1 (K (f1)UK(f2))) L
15, 1 w22, gy + 105, S 02 20,y + 1D, f2( w)20 T30 [ dw
(15.178)
S M [M12(>‘0t1+>‘/3) + M12)\a2 + M22>‘0¢2 + M22()‘0¢1+>‘L3)} .
(15.179)
/ dw =
(SN -1 (K(f1)UK(f2)))
p(Ry — Ry) [ 2(hes +05) 22 2 2(Aa; +A )} 2 N/2
AR T A 2Qar t28) o ZRas 2R Mo2Rar+As) | 22
5 1 + My=72 + Moy™" 2 + Mo ! T(N/2)’
(15.180)
by
27TN/2
dw = / dw = —/———, (15.181)
/(SN‘l—(K(fl)UK(fz))) -1 T(N/2)

because Agn-1 (K (f1) U K(f2)) =0, thus proving inequality (15.175). O
We give special cases of the last theorem.

Theorem 15.74. (All here are as in Assumption 15.72; here \,, = 0.)
1t holds
/ H O, J1(x)
A ore

Aoy Aaq

op, fi(x) | ) | 93! fo()

0p fa(w) | X
TRy AT <
orb Oro ’ }da: -

orb

RQNil(RQ o Rl)(ﬁ)\alfal)\oq#»l)
(F(B —ai+ 1)))\(11 [ﬁ)‘al - al)\al +1

X
]
27TN/2

I'(N/2)

[MI(AMHB) I M2<Aa1+xﬂ>] (15.182)

Proof. Based on Theorem 15.58 and similar to the proof of Theorem
15.73. O
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We continue with

Theorem 15.75. (All here are as in Assumption 15.72; here \,, =
Aoy + Ag.) It holds

/Hai‘éifl(w) Moy | O fo@) | Ay +As “o’ﬁlﬁ(m)‘w

A oren Ora2 orb

092 fr(x) [Aartra | OPL fo(a) [Aay | Dy, folz) | Aa

| T | ar <
Oraz Ore orP

(C(B — a1 + 1)1 (T(B — ag + 1)) T
(Ry — Ry)2FAar —a1da; +A3—a2)a, —02 s +1)
[26Xa, — 1day + BAg — a2, — aodg + 1]
27TN/2
I'(N/2)

" [MIQ(AMW) +M22<Aalw>} (15.183)

Proof. Based on Theorem 15.59 and similar to the proof of Theorem
15.73. O
We give

Theorem 15.76. (All here are as in Assumption 15.72; here \g =
0, Aoy = Aay.) It holds

/ H Or, [1(@) | Xy | 02 f2(2) | Ay N ‘ g2 fr(x) | 2oy | O, fa() Aal}dxg
A orot orez orez oret
R2N71(R2 _ Rl)(Qﬁ)\alfalkal 70(2)\(,14’1)
X
(T(B—ar+1)T(B—az+1)*1 (28X, — 01X, — Q2Aa, + 1)
27TN/2
M2 M2’\a} . 15.184
[1 CEMRTT R v (15.184)

Proof. Based on Theorem 15.60 and similar to the proof of Theorem
15.73. O

We give

Theorem 15.77. (All here are as in Assumption 15.72; here \,, =
0, Ao, = Ag.) It holds

/ H 8§§f2($) O, f1(x)
A o2

orf

a5, f2(x)
ors

Aag Aag

Ny | Or; fr(@)
+ ‘ oro2

Ao
2}dm <
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RoN "1 (Ry — Ry)(Bhas =030, +1) M P AL ) 27 N/2
ag a2
e, — oohee (A —op + 1 ,\az( 1 2 I(N/2)
2 2
(15.185)

Proof. Based on Theorem 15.61, and so on. [

We finish this section with

Corollary 15.78. (To Theorem 15.76. All here are as in Assumption
15.72, \g =0, Ao, = Aa,, a2 = a1 + 1) It holds

/- Ha;’gfl(x) Aoy | O fala) Aa1+‘6§ﬁ“f1(w) Xy | O, f2(@) Aal]dxg
A Oret Oroitl Orortl orel
RQNA(R2 _ Rl)(Qﬁ)\al—Qal)\al—)\al-O—l)
X
(25 har — 20100y — Aoy + D(6 — ar)™r (D(F — )P
271'N/2
M, PAa M2 e . 15.1
[ 1221 M2 TN/ (15.186)

Proof. Based on Corollary 15.62, and so on. [

15.5.3  Riemann-Liouville Fractional Opial-Type Inequalities
Involving Several Functions

We present the following theorem.

Theorem 15.79. Let
a1, 02 € R+v ﬁ > g, Qg, /B_ai > (1/p)7p> ]-77’ = 1727

and let
fi€li(azx), j=1,...,. M €N, a, z€R, a<z,

have, respectively, Lo, fractional derivatives foj in [a,x], and let
DEFfi(a)=0, fork=1,...,[8]+1; j=1,...,M.

Consider also p(t) > 0 and q(t) > 0, with all p(t),1/p(t),q(t) € Loo(a,x).
Let A\g > 0 and Ao, Ao, > 0, such that Ag < p. Set

Py(s) = / (S_t)i”(ﬁfoéifl)/(}?fl) (p(t + a))—l/(p—l) dt,i=1,2; 0< s < 2—a,
0
(15.187)
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q(s+a) (Pl(s))Ml((Pfl)/p) (PQ(S)))\QZ((pil)/p) (p(s+ a))**ﬁ/p

A(s) == ,
(LB =)™ (T(8—az)*
(15.188)
T—a (p—Ag)/p
Aoz — a) == < / (A(s))P/ P=22) ds) , (15.189)
0
and ( )
1= ((hay +20)/p) -
si=d M o f Ao FAg <P, (15.190)
9 tXa/P) =1 i A A > p.
Call
/\5 As/p
p1(x—a):= <A0(:17 —a) A02—0> <m> . (15.191)
If Ao, =0, we obtain that
z M
/ a(s) [ D IDg fi(s)P = [DIfi(s) | ds <
a j=1
) o ((har+30)/)
Siere—a) | [ o) | S ID2E )P | ds SNCERES
a j=1

Proof. Similar to Theorem 15.44 and transfer of Theorem 4 of [46]. O
Next we give

Theorem 15.80. (All here are as in Theorem 15.79). Denote

Xez/As 1 if N, > Ag,
5 ._{ L (15.193)
1, if )\[3 + Aoy =D,
€9 1= { A]\417(()\5+)\(),2)/p)7 if Aﬁ + >\a2 S D, (15194)

and

Ap/p
Sr-re)m A8\ 50 /m)
Aoy =0 3 :

po(x —a) := (Ao(x —a) Yt
: (15.195)

If Aoy =0, then

M

[ a {00105 Fra@P e D2 + 102 £(6) 2 1D fya () 1)+

Jj=1
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[1Dg2 far ()= D () + D32 fa(s) o2 DS far(s) > 1} <

M
@ (Ms+Aay)/
2((Aﬁ+xa2)/p)€2<p2(x _ a){/ p(s)<z ‘Dgfj(sﬂp)ds}( 5oy p).
a j=1
(15.196)
Proof. Usual transfer of Theorem 5 of [46]. O
The general case follows.
Theorem 15.81. (All here are as in Theorem 15.79). Denote
~ 2((Aay +Aaz)/Ag) L odif Aoy +Aayw > g,
vy = { 1 if A+ Ay < Ag, (15.197)
and
IO N T 3 D o P Y e
2 { 21O R AV Ny b day +Ag <p 01
Set
A Ag/p
go(x—a):—Ao(x—a)< )
? ()‘041 + )‘a2)()‘6¥1 + )‘062 + )‘5)
NPy 207D (00,7, (15.199)
and
L df Aay A +H A >,
€= { MV (QarH2aztX)/D) - Gf Aol + g, + Mg < p (15.200)
Then
© M—1
/ [ D LIDS fi(o)Pr 1Dg2 fia(s)Me DS f(s) [+
j=1
D32 fi ()2 D figa(s)Pr |DG fia () ]+
[IDg fi(s)r [Dg2 far ()2 |DE fi(s)[* +
D5 fuls) s (DS ()P 1D A () Jds < (15.200)

2((/\a1+>\a2+>\a)/p)€3<p3(x {/ (Z|Dﬁfy |p)ds}(()\al+>\a2+/\6)/p)_
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Proof. Usual transfer of Theorem 6 of [46]. O
We continue.

Theorem 15.82. Let B> a1+ 1, a; € Ry and let
fi € Li(a,z), j=1,..., M €N, a, z€R, a<uz,
have, respectively, Lo, fractional derivatives Dgfj in [a,x], and let
DEFfi(a)=0, fork=1,...,[8]+1; j=1,...,M.

Consider also p(t) > 0 and q(t) > 0, with all p(t),1/p(t),q(t) € Loo(a,x).
Let A\, >0, 0 < Aoy1 <1, and p > 1. Denote

g J 2/Cer) — 1 Ay > Mg,
PTL A Aa € Aagas

’ ey N 05 Aas \ M
Lz —a):=(2 Thatl _—
(z — a) ( [t ds) (Aﬁ AQH) 7
(15.202)

and

Pulz —a) = / (2 — 5)B=ea=D/(=1) (5())~1/@-Dgs  (15.203)

— ()‘a+)‘a+1)
(Py(z — a))® 1/1)))
T(x—a):=Lx—a , 15.204
(o= 0)i= 1o - ) (LD (15.204)
and
wy = 2P~ H/PRatrais), (15.205)
O(x —a) :=T(x —a)w;. (15.206)
Also put
L 17 if )\a + )\a+1 > b,
€4 = { M'=Qatrata/P) - if N, + Agq1 < p. (15.207)
Then

T M-1
| a0 fer D g
Jj=1

IDS fia(s)e [DETfi(s) P ]} +
[IDg fu(s)* [DE T far (8)[r + DG far(s)[M [DGH fr(s)[ Pt ]}ds =

2((atas)/P) ey bz — q) [/ <Z|Dﬁf] |p)d8} ((atras)/p)
(15.208)
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Proof. Transfer of Theorem 7 of [46]. O

Next comes

Theorem 15.83. (All are as in Theorem 15.79). Consider the special
case of Ao, = Ao, + Ag. Denote

- by Ag/p
T(x —a) == Ao(z — a) (ﬁ) 2(P=22a =30a) /P (15.209)
o

Loif 2(Aa, +Ag) 2 p,
65.:{ i 2y +Ag) 2 p (15.210)

Ml_(2(/\a1+)\ﬁ)/17)7 if 20y +A5) <p

Then
M-1

[ a0 e Dz D25

D3 fy ()3 |DE fysa () D2 i () 1+
1D fuls) v 1DE= far ()P >0 |DE fi(s) M+
(Dg= fi() 9 D far(9)P DS fag () ] s <

& (
p(s) (2 1D2£5(s) 17 ) ds]

j=1

x

2(Xay +25)/p)

92201 F20)/P) e (7 — q) {/
(15.211)
Proof. Transfer of Theorem 8 of [46]. O

Special cases follow.

Corollary 15.84. (To Theorem 15.79; A\, = 0, p(t) = q(t) = 1.) It
holds
x M
[ (T 0z sioP 102659 )as <
a ]:1

oy +29)/
}( 1), (15.212)

z M
S1p1(z—a {/ Z |Dﬁfy )P 1ds
j=1

In (15.212)
(Ao(a: —a) A02_0>

of pq(x) is given in Corollary 15.49, Equation (15.123).

Proof. Transfer of Corollary 9 of [46]. O
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Corollary 15.85. (To Theorem 15.79; Ao, = 0, p(t) = q(t) = 1, Ao, =
Ag =1, p=2.) In detail: let B > a1, a1 € Ry, f— a1 > (1/2), and let

fjeLl(a’z)7j:17"')M€N5 a7$€R7a<x7
have, respectively, Lo fractional derivatives Dgfj in [a,x], and let
DEFfi(a)=0, fork=1,...,[68]+1; j=1,..., M.

Then

/ (ZID“lfj ()] 1D f5(5)] ) ds <

z —q)P—>) x M ,
e e L M DSCH O L)

Jj=1

Proof. Transfer of Corollary 10 of [46]. [

Corollary 15.86. (To Theorem 15.80; A\, = 0, p(t) = q(t) = 1.) It
holds

z M-1
[ AU 0Dz P 1D P+ D2 ()P 1D () ]+
Jj=1

[1D22 far(s)[*=2 |DZ fr(s)[M + D2 fu(s)| 2 |Dg far (5)] ]}ds <

2(AHra2 /)y (2 — a) {/L (Z|Dﬁfj |p)ds}((AB+A“"’)/p). (15.214)

In (15.214),
(AO@ _a) Aal_o)

of po(x — a) is given in Corollary 15.51; see Equation (15.128).

Proof. Transfer of Corollary 11 of [46]. O

Corollary 15.87. (To Theorem 15.80, Ao, = 0, p(t) = ¢q(t) = 1, Ao, =
Ag =1, p=2.) In detail: let o € Ry, B> ag, f—az > (1/2), and let

f] ELl(a,(E)7 ]: 17"'7M€N1 a, ‘TERa a<ux,
have, respectively, Lo, fractional derivatives Dgfj in [a,x], and let

DPkfi(a)=0, fork=1,...,[8]+1; j=1,..., M.
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Then

z M—-1
| ACS UDE (o) D25+ 1022 6 Py (1
7j=1

[1D22 far(s)] | D2 fi(s)] + D2 fi ()] |D far(s)] ]}ds
V2(x — a)Bo2) e M e
- LB —a2) VB —as V20— 20z — 1{/(1 [;(DafJ(S)) }dS}
(15.215)

Proof. Transfer of Corollary 12 of [46]. O

Corollary 15.88. (To Theorem 15.81; Ao, = Ao, = Ag = 1, p(t) =
q(t) =1, p=3.) It holds

M—-1

/I [ D LD () 1D fiea(s)] DS f5(s)]+

j=1
D22 f5(5)] 1DE" fy1(5)] 1DEFi1 ()| DS ()] 1DS2 Fas (5)] 1DE () -+
D2 ()] D2 ()] 1D (o) ds < 263 — ) [ (S0 1D, s

j=1
(15.216)
Here

1
Hz—a) = \‘7§+—>A T —a), 15.217
pi(e—a) = (VE+ 5 ) e =) (15.217)
where in this special case
Ao(xz —a) =
4(x — a)P-e1—a2)

F(ﬁ — 041) F(ﬁ — 0&2) [3(3ﬁ — 3041 — 1)(3ﬂ — 30[2 — 1)(2ﬂ — Q1 — 042) ]2/3 ’
(15.218)

Proof. Transfer of Corollary 13 of [46]. O

Corollary 15.89. (To Theorem 15.82; A\, = 1, Aq41 = 1/2, p(t) =
q(t) =1, p=3/2.) In detail: let &1 € Ry, > a1 + 1, and let

fi€Lli(a,zx), j=1,..., M eN, a, z€R, a <z,
have, respectively, Lo, fractional derivatives Dgfj in [a,z], and let

D kfi(a)=0, fork=1,....[8] +1; j=1,..., M.
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Set
. ' 2 (z — a)BF=300-1/2)
" (x —a) = (\/m) . T (15.219)
Then

e M-1
| A Uz @ IDe @D )] 1D 1+
=1

(1D fr()] A/ IDE far ()] + (DG far(s)] |D31+1f1(8)|]}d8§
20%(z —a [/ (Z\Dﬁfj \3/2)615] (15.220)

Proof. Transfer of Corollary 14 of [46]. [

Corollary 15.90. (To Theorem 15.83; p = 2(\o, + Ag) > 1, p(t) =
q(t) = 1.) It holds

M—-1

[T
.U

1Dg2 f5(s) P12 DG fia ()P D] fra ()1 13+
[1DZ* fu(s)*r (DG far ()P ¥ |DG fr(s) [+

|Dg f1(s) [Pt [ DG (s) e |foM(S)|Aﬁ]}ds§

2T(z — a [/ (Z|Dﬁfj ()] Aal*’\f*))ds} (15.221)

Here f(m —a) in (15.221) is given by (15.209) and in detail by Z/:”(x —a) of
Corollary 15.55 and Equations (15.136)—(15.139).

Yor D fiaa(s) 0 IDEE(5) P+

Proof. Transfer of Corollary 15 of [46]. O

Corollary 15.91. (To Theorem 15.83; p = 4, Ao, = Ag = 1, p(t) =
q(t) =1.) It holds

. M—1
/{{Z 1D f5(s)] (Dg2 fi1(5))? | DS f(s)|+
Jj=1

(D32 f5(9))1D2 Fi1(s)| 1D fr+1 ()| 1} + [ IDG" fi(s)] (DG2 far () [DE fa(s)]+
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(D5 F)? 102 fas(o)] D2 fur(o)| 1} < 2T [ (f(Dfms))‘*)ds].

j=1
i (15.222)
Here in (15.222) we have that T(x —a) = T*(x — a) of Corollary 15.56; see
the Equations (15.141)—(15.145).

Proof. Transfer of Corollary 16 of [46]. O
Next we present the L, case.

Theorem 15.92. Let ay, 0 € Ry, B> aq, a2, and let
fj € Li(a,z), j=1,....M €N, a, x €R, a <z,
have, respectively, Lo, fractional derivatives Dgfj in [a,x], and let
DPFfi(a)=0, fork=1,...,[0]+1; j=1,..., M.
Consider also p(s) > 0, p(s) € Loo(a,x). Let Aoy, Aoy, Ag > 0. Set
plz —a) =

1p(s)]l0o (2 — a)(ma1 —1Xa; +BAay —@2Aay+1)

(F(ﬁ —ap + 1)))\a1 (F(ﬁ — Qg+ 1)))\02 [5)‘04 - a1>\a1 + ﬁAaz - a2)\o¢2 + 1] -
(15.223)

Then

M—-1

/zp(s){{z:[ 1D fi(s) | |DS2 fia(s)[M2 [Df f;(s)|M+

1Dg2 fi(s)2 [Dg* fa(s)r DL fian ()™ [h+
[1DZ fu(s)P=r D22 far(s) P2 |Dg fa(s)]™ +

(D3 ()2 DG far(s) s (DR far() 1}

M
2(Aa; +2p) 2a
< plo = a){ YADIHIC ™ w DI IR (15.224)
j=1

Proof. Transfer of Corollary 17 of [46]. O

Similarly we give
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Theorem 15.93. (As in Theorem 15.92; A\, = 0.) It holds

/:p(s)<§: Dt f(s) e |foj(8)|kﬁ)ds <

Ip(5) oo (2 — @) Pras—erras +1) SN 1y g P
: Dy fillsc" . (15.225
(T8 — a1 + 1) [Bhay — aiha, + 1 (]Zl” SR (5229

Proof. Based on Theorem 18 of [46]. O

It follows

Theorem 15.94. (As in Theorem 15.92; Ao, = Ao, + Ag.) It holds

" M—1
[ e {t 1z g6
a j=1

D32 £i(s) P23 (DR fia(s) [P [D] fia ()1 T+
[1D2* fa(s)[=r |Dg2 far(s)[ P2 [DFfi(s)+

IDZ= () D fur(s)P DS fag () ] s <

Yen |DE Faa(s) P DI ()P +

< { Hp(s)”oo
T UT(B =g+ 1)1 (T(B — ag + 1)) PartAs)

2(z — a)PPrer —@1da; +BAs—a2da; —a2Ag+1) - 2(Xay +25)
Tp (12 ).
j=1

. (26/\a1 - al/\al + ﬂ)\@ — ag)\al — (Xg)\ﬁ +1
(15.226)

Proof. By Theorem 19 of [46]. O

We continue with
Theorem 15.95. (As in Theorem 15.92; \g =0, Ao, = Aa,.) It holds
M—1

./Ip(s){{ Do LIDg fi(s) e DG fira(s)Per + DG f(s) 1 |DGY fia(s) 1]} +

j=1

LD fu(s)Pr 1DG2 far(s)*r + D2 fi(s)*or [ DG far(s)| M ]}ds

M
< 20"z —a)[ S IDL 1. (15.227)

j=1
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Here we have
pH(a —a) =

(1 = @) 3er e ho—shas £1) () o

(2820, — @1da; — @2Xa, + D(I(B — ay + 1) 1 (T(B — ag + 1)) e
(15.228)

Proof. Based on Theorem 20 of [46]. O

Next we give

Theorem 15.96. (As in Theorem 15.92; Ao, =0, Ao, = Ag.) It holds

/IP(S){{E[|D32fj+1(8)|“2 D fi () 2 +|D22 f5(5)1*2 | Dy fia ()] 2 1+

j=1

[1Dg2 far(s)Po= |DEfi(5) o2 + DG fu()*=2 DL far(s) o= | s <

(& — a)Preamezrea U Ip(s)]|

? ((maz e T DT —ap + D) ) (Z |2 ;157 (15.229)

Proof. Based on Theorem 21 of [46]. O
Some special cases follow.

Corollary 15.97. (To Theorem 15.95; all are as in Theorem 15.92; A\g =
07 )\al - )\0427 Qo = (1 + 1) It hOldS

. M—1
[ o {0z s 1D o)+
a ]:1
D ()P (DS fra(9)P ]+
D3 fu(s)Pes D far(9)P s 41D ) 1D far()r | s <

R s ) .
? ((wm 201 her — e £ (B —on) e (T3 — [Z D251

(15.230)

Proof. Based on Theorem 22 of [46]. O
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Corollary 15.98. (to Corollary 15.97) In detail; let oy € Ry, 6> ag+1,
and let

fi€Li(a,x), j=1,..., M €N, a, z€R, a <z,
have, respectively, Lo, fractional derivatives Dgfj in [a,x], and let
D Ffi(a)=0, fork=1,....[68]+1; j=1,...,M.
Then

M—-1

[ AES U085 1D s ) + 105 Fra )] D2 150 11+
a j=1

[1Dg" Fu()] 1D+ fa ()| + (D3 far )| [DZ L fi(9)] 1 s <

(.23 — a)Q(ﬁ ar)

(B—a1)2 (I( (Z”Dﬂngz ) (15.231)

Proof. Based on Corollary 23 of [46]. [

Corollary 15.99. (to Corollary 15.98) It holds

s [ M
/ SO D2 fi(s)] 1D (5)] | ds <

(z — a)?B=e1) M -
28— a1)? (D(3 —ay))? <Z‘|Dafj||oo>' (15.232)

j=1
Proof. Based on inequality (15.155) of Proposition 15.64. O

Next we apply the previous results of this subsection to the spherical
shell A . We make

Assumption 15.100. Let
ay, 0 € ]R+7 ﬂ > o, Q, ﬂ_ai > (1/p)7p> 171 = 1727
and for j=1,..., M, M €N, let f; € L1(A) with

O fi(x)

58 € Lo(4), xz € A,

A:=B(0,Ry) — B(0,R;) CRY, N >2 0<R; <Ry.
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Further assume that each Dgl fi(rw) € R for almost all » € [Ry, Rs], for
each w € SN~ and for these |Dglfj(rw)| < Mj for some M; > 0; j =

, M. For each w € SN=1 — (UM, K(f;)) , we assume that f;(- w) has
an L., fractional derivative Dgl fj(- w) in [Ry, Ry], and that

DY fi(Riw) =0, k=1,....,[8] + L;

j=1,..., M.Let A\g > 0 and An,, Aa, > 0, such that \g <p. If oy =0
we set Ao, = 1, and if ap = 0 we set Ay, = 1.

We need

Notation 15.101. (on Assumption 15.100) We set
Pi(s) := / (s — pypB=ai=D/p=1 (. L g YA=N/P=1) g
0

i=1,2 0<s<Ry— Ry, (15.233)

(S_i_Rl)(N—l)(l—(Aﬁ/p)) (Pl(s))ko‘l(p_l/p) (P2(8)))\a2(:0—1/1?)

A(s) == )
) (T(8 =)™ (N(B— ag))*
(15.234)
and
Ro— Ry (p—Xp)/p
Ao(Ra — Ry) = ( /O (A(s))P/ =) ds) . (15.235)
We present

Theorem 15.102. (All are as in Assumption 15.100 and Notation

15.101.) Denote
by (As/p)
) (-ﬂ) . (15.236)
a2=0 p

Let Aoy >0, Ao, =0, andp = Ao, +Ag > 1. Then

aq 8 ¢
/ [Z ‘ aafil 6R1f3(1‘)

orf

o1 (Ro— Ry) = (A0<R2 Ry

Aoy

Ap
o

¢1(Rs — Ri) {/(Z‘a%% "ae |. (15.237)
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Proof. Based on Theorem 15.79 and similar to the proof of Theorem
15.67; notice here Agn- 1( K(f;)) = O

Next we give

Theorem 15.103. (All are as in Assumption 15.100 and Notation
15.101.) We denote

Aan/Ag _ i >
5 .:{ 22l =1, 3 Aay 2 Ag, (15.238)

1, if Aa, < Ag,

and

A
Snansr) (28 i)
Aoy =0 D 3
(15.239)

pa(Ro— Ry) = (A0<R2 Ry

Here Aoy, =0, Ao, >0 and p=XAg+ Ay, > 1. Then

[ R
as p 8 r
‘3lei£$) Az 6R1f1+1($)‘ B}}Jr
0% far(z) af’a; (z) | Ao 6“2?7@ O, far(@) | As
=5 el B B | Jde} <
20500~ )| [ (z]%g;; "o | (15.210)

Proof. Based on Theorem 15.80 and similar to the proof of Theorem
15.67. O

The general case follows.

Theorem 15.104. (All are as in Assumption 15.100 and Notation
15.101.) Here Aoy, Aay >0, p= Aoy + Aoy, + A > 1. Denote

N { 200 2e)2) =1, if Aay 4 Aay 2 Ay (15.241)

TUTU 1, A Aay + Aay < Mg
and

)‘ﬂ (Aa/p)
@3(Ro — Ry) := Ao(R2 — Ry) (()\‘F>\)P>

S e W (15.242)
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RO R
L | | S
| R
oot o] [ (5B Y] o

Proof. Based on Theorem 15.81 and similar to the proof of Theorem
15.67. O

We continue with

Theorem 15.105. (All are as in Assumption 15.100.) Here ay = o +
1, Ao = Aoy =0, Aog1:= Ao, € (0,1) and p = Ay + Ay, > 1. Denote

20e/Rat) — 1 if Ay > Mg,
03 _{ 17 if )\oc < /\a+17 (15244)
L(R2 - Rl) =
(1=Xat1)
|:2 (1= Xos1) (RQ(N_AQ+1)/(1_>\(¥+1) _ RI(N—)\a+1)/(1—>\a+1)>:| ’
(N - >‘a+1)
Aat1
(93 A““) , (15.245)
p
and "
2
Py(Ry — Ry) := / (Ry — r)P=ea=0p/(p=1) (A=N)/(p=V) gy = (15.246)
Ry
and

Pi(Ry — Ry))*~Y

) 2(P=1_ (15.247)

(C(5 — ar))?

Then
/{{M 1Hf3ﬁifg() o | ORI fi4a(@) [ Aan
A - oroa Oroatl
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1
‘%ifjﬂ(if) Ao O fi() Am+1]}
dron Dot
O (@) e | O T (@) [ dags | Ot (@) x| ORI A1(2) | Aaga .
+H oron oroitl +) oro1 ‘ Broitl ]} v

8R1 f]
< 20(Ry — R) [/ (Z‘ s ‘ )dx] (15.248)
Proof. Based on Theorem 15.82 and similar to the proof of Theorem
15.67. O

We also give

Theorem 15.106. (All are as in Assumption 15.100 and Notation
15.101.) Here Ao, = Ao, + Ag and p = 2(Aa, + Ag) > 1. Denote

- 2/\ Aﬁ/:ﬂ
T(R2 —R1> = AQ(R2 R1> < P ) 2—A5/;D- (15249)
Then
{{leuazif] Nay | 02 fi1(2) | Aoy Ao ‘aﬁlfxx)‘m
oro draz ors
Jj=1
‘aﬁiw) Xay+Ap ‘3§1fj+1(x) - 3Jﬁ:zlfj+1($)rﬁ}}+
Oraz Oore ors
Hag Fi(@) [rar | 0% far(z) | Aoy +As ‘agl fl(x)‘xﬁ
Oro Oroz orP
‘a;;imx) Nay +As ‘agifM(@ Aoy aﬁlfmx)‘xﬁ]}dx
Oraz Oro orP
) 9% fi(x
< 2T(Rs — R) /(Z‘ Rlarjﬁ ] )dx . (15.250)

Proof. Based on Theorem 15.83. O

Next we give Lo, results on the shell A involving several functions. We
make

Assumption 15.107. Let aj,as € Ry, § > aj,as, and for j =
., M, M eN,let f; € Li(A) with

O fi(x)

5B € Lo(4), xz € A,



15.5 Main Results 385

A:=B(0,Ry) —B(0,R;) CRY, N>2 0<R; <Ry.

Further assume that each Dglfj(rw) € R for almost all » € [Ry, Ry], for
each w € SNV~1, and for these |Dg1fj(rw)| < Mj for some M; > 0; j =
, M. For each w € SN=1 — (UM, K(f;)) , we assume that f;(- w) has

an Lo fractional derivative Dgl fj(- w) in [Ry, Ry], and that

D fi(Ruw) =0, k=1,..,[B]+1;

j=1,..., M. Let A, Aoy, Ag > 0. If oy = 0 we set A\, = 1, and if
ag =0 we set Ay, = 1.

We present

Theorem 15.108. (All here are as in Assumption 15.107.) Set

p(Re — Ry) =

R2N71(R2 _ Rl)(ﬂ)\al —a1 Aoy FBAay —@2Aay+1)
(P(ﬁ —oy + 1)))\a1 (F(ﬁ — o+ 1)))\02 (/6>\o¢1 - al)\oq + 5)‘042 - a2)\a2 + 1)

(15.251)
Then
{ {le | % O fi(@) (Ao | OF i1 (@) Moz | O, () h
j=1 dres orez orb
‘ 02 fi(x) [roa | Ot fia1(@) | Aer | O figa(2) ‘AB}H
Oroz Ore orP
H OF fr(x) | Aer | 0% far(x) A | Op fi(2) ’/\ﬂ
Oro Ore ors
’ 052 f1(x) | Aea | OF! far (@) | Aer | O, fr(2) ‘AB”dx
oraz oraet orP
27TN/2 M )
[ —— _ . ()‘01“")‘6) ,2>\n¢2 . .
< F(N/2)0(R2 Rl){ jﬂ[Mj + M; ]} (15.252)

Proof. Based on Theorem 15.92 and a similar proof to that of Theorem
15.73. O

Similarly we give
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Theorem 15.109. (All are as in Assumption 15.107; Ao, = 0.) Then
Of f(a O, F5() | %o
[Z ‘ Orot ‘ }dm

orP

RzNﬁl(RQ — Ry)Prar—e1da, +1) iM'()“‘lJr)‘B) 2 N/2

(T8 — a1+ 1)) [BAay — a1da, +1] I(N/2)
(15.253)

Aoy
<

Jj=1

Proof. Based on Theorem 15.93, similar to Theorem 15.73. O
It follows

Theorem 15.110. (All are as in Assumption 15.107; Ao, = Ao, + Ag.)
Then

[ |l i) ) e
Orat Oroz orp
Jj=1
‘aj’gjfj(x) Aay +As ‘azoéifjﬂ(m) Moy | O fis () ‘Aﬁ}}
Oroz oren orP
+H Ot f1(z) | Xar | O far(T) | Aay +2s ‘8§1f1(:ﬁ) ‘)‘ﬁ
Oro Oroz orB
‘ O [1(x) | Ao +2s ‘ O far(x) | Aay 8§1fM(x) ‘Aﬂ:| }dz -
Oraz Oore orP -
(T(B—ar+ 1) (D(B— ag + 1)) eatrs
(Rp — Ry)®AAei—oday #83g—adag —aadot ) | JL ) 4N/
[2ﬂ>\a1 - 041>\a1 + ﬂ/\ﬂ - aQ>\a1 - 012)\5 + 1] J; ! F(N/2) .
(15.254)

Proof. Based on Theorem 15.94 and similar to the proof of Theorem
15.73. O

We continue with

Theorem 15.111. (All are as in Assumption 15.107; here Ag = 0, A\, =

Aay-) Then
M-1 o
JROMIE ==

Jj=1

A

@1

% fiv1(x) ’\a1+

Oroz
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O fi(@) [Aar | O} fi41(2) | Aen
‘ Orez Oro }}4—
H 6}‘% f1 (SL') Aoy (9%? fM(.Z‘) Aoy
drea Oroz

aaz )\al Qp )‘al N/2
‘ R, J1(7) g, fu(2) ”dm < A
e dre = TN/2)

RQN_l(RQ _ Rl)(Q,B)\al—Oq)\oq —az2da, +1)

(F(ﬁ — o1+ 1)1—‘(6 — g+ 1)))\a1 (2ﬂAal - al/\al - a2>\011 + 1)

M
DM | (15.255)

Proof. Based on Theorem 15.95. O
Next we give

Theorem 15.112. (All are as in Assumption 15.107; here Ao, = 0, Ay, =

Ag.) Then
{{M 1H8R1fa+1( z) Moz | Op, fi(@) A
Oro2 orP
Jj=1
| Galile) - O, Ji41() T4
Orez orP
(| ZiLare) e D)
Oroz orP
DA s D) ey A
dro: ors = I(N/2)
RV YRy — Ry)(Pres a2’\“2+1) < 2a
M; . 15.256
((ﬁ)‘az_QQ)‘az—i— )( (ﬁ a2+ ; ! ( )

Proof. Based on Theorem 15.96. [

We also mention a special case.
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Corollary 15.113. (to Theorem 15.111) All are as in Assumption
15.107; here Ag =0, Aoy = Aa,, @2 =0y + 1. Then

/{{Z H O fi(x) Per O fina (@) e
87"041 aT-a1+1
87ﬂ0¢1+1 3T‘11
Orot ara1+1
‘W | G dula) ey, A
rai+l dre = T(V/2)

RoN "' (Ry — Ry)PPRea 291 2ay Ray 11 . M2
. @1
((25)‘041 - 2041)‘041 - /\Oq + 1)(ﬂ - O‘I)AQ1 (F(ﬂ - al))w\al ) Z ! .

Jj=1
(15.257)

Proof. Based on Corollary 15.97. O

We finish the chapter with the proof that D f of Lemma 15.7 (see (15.8),
also other similar fractional derivatives here) are such that

Def e AC(]0,z]) for 8 —a > 1 and D*f € C([0,z]), for 8 —a € (0,1).
The last derives from the next.

Proposition 15.114. Let r > 0, F € Lo(a,b), and

G(s) == /S(s — )" F(t)dt, (15.258)

all s € [a,b]. Then G € AC([a,b]) for r > 1 and G € C([a,b]), only for
€ (0,1).

Proof. (1) Case r > 1. We use the definition of absolute continuity. So
for every e > 0 we need ¢ > 0: whenever (a;,b;), i =1,..., n, are disjoint
open subintervals of [a, b], then

n

Z(bz — (li) <6 = Z |G(b,) — G(az)\ < €.

i=1 i=1

If |Flloc = 0, then G(s) = 0, for all s € [a,b], the trivial case and all
fulfilled. So we assume || F'||s # 0. Hence we have

Gbs) — Glas) = / R P / (@ — T () dt =
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/ "oy — () — / ety F (e + / " b=ty P ()t =

i

/ (b= 07 = (as = )7 F(t)dt + / " s — O F ()t (15.259)

Call o
i;:/ [(b; — )71 — (a; — )7V dt. (15.260)
a

Thus
600 - Glan)| < |1+ P = (15.261)

If r =1, then I, = 0, and
|G(bi) — G(ai)| < || Flloo(bi — ai), (15.262)

foralli:=1,...,n.
If 7 > 1, then because [(b; — )""* — (a; —t)"~*] > 0, for all ¢ € [a,a,],
we find

(bz — a)r — (ai — a)T — (bl — ai)r

I = / (b — )" — (@ — )"~ dt =

r
— T(E _ a)ril(bi — a’i) — (bl — ai)r (15 263)
r ’ ’
for some & € (a;, b;). Therefore, it holds
VY — g — (b — )T
<t a” (b a) Z (b ma)” (15.264)
r
and . .
(Ii + %) < (b—a)" b — a;). (15.265)
That is,
T; < [[Flloo(b = a) = (b — ay),
so that

1G(b:) — (@) < |Flloc(b—a)" " (b; — a;),for all i = 1,...,n. (15.266)

So in the case of r = 1, and by choosing § := €/||F||o, we get

D 1G(B:) = Glan)| <2 ||F|lo (Z(bi - an) < 1Fllcd = e,
i=1 i=1
(15.267)
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proving for r = 1 that G is absolutely continuous. In the case of r > 1, and
by choosing 6§ := €/||F||oo (b — a)" !, we get

n

i |G (bi) = Glai)| <U529 | Fllo(b— )" (Z(bi - ai)) (15.268)
i=1 i=1
P lloo(b—a) 16 =,

proving for r > 1 that G is absolutely continuous again.
(2) Case of 0 < r < 1. Let a;,,b;, € [a,b]: a;, <b;,. Then (a;, —t)""* >
(b;, — )71, for all t € [a,a;,]. Then

Ii* :/ : ((ai* _ t)rfl o (bi* _ t)rfl) dt = M
n ((% —a)” — (b, —a) ) < (bi, — ai,) ’ (15.269)
T r
by (a;, —a)” — (b;, — a)” < 0. Therefore
1, < Gz ) (15.270)
r
and o(h .
T, < (+a) 1F | (15.271)
proving that
2| F
G (bi.) — Glai,)| < (&) (b, — i), (15.272)

which proves that G is continuous. Taking the special case of a = 0 and
F(t) =1, for all t € [0,b], we get that

r

G(s) = 87 all s € [0,b], for 0 < r < 1. (15.273)

The last is a Lipschitz function of order r € (0, 1), which is not absolutely
continuous. Consequently G for r € (0,1) in general, cannot be absolutely
continuous. That completes the proof. [
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Caputo Fractional Multivariate

Opial-Type Inequalities over a
Spherical Shell

Here is introduced the concept of the Caputo fractional radial derivative
for a function defined on a spherical shell. Using polar coordinates we are
able to derive multivariate Opial-type inequalities over a spherical shell of
RN, N > 2, by studying the topic in all possibilities. Our results involve
one, two, or more functions. We present many univariate Caputo fractional
Opial-type inequalities, several of which are used to establish results on
the shell. We give an application to prove the uniqueness of solution of a
general partial differential equation on the shell. Also we apply our results
for Riemann — Liouville fractional derivatives. This treatment relies on [58].

16.1 Introduction

This chapter is inspired by articles of Opial [315], Bessack [80], and Anas-
tassiou, Koliha, and Pecaric [64, 65], and Anastassiou [46, 48].

Opial-type inequalities usually find applications in establishing the
uniqueness of solution of initial value problems for differential equations
and their systems; see Willett [406]. In this chapter we present a series of
various Caputo fractional multivariate Opial type inequalities over spheri-
cal shells. To achieve our goal we use polar coordinates, and we introduce
and use the Caputo fractional radial derivative. We work on the spherical
shell, and not on the ball, because a radial derivative cannot be defined at
zero. So, we reduce the problem to a univariate one.

G.A. Anastassiou, Fractional Differentiation Inequalities, 391
DOI 10.1007/978-0-387-98128-4_16, (© Springer Science+Business Media, LLC 2009
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Therefore we derive and use a large array of univariate Opial-type in-
equalities involving Caputo fractional derivatives; these are Caputo frac-
tional derivatives defined at arbitrary anchor point @ € R. In our results
we involve one, two, or several functions. But first we need to develop an
extensive background in two parts, then follow the main results.

At the end we give an application proving the uniqueness of solution for
a general PDE initial value problem. Also we re-establish our results by
involving Riemann — Liouville fractional derivatives defined at an arbitrary
anchor point.

In this chapter to build our background regarding the Caputo fractional
derivative we use the excellent monograph [134].

The Caputo derivative was introduced in 1967; see [102], and also see
(112, 114].

It happens that the Riemann — Liouville fractional derivative has some
disadvantages when modeling real-world phenomena with fractional dif-
ferential equations. One reason is that the initial conditions there involve
fractional derivatives that are difficult to connect with actual data, and so
on. However, Caputo fractional derivative modeling involves initial condi-
tions that are described by ordinary derivatives, much easier to write based
on real-world data. So more and more in recent years the Caputo version is
usually preferred when physical models are described, because the physical
interpretation of the prescribed data is clear, and therefore it is in general
possibly easier to gather these data, for example, by appropriate measure-
ments. Also from the pure mathematics side there are reasons to prefer the
Caputo fractional derivative.

16.2 Background—I

Here we follow [134].
We start with

Definition 16.1. Let v > 0; the operator JY, defined on Ly [a,b] by

JYF(2) = ﬁ / (@ — )7L F (t) dt (16.1)

for a < x < b, is called the Riemann — Liouville fractional integral operator
of order v.

For v = 0, we set J? := I, the identity operator. Here T' stands for the
gamma function.

Theorem 16.2. [134] Let f € Ly [a,b], v > 0. Then, the integral J f (x)
exists for almost every x € [a,b].
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Moreover, JY f € Ly ([a,]).
We need

Theorem 16.3. [134] Let m,n > 0, ® € L ([a,b]).
Then
JJMe = Jrtrg (16.2)

holds almost everywhere on [a,b]. If additionally ® € C ([a,b]) or m+n >
1, then the identity holds everywhere on [a,b] .

We give

Definition 16.4. [134] Let v € Ry and m = [v]; [-] is the ceiling of
number. The operator DY, defined by

d
DY f.:=DmJj"" D:=— 16.3
Lfi= DM, D= (16.3)

is called the Riemann — Liouville fractional differential operator of order v.
For v = 0, we set DY := I, the identity operator.
If v € N then DY f = f), the ordinary v-order derivative.

Next we give

Definition 16.5. (p. 37, [134]) Let v > 0 and n := [v], a € R. Then,
we define the operator R
Dyf = Jpr (16.4)

whenever f(") € L; ([a, b]).
Also we need

Theorem 16.6. (p. 37, [134]) Let v > 0, n := [v]|. Moreover assume that
€ AC™ ([a, b])(the space of functions with absolutely continuous (n — 1)st
derivative). Then

DVf =DY(f —Tu_1(f;a)), ae. on [a,b], (16.5)

where

Ty (fia) Zf(k) —a)*, zelab), (16.6)

is the Taylor polynomial of degree n — 1 of f, centered at a.

Next we give the definition of Caputo fractional derivative [134].
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Definition 16.7. (p. 38, [134]) Assume that f is such that DY (f — T},
(f;a)) (x) exists for some x € [a,b]. Then we define the Caputo fractional
derivative by

Do f (x) := Dy (f = Tu1 (f50)) (2). (16.7)

So the above definition applies to all points © € [a,b] : DY (f — T,,—1 (f; a))
(x) e R.

We have

Corollary 16.8. Let v > 0, n:= [v], f € AC™ ([a,b]). Then the Caputo
fractional derivative

DY f(z) = L )/m(x—t)”"lf(”)(t)dt (16.8)

I'n—v
exists almost everywhere for x in [a,b].

We have

Corollary 16.9. Let v > 0, n := [v], f € AC™([a,b]). Then, DY, f
exists iff DY f exists.

Proof. By linearity of D} operator and assumption. [
We need

Lemma 16.10. [134] Let v > 0, n = [v]. Assume that f is such that
both D, f and D} f exist.

Then,
n—1
f(k) (Cl) k—v
DY = D¥ — —— (x — . 16.9
] (@)= DL @) = 3 i gy o (16.9)
Lemma 16.11. [134] All are as in Lemma 16.10.
Additionally assume that f*) (a) =0 for k=0,1,...,n — 1. Then,
Dy, f=D!f. (16.10)

In conclusion

Corollary 16.12. Let v > 0, n:= [v], f € AC" ([a,b]), DY, exists or
DY f eists, and f*) (a) =0, k=0,1,...,n— 1. Then

Dif = Di,f. (16.11)
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We need the following Taylor — Caputo formula.

Theorem 16.13. (p. 40, [134]) Let v > 0, n := [v], f € AC™ ([a, b]).

Then
n—1

f* (a)

(x —a)* + J'DY, f (2), (16.12)

YV € [a,b].
Clearly here J: DY, f € AC™ ([a,b]).

Corollary 16.14. Let v > 0, n := [v], f € AC™ ([a,b]), and f*) (a) =
0,k=0,1,...,n—1. Then

f(x)=J'DY,f (z) = /x (z— )" DY, f (t)dt. (16.13)

I'(v)

We need

Lemma 16.15. Letv > v+ 1, v > 0. Call n := [v], m := [vy]. Then
n—m > 1; that is, m <n — 1.

Proof. Clearly v > 1land v > v, v—+ > 1. By y+1 > m we get v > m,
and n > m; that is, v —m > 0 and n —m > 0.
We see that v > v+ 1 > [7y] + 1, where [] is the integral part. Thus
v>(y]+1)eNandv > [v] > [y] + 1.
Therefore
W- Pl > 1, (16.14)

which is used next.

We distinguish the following cases.

(i) Let v,y ¢ N; then [v] = [v]+ 1, [y] = [y] + 1. By (16.14) we get
(W]+1)= (7] +1) > 1. Hence n —m > 1.

(ii) Let v,y € N; then [v] = [v] = v, [y] = [7] = 7. So by (16.14)
n—m > 1.

(iii) Let v ¢ N,y € N. Then n = [v] = [v]+ 1, m = [y] = | .
Hence by (16.14) we have ([v] —1) —m > 1, and [v] —m > 2 > 1. Hence
n—m>1.

(iv)Let v e N,v¢ N. Then 1+~ < [y]+1=[y+1],and 1+y<v eN
by assumption.

Therefore [v] + 1 < v, and v — [vy] > 1. So that again n —m > 1.

The claim is proved in all cases. [J

We present the representation theorem.

Theorem 16.16. Let v > v+ 1, v > 0. Call n := [v], m = [v].
Assume f € AC™ ([a,b]), such that f*) (a) =0, k = 0,1,...,n — 1, and
DY f € Ly (a,b).
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Then
DY,f € C([a,0]), DI, f (x) = J 7 f™) (2), (16.15)
and
DY, f(x) = ﬁ /I (x— )" DY, f (1) dt, (16.16)
YV € [a,b].

Proof. If v = 0 then (16.16) collapses to (16.13); also (16.15) is clear. So
we assume v > 0. By Lemma 16.15 we have m < n — 1. By the assumption
f € AC™ (|a,b]) we get that f € C"! ([a,b]) and thus f € C™ ([a,b]).

By Lemma 3.7, p. 41 of [134] we get that D1, f = J™~7 f™) € C ([a, b))
and D], f (a) = 0, for v ¢ N. Clearly the last statement is true also when
~ € N, thus proving (16.15) and the first claim.

Recall that we have v—m > 0,and v—1 > 0by~y > 0. Using'(p+ 1) =
pI' (p), p > 0, (16.13), and Theorem 7 of [48], we obtain

™ (z) = Jv=mDY f (), Vo € [a,b]. (16.17)
Therefore we get
DY f (@) = Iy £ (@) "2 I gDl (@)
(by Theorem 2.2, p. 14 of [134], and v — v > 1)
= J; DL f (%), Vo ela,b],
thus proving (16.16). O

We also give the representation theorem.

Theorem 16.17. Let v > v+ 1, v > 0. Call n := [v], m = [vy]. Let
f € AC™ ([a,b]), such that f*) (a) =0, k =0,1,...,n — 1. Assume there
exists D! f (x) € R, Vx € [a,b], and D! f € Lo (a,b). Then

D] f € C([a,b]), D) f (x) = T 7 £ (), (16.18)
YV € [a,b],

D f (z) = =7 /: (=) DY (t) dt (16.19)
YV € [a,b].

Proof. By Corollaries 16.9 and 16.12 we get existing DY, f (z) € R, and
that DY, f (x) = DY f (z), V& € [a,b]. That is, DY, f € Ly (a,b) and by
(16.16) we have

DZa (SC) = m /ar (ZE — t)u—’y—l DZf (t) dt, Vr € [a, b] . (1620)
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Because DI, f € C([a,b]) we get Diof () € R, Vx € [a,b]. And be-

cause f € C™ ([a,b]) then f € AC™ ([a,b]). By Corollary 16.9 D) f exists.

Also f®) (a) =0, for k = 0,1,...,m — 1. Thus by Corollary 16.12 we ob-
(

tain D) f (x) = Diof (), Vo € [a,b]. Now by (16.20) we have established
(16.19). O

16.3 Main Results

16.3.1 Results Involving One Function

We present the following theorem.

Theorem 16.18. Let v > v+ 1, v > 0. Call n := [v]| and assume
f € AC™ (la,b]) such that f® (a) =0, k = 0,1,...,n— 1, and D¥,f €
Lo (a,b). Let p,g > 1 such that 1/p+1/¢g=1, a § z<b

Then R
| 1D2s @Dk ) @)l do <

(x — a)(pu—m—m-?)/p

(V2)T (v =) (v —py—p+1) (v —py —p+2))"/"

(/ \DY. f quw) /q. (16.21)

Proof. Similar to Theorem 25.2, p. 545, [19], and Theorem 2.1 of [64].
([

A related extreme case comes next.

Proposition 16.19. All are as in Theorem 16.18, but with p = 1 and
q = 00, we find

/ D2, ()] DY f (@) dw <

(x — a)/ Tt

gy (1Pl o) (16.22)

Proof. Similar to Proposition 25.1, p. 547, [19]. O

The converse of (16.21) follows.
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398
= [v] and assume

Theorem 16.20. Let v > v+ 1, v > 0. Call n
= ...,n—1, and DY,f,

f € AC" ([a,b]) such that f*) (a) = 0, k = 0,1,
). Suppose that DY, f is of fixed sign a.e. in |a,b]. Let

1/DY,f € Lo (a,b).
p,q be such that 0 <p <1, ¢<0and 1/p+1/qg=1,a<x<b. Then

/ D2, ()] DY, f (@) d >

(z — a)(pu—p’v—p+2)/p

(V2)T(v =) ((pr —py —p+1) (pv — py —p+2))"/”

(/ |DY, f quw) /q. (16.23)

Proof. Similar to Theorem 25.3, p. 547, |

9], and Theorem 2.3 of [64].

([l
We give
Theorem 16.21. Let v > 2, k > 0, v > k+ 2. Call n := [v]| and
assume f € AC™([a,b]) such that fU) (a) = 0, 5 = 0,1,...,n — 1, and
DY.f € Lo (a,b). Let p,q > 1 such that 1/p+1/g=1,a <z <b. Then
[ 1Dkt @)D ()] o <

(z— a)2(pv—pk—p+1)/p

2(T (v —k))* (pv — pk —p+1)°7

(f |D:af<w>|qdw)2/q.

9], and Theorem 2.4 of [64].

(16.24)

Proof. Similar to Theorem 25.4, p. 549, |
O

The extreme case follows.
Proposition 16.22. Under the assumptions of Theorem 16.21 when p =

17 q = o0 we ﬁnd
x
[ 1Dk D5 )] o <
a

v )2 2
@ =0 (10l o) o)
2T (v — k+1))°




16.3 Main Results 399
Proof. Similar to Proposition 25.2, p. 551 of [19]. O
We give the related converse result.
Theorem 16.23. Let v > 2,k > 0, v > k+2. Call n := [v]. Assume [ €
AC™ ([a, b)) such that fO) (a) =0, =0,1,...,n—1, and D%, f,1/DY, f €

Lo (a,b). Suppose that DY, f is of fixed sign a.e. in [a,b]. Let p,q be such
that 0 <p <1, q<0and 1/p+1/g=1,a <z <b. Then

/ |DEf ()| |DEF f (w)] dw >
(a? _ a)2(PV—pk—p+1)/p

2(C (v —k))* (pv —pk —p+1)°7

: ( / R dw) o (16.26)

Proof. Similar to Theorem 25.5, p. 553 of [19]. O

Next we present

Theorem 16.24. Let v, >0, v > 1, v—v, > 1;i=1,...,1,n:= [v],
and f € AC™ ([a,b]) such that f*) (a) = 0, k = 0,1,...,n — 1, and
D¥.f € Lo (a,b). Here a < x < b; q1 (), g2 () continuous functions on
[a,b] such that g1 () >0, g2 () > 0 on [a,b], and r; > 0: 22:1 r; =r. Let
s1,8y >1:1/s1+1/s) =1 and s2,85 > 1:1/s3+1/sh, =1, and p > ss.

Denote by

@@= ([ we)iaw) - (16.27)
and /
%)= ([ ) ) " (16.28)
o= pp;z‘”. (16.29)
Then

"dw < Q1 (7) Q2 (2)

" l
[ a@I]Iphse)
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l
(x — a)( i:l(V77i*1)Ti+0'r+1/sl)

(S 0= Do) o0 +1)

: (/: a2 () [ DY f (@) dW> T/p- (16.30)

Proof. Similar to Theorem 26.1, p. 567 of [19], and Theorem 2.1 of [65].
]

The counterpart of the last theorem follows.

Theorem 16.25. Let v, > 0, v > 1, v—v, > 1;i=1,...,1, n:= [v],
and f € AC"([a,b]) such that f*) (a) = 0, k = 0,1,...,n — 1, and
DY, f,1/D%,f € L (a,b). Here a < x < b; q1 (), g2 (x) > 0 are continuous
functions on [a,b] and r; > 0 : 22:1 r; =1 Let 0 < s1, s2 < 1, and s},
sh < 0 such that 1/s1 +1/s} =1, 1/s9 + 1/sh = 1. Assume that DY, f (t)
is of fized sign a.e. in [a,b]. Denote

@@= ([ (@) - (16.31)
Q2 (x) := (/j (g2 (w)) ™ dw) o : (16.32)
Set
= slz—sil (16.33)
Then

T l
/ a1 (W) (H |DIif (w) T") dw >
Q1 (z) Q2 (x)
[T, {0 =) (7 =7 — 1) s + )05
(& — o) U (Eiar (=i Dsitss®))+1} /o1
{(Zr(-rn-Ds+s7)+ 1}1/31

/s

([ @ @prrerw) (16.34)

Proof. Similar to Theorem 26.2, p. 570 of [19], and Theorem 2.3 of [65].
(]
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A related extreme case comes next for p =1 and ¢ =

Theorem 16.26. Let v > v, +1, v, > 0; i = 1,...,1. Call n := [v]
and assume f € AC™ ([a,b]) such that f*) (a) = 0 k =0, 1 ,n— 1
and DY, f € Ly (a,b). Here a < x < b, withOSq( ) € ( ,b) a

r; >0 22:1 r; =71. Then

x l
[ a@IlIpssel

180 ey (1P%0 )
I, T+ 1)

i=1

- TV—Z,li:l riv;+1
(z = a) . (16.35)

(=S )

Proof. Similar to Proposition 26.1 of [19], p. 573, and Theorem 2.2 of
65]. O
We continue with the interesting
Theorem 16.27. Let k >0,y > 1, v > 2, n:= [v], such that v —~v > 1
/ ' y 10— ]-7

y—k>1,and f € AC" ([a,b]) such that fU) (a) =0, j =0,1,...
(a,b). Here a <x <b,p,q>1:1/p+1/q=1. Then

and DY, f € Lo
x
[ 1D2s @) Db )] <
a

9-1/p (x a)(2vfkfv*1+2/q)

F(I/fk)F(Vf'erl)((y,fy)qul)l/q
z v p 2/p
(Jy DY f ()" dw) - 16.36)

(2vqg —kq—vq—q+2)

Proof. Similar to Theorem 26.3, p. 574 of [19], and Theorem 2.5 of [65]

([l
We give
Theorem 16.28. Let v > v, +1, v, > 0,4 = 1,...,k € N— {1},
n:= [v]. Assume f € AC™ ([a,b]) such that f) (a) =0,5=0,1,...,n—1,
K 17 Let p,g > 1 such

and DY, f € Ly (a,b). Here a < x < b, y:= > "
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that 1/p 4+ 1/q = 1. Furthermore, suppose that |DY,f (t)| is decreasing on
[a,z]. Then

/ H|Dlaf )| dw <

p(x— a)(1+kl/p—w/p)

[ T (v — ;) (kvp —vp — kp + )7

(s opr )

(kvp—yp—kp+p+1)

(16.37)

Proof. Similar to Theorem 26.6, p. 581 of [19], and Theorem 2.6 of [65].
]

The extreme case follows.

Theorem 16.29. All are as in Theorem 16.28, but p = 1, ¢ = co. Then
/ H | DY f (w)]dw <

k
kv—v+1 v
(=) (1D o)

o . (16.38)
(T T @ = 70)) (b =y — b+ 1) (b =y + 1)

Proof. Similar to Proposition 26.4, p. 582 of [19], and Theorem 2.7 of
65. O

16.3.2  Results Involving Two Functions

We present the following theorem.

Theorem 16.30. Let v > v, + 1, v, > 0,4 = 1,2, n := [v], and f1,
fo € AC™ (Ja,b]) such that 9 (a) = £ (a) = =0,1,. —1,
a < x < b. Consider also p(t) > 0 and q(t) > 0, wzth all p( ) 1/p( ),

q(t) € Lo (a,b). Further assume DY, f; € Ly (a,b), i =1,2.
Let Ay, > 0 and Ao, Ag > 0 such that A\, < p, where p > 1. Set

Py (W) = / (w— t)(V—“/k—l)P/(p—l) (p (t))—l/(:ﬂ—l) dt, (16.39)
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k=1,2,a<x<b

q (W) (P (w))Aa((Pfl)/P) (P (w))Aﬁ((Pfl)/P) (p (w))i)‘”/p

Aw) = )
(T =7))™ (T (v =72))™
(16.40)
T (p—=Av)/p
A (z) == ( / (A (w))P/P dw) , (16.41)
and 1 Gt A /)
) 2RI f A+ A < p,
b= { 1, if dut A > (16.42)
If X\g =0, we obtain that
’ Ao | 1y .
| 4@ [IDs )" 1Dt @ +
DL (@) DY fo (@) ] dw < (16.43)
>\u Av/p
(Ao () |x,=0) ()\a n )\V) 51
x ((AatA)/p)
[ p@ 1Dt s @F D% @ .
Proof. Similar to Theorem 2 of [26] and Theorem 4 of [48]. O
The counterpart of the last theorem follows.
Theorem 16.31. All here are as in Theorem 16.30.
Denote Ao/
_ 2w =1 if Ag = A,
03 := { 1, if Ay < A (16.44)
If Ao, =0, then
N A v v
| a@ [0 @ DA @2 +
D2 f1 @) DY fo (@)™ ] dw < (16.45)

Av/p
(Ao () |x.—0) 9p—Au/p M s /p
a= Aﬁ +>\V 3

((Aw+25)/p)

([ p it @ + Ds (] d) |

all a < x <b.
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Proof. Similar to Theorem 3 of [26] and Theorem 5 of [48]. O
The complete case Ao, Ag # 0 follows.

Theorem 16.32. All here are as in Theorem 16.30.

Denote
_ 2(QatAa)/ ) 1 G Ny 4+ A > Ay,
= { 1, if Aa+Ag < A (16.46)
and
~ . 1) Zf)\a+)\6+)\uzp7
Yo = { 21—(>\a+)\,3+>\y/p)’ if Ao + /\5 + A < p. (16'47)
Then .
Aa A v v
[ a@ 1D @ (D @ D25 @ +
D2 sy @) (D2 fo ()] D% fo (@) ] do < (16.48)

A
4o (@) ((Aa F25) O + A5 + A

Av/p \ Ny
)) I:)‘ay/p:}/Q + 2;0_)\‘//1, (;?1)‘5) ! P:|

x ((Aat+Ag+A0)/p)
- ( [ 9@ Dt @ + Dt @) dw)

all a < x <b.
Proof. As for Theorem 4 of [26], and Theorem 6 of [48]. O
We continue with a special important case.

Theorem 16.33. Let v > v, +2, v4 > 0, n := [v], and f1, fo €
AC™ ([a,b]) such that fl(j) (a) = f2(j) (a)=0,j=0,1,....n—1,a <z <bh.
Consider also p (t) > 0 and ¢ (t) > 0, with all p (t),1/p(t), ¢ (t) € Lso (a,b).
Furthermore assume DY, f; € Lo (a,b), i = 1,2.

Let Ao, > 0,0 < Ay41 <1, and p > 1. Denote

22 Rett 10 Gif Ao > Aatas
s = { 1, if Ao < Aa+1s ’ (16.49)
. (=das) /g R
e (o ) Y
(x) ( / (¢ (w)) Ao + Aot

(16.50)

P (z) = / (z — t)(u—’h—l)P/(p—l) (p (t))—l/(:v—l) dt, (16.51)
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— ()‘a+)‘a+1)
P, (I)((P 1)/p)
T(z):=Lx) | 22 , 16.52
” ”( OEEN (1652
wy = 2(p—1/p)(>\a+ka+1)7 (1653)
and
Q(z):=T(z)ws. (16.54)
Then . .
a+1
[ o) [\Dzafl @ [zt g @)
v Aa | py1t+l Aot
| D& fo (W)™ |DIET f1 (w) dw <
2(0) | [ @) (DL 7 +
DY fo (w)[P) dw] P Tres)/P) (16.55)
all a < x <b.

Proof. As in Theorem 5 of [26], and Theorem 8 of [48]. O
We give

Corollary 16.34. All here are as in Theorem 16.30, with Ag = 0, p (t) =
q(t)=1. Then

/ax DDZé 1 (w)|)‘a DY fy (w)|)‘” "

DL o (@) DY fo (@) ] dw < (16.56)

((Aa+2v)/p)

or@) ([ 10t @F 4105 @) ) ,

all a < x <b, where

)\ )‘V/P
Cl (Q?) = (Ao (.Z‘) ‘)\ﬂ:()) ()\ <:>\ ) (51, (1657)
21t M)/0) | if AL+, < p,
01 = { 1, if At A > p (16.58)
We find that
(p o 1)(()‘np_)‘a)/p)
A L) Ng= = .
(o {e by { ((r (v =)™ (wp = 7yp — 1) O3
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(p— )\V)((p—ku)/P)
(AaP = Aa71p = Aa +p — A,) TP

((Aavp=Aav1P—Aa+p—Av)/P) . (1659)

(z —a)

Proof. As for Corollary 1 of [26], and Corollary 10 of [48]. O

Corollary 16.35. (All are as in Theorem 16.30; A\g = 0,p (t) = ¢ (t) = 1,
Aa = A =1, p = 2) In detail: let v >y, +1, v, >0, n:= [v], fi,

foe AC™ ([a,0) : £ (a) = f9 (@) =0, =0,1,....n—1,a < 2 < b,
DY fi € Ly (a,b), it =1,2. Then

[ 1) @@z 1+

(D2 f2) (@)| (DY, f2) (w)]] dw < (16.60)

(x—a)
<2F(1/_’71)\/1/_'71\/2V—2fy1 — 1)
</ [((Diafl) (@)” + (DY, f2) (w))ﬂ dw),
all a < x <b.

Corollary 16.36. (To Theorem 16.31; A, =0, p(t) = ¢ (¢t) =1.)
It holds

/ (D22 @)™ DY i @) +

D2 f1 @) DY fo (@)™ ] dw < (16.61)
x ((Av+25)/p)
Oy () ( [ i + 10ts 1 dw> ,
all a < x <b, where
B o A, Av/p o /p
CQ ((E) = (AO (.’IJ) |)\a:0) 2P p <m> 53 s (1662)

g/ _ -
5 ::{ 2o =1, if Ag 2 o, } (16.63)

1, if Ag <A
We find that

B (p— 1)(()\51’—)\6)/?) .
(Ao (@) [xa=0) = { <(F (& — 7)) (p — 7ap — 1)(()\513—)\5)/1?)
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(p— )\V)((p—ku)/P)
(avp = Agrap = g +p = 2,) O )

)(()\BVP—)\B’YZ:D—AB-FP—)\U)/P) ) (16.64)

(r—a

Corollary 16.37. (To Theorem 16.31; A\, =0, p(t) = ¢ (t) =1, Mg
A = 1, p = 2.) In detail: let v > v+ 1, 75 > 0, n := [vV], f1, f2
AC ([a,b]) + fP ) = f90@) =0, =0,1,....n—1,a <z <
DY.fi € Ly (a,b),i=1,2.

s mol

Then
[ 10ten @10t @)1+
D1 )] 1D o ()] do <
(v=72)
( (z—a) ) (16.65)
V2L (V= 72) V¥ = 7220 = 27, — 1
([ (@) + @) av)
all a < x <b.

We continue with related results regarding ||-||

Theorem 16.38. Let v > v, +1,v, > 0,i=1,2, n:= [v], and f1, f2 €
AC™ ([a, b]) such that fl(j) (a) = fQ(J) (a)=0,7=0,1,....n—1;a <z <b.
Consider p(x) > 0 and p(x) € Lo (a,b), and assume DY, f; € Lo (a,b),
i=1,2. Let Aa, Ag, Ay > 0. Set

(ZE _ a)(V}\a —Y1AaF+VAg —72>\5+1)

T =
() (VAo — Y1Aa + VA3 — Y03 + 1)

12 ()l o, a,)

. (T'(v =y + 1)) (T (v =y, + 1))A[, : (16.66)

Then .
| p@ [ID%8 @ D2 £ ) Do @) +

a

(D22 f1 @)™ [D2 o @)™ D2 fo @)™ d <

T()

225

D% AN + 1D fa 2

,(a,x)

az)+
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v 2 v 2)\(1 )\V
D%, f2 1227 ) + Dol 20000 (16.67)

oo, (a,x)

all a < x <b.
Proof. Similar to Theorem 7 of [26], and Theorem 18 of [48]. O
We give

Corollary 16.39. (to Theorem 16.38) Let v > v, +2, v, > 0, n := [v],

and f1, f2 € AC™ ([a, b)) such that f7) (a) = £ (a) = 0,5 =0,1,...,n—1;
DY, fi € L (a,b), i = 1,2. Then

/[yDZéfl |[D2* o )]+

5 @) D2 )] de
(x — Q)Q(V—’h)
T2(0 (-7, +1)?

1D FilZe (o + 1D e ] (16.68)

all a < x <b.
Next we give converse results involving two functions.

Theorem 16.40. Let v; > 0,1 <v—7; <1/p,0<p<1,j=12
n = [v], and f1, fo € AC™([a,b]) such that fl(l) (a) = f2(l) (a) =0,
1=0,1,...,n—1,a <z <b. Consider also p (t) > 0 and q (t) > 0, with all
p(t), 1/p(t), q(t), 1/q(t) € L (a,b). Further assume DY, f; € Lo (a,b),
i = 1,2, each of which is of fixed sign a.e. on [a,b]. Let A\, > 0 and Ay,
Ag > 0 such that A\, > p.

Here Py (w), A(w), Ao (x) are as in (16.39), (16.40), and (16.41), respec-
tively.

Set

51 1= 21~ (Qatdn)/p), (16.69)

If \g =0, then
| a@ 1Dt @ 105 @) +

D2 fo @) 1Dk fo @) ] deo 2

)\V Ay /p
oo hoeo) (555) o
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Aat+Xu/p)

[ @It @F + D2 e

Proof. Similar to Theorem 5 of [51], and Theorem 4 of [47]. O
We continue with

Theorem 16.41. All here are as in Theorem 16.40. Further assume
Ag > Ay. Denote

5y 1= 21—/ A

O3 1= (0y — 1) 27 s/A), (16.71)
If A\ =0, then

| a@|[1D3 s @) IDts ) +

D21 @) D2 fe (@) | do >

Av/p
(Ao (2) |5, —0) 2P~ */P M sav/p
o Mg+ Ay 3

z ((Av+25)/p)
- ( | @) 1055 @ + D% () dw)  aem)

all a < x <b.
Proof. Similar to Theorem 6 of [51], and Theorem 5 of [47]. O
We give

Theorem 16.42. Let v > 2 and v, > 0 such that 2 < v — v, < 1/p,
0 <p<1, n:=[v]. Consider fi, fo € AC" ([a,b]) such that fl(l) (a) =
f2( (a)=0,1=0,1,...,n—1,a <a <b. Assume that DY, f; € Lo (a,b),
= 1 2, each of which is of fized sign a.e. on [a,b]. Consider also p (t) >0
q(t) > 0, with all p(t), 1/p(t), q(t), 1/q(t) € Lo (a,b). Let X, >

)\a+1 > 1. Denote

0s = (21_<Aa/xa+1) _ 1) 9o/ Aa1 (16.73)

L (x) is as in (16.50), Py (x) as in (16.51), T (x) as in (16.52), wy as in
(16.53), and ® as in (16.54). Then

/a e [\Dzafl (@)™

Aat1

DI o (W)
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Aat1
dw >

:| (()\a+>\a+l)/p)

Aa
|D2s fo ()| | DL f1 (w)

3 (2) [ [ p@ Dt @F + [Pt @) de

all a < x <b.

. (16.74)

Proof. Similar to Theorem 7 of [51], and Theorem 7 of [47]. O
We have

Corollary 16.43. (To Theorem 16.40; A\g =0, p (t) = ¢ (t) = 1.) Then
| [ @ 10z @+

D2 f2 ()] ™ D% fo (@) ] dw (16.75)

((Aa+2v)/p)

Cr (2) ( [ Dt @ + 1t @) dw) |

all a < x <b, where

Ay Av/p
Cl (l‘) = (A() (.’L‘) ‘)\5:0) <)\a n )\V) 51, (1676)
61 =217 CatX/p), (16.77)

Here (Ao () [x,—0) is given by (16.59).

Corollary 16.44. (To Theorem 16.41; A\, =0, p(t) = q(t) =1, A\g >
Av.) Then

Ay

[ Dl 1Dt @ +

D2 f1 @) DY fo (@) ] dw > (16.78)

((Aw+25)/p)

Ca@) ([ 105t @ + 105 e ()0 ) |

all a < x <b, where

Ao /p
Ca () 1(A0(95)Aa—0)2pA”/p< A ) i

Here (Ao () |a,=0) s given by (16.64).



16.3 Main Results 411

16.3.3 Results Involving Several Functions

We present

Theorem 16.45. Here all notations, terms, and assumptions are as in
Theorem 16.30, but for f; € AC™ ([a,b]), with j =1,...,M € N. Instead
of &1 there, we define here

1= { 2()\a+>w/p)71’ Zf Ao + Ay > p. (16'79)
Call
)\ )\y/p
= (A — Y . 16.
@1 () = (Ao (%) [rs=0) (AQ+AV> (16.80)
If \g =0, then
z M N
(e v )\l/
| a) | 101 @ Dt @) ) do
a j=1
- M ((Na+2v)/p)
<Sie @ | [ @) | L IDk @) | do . (1681
a j=1
all a < x <b.
Proof. As in Theorem 2 of [27], and Theorem 4 of [46]. O
We continue with
Theorem 16.46. All here are as in Theorem 16.45.
Denote "
R 278 V717 ZfAﬂzAuy
O3 1= { N NS (16.82)
o 1, if )\l,—l—)\g > p,
€2 —{ MI=(w+2rs/p) Zf /\V+)\ﬁ <p, (1683)
and
w-xesm (M N
= (A )2l Av/p) [ 07", 16.84
22 (2) = (A0 (2) r.—0) (52) @ (1680
If Ao =0, then

M—-1

[ a4 83 (105 @) 192 @ +

Jj=1
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A v A
D25 @) IDkufiin @) ]} +

D% s @) D2 fr @) +

D2 @) 1Dkufas @) | do

x

< 2NN Dy () - {/ (@)
a
o ((Av+25)/p)
Do IDL S @) d :
j=1
all a < x <b.

Proof. As for Theorem 3 of [27], and Theorem 5 of [46]. O
We give the general case.
Theorem 16.47. All are as in Theorem 16.45.

Denote

;5/ — { 2()\(1+>\3/)\V) - 17 Zf /\a + >\[3 > >\ua
1=

]_’ Zf Aa + >\,H S >\l/7
and
~ 17 if)\a+)‘ﬁ+>\V2pu
V2 = 21—(/\a+>\5+>\u/p)7 if Ao+ g+ A <p.
Set
A\ Av/p
) := Ay (2) - -
#s (@) = Ao () ((AQ+A5)(AQ+A5+AU))
[Py 4 20D (a0
and
. 1’ Zf )\a+>\5+>\u zpa
€3°= 0 pf1-atrs+A./p) if da+ g+ A <p.
Then

M—-1

(16.85)

(16.86)

(16.87)

(16.88)

(16.89)

[ 0@ | X [[0%6) @ (D% fy0) @ (02 )

j=1

+(D315) @) [(D2 fi1) @ 1(DYafi0) @)
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+[1DA) @ (D2 fa0) @) (D% ) (@)

+[(D% ) @ (D2 far) @) (D2 far) @) ]] do

a

((Aat+As+A)/p)
} , (16.90)

M
Y I(DLufi) @) dw
j=1
all a < x <b.
Proof. As for Theorem 4 of [27], and Theorem 6 of [46]. O
We give

Theorem 16.48. All here are as in Theorem 16.33, but for f; € AC"
([a,0]),j=1,....M e N.

Also put
1, if Ao+ Aat1 > p,
€4 1= { MY=Qatdasi/p) i f A, + /\ai <np. } (16.91)
Then
" M—1 \ o Aat1
[awiiy [|(D:Zafj> @ (D% i) @)

a j=1

Aat1
s @1 | (057 5) ]}

An+1

+ [|(D1éf1) W)

(D27 far) @)

)\a+1
} } dw

S 2()‘a+)‘a+1/p)54q) (x) . |:/ p(w)

+ (D2 far) @)

(P h) @)

((Nat+Xat1)/p)
] , (16.92)

M
: (Z (D% f5) (w)|p) dw
j=1
all a < x <b.

Proof. As for Theorem 5 of [27], and Theorem 7 of [46]. O
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We continue with

Corollary 16.49. (To Theorem 16.45; \g =0, p(t) = q(t) =1, Ao =
A =1,p=2.) Indetail: let v > v, +1,v, > 0,n:= [v], f; € AC™([a,b]),
j=1,....MeN;a<az<b, and D%, f; € Loo (a,b), j=1,..., M.

Here f;l)(a):0,l:0,1,...,n—1;j:1,.. M.

Then

s [ M
[ (S0t @l @) ) do <
a _]21
(z—a)” . (16.93)
(v =) Vv —7iv2r =27, -1

[ | X @t @7 doy

all a < x <b.

Corollary 16.50. (To Theorem 16.46; Ao, =0, p(t) = ¢(t) = 1, 3 =
A =1,p=2.) In detail: let v > v,+1, 75 > 0, n:= [v], f; € AC™ ([a,b]),
DY.fj € Lo (a,b),j=1,...,M eN;a <z <b.

Here f (a)=0,1=0,1,....n—1;j=1,..., M.

Then

M—1

[ o) @) o

+|(Df;) (@] (D f]+1 )|]}
+[[(D2 far) ()] 1(D
+| (D% 1) (@) 1(DZafar) <w>|] } dw

\@(m 7a)(l’—’¥2)
= (F(V—Wz)\/V_VQ\ﬂV—?%_l) (16.94)

s | M
/ SO (D2 f) @) | dw b,

all a < x <b.

Corollary 16.51. (To Theorem 16.48; A, = 1, Aoy1 = 1/2, p = 3/2,
p(t) =¢q(t) =1.) Indetail: let v> v, +2,v, >0, n:=[v], and f; €
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AC™ ([a,b]), j = 1,...,M € N, such that f;l)(a) =0,1=0,1,...,n—1,
a<xz<bh. Assume also DY, fj € Lo (a,b), j=1,..., M.
Set
(3v—37,—1/2)
N 2 T—a !
O (x) := < — _2) ( ) 577 (16.95)
V3V =37 T =m))

all a < x <b. Then

/a {{le [I (DY fy) (@)] \/ (D2 i) ()

Jj=1

(D2 i) @)y | (0271 )(w)\”

D;Yéfl ‘\/’ D’Y1+1

+|(DzéfM) (w)| ‘(D;%Jrlﬁ) (w)”}dw

< 20* (z [/a (Z| 3/2) dw] , (16.96)

all a < x <b.
We continue with results regarding |[|-||

Theorem 16.52. All are as in Theorem 16.38 but for f; € AC™ ([a,b]),
j=1,...,M € N. Then

[ v {{ S [I0%8) @ (D% £151) @) (D% fy) @)

Jj=1
(DL 1) @) (D fea) @) [(DEafr) @)] |
1D R) @ (D2 fa0) @) (D% ) (@)
(D) @ | (D2 far) @) [(Drafar) @) ] deo

M
v 2(Aa+AL v 2
T (z) {Z{IID*JJ‘H;,(G;) ) 4 ID*afjloona,x)}}, (16.97)

all a < x <b.
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Proof. Based on Theorem 16.38. [J
We give

Corollary 16.53. (to Theorem 16.52) In detail: let v > v, + 2, v, > 0,

= [1/-\ and f; € AC" ([a,b]), j =1,...,M € N, such that fl (a) =0,
=0,1,...,n—1; ]—1 , M; a<a:<b Further suppose thatDafj
oo (a,b), j=1,..., M. Then

M—1

[ 0w @l (o ) )

=1

<.

+|(p25) @)| (D2 fi0) @) }
+[ |(Daf1) ( |’<D71+1 ) )’
+ ’ (D:&Hﬁ) (w)‘ |(D2: far) (w)” } dw

(x_a)2(V*V1) M
v=m

j=1

all a < x <b.
We continue with the converse results.

Theorem 16.54. Let v; > 0, v—7; <1l/p,0<p<lj=12
n:= [v], and f; € AC" ([a,b]), i =1,...,M € N, such that fi(l) (a) =0,
[=0,1,....n—1;71=1,....,.M; a <z <b. Consider also p(t) > 0 and
q(t) > 0, with all p(t), 1/p( ), ¢(t), 1/q(t) € L (a,b). Further assume
DY fi € L (a,b), i =1,..., M, each of which is of fized sign a.e. on [a,b].
Let A\, > 0 and Ao, Mg > O such that A\, > p.

Here P (w), k= 1,2, A(w), Ao (z) are as in (16.39), (16.40), and (16.41),
respectively. Call

A Av/p
¢1 (z) := (Ao (%) [xs=0) (/\ g ) ; (16.99)
07 i= M~ Qatr/p), (16.100)

If \g =0, then

T M
/‘1(‘”) S IDLf; @) D% fi @) | dw (16.101)
a =1
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. M (AatAu/p)
2o )| [ pe) | P e ,
=
all a < x <b.
Proof. As for Theorem 11 of [47], and Theorem 11 of [51]. O
We continue with

Theorem 16.55. All are as in Theorem 16.54. Assume Ag > A,,. Denote

B A, Av/p N
s (z) = (Ag () |r,=0) 2P /P <W> 5P, (16.102)

where 03 is as in (16.71). If A, =0, then

M—1

[ a1 { S (|03 f) @ (D) @

j=1

+[(D2£;) @) [(Dkafyen) @]}
102 ) @) (D2 12) @)

+(DIf) @ 1(Dsufar) @) ] } do >

xT

MI=QwtAs/P)gOutAa/p) 5 (1) - {/ p(w)
a

M (A +25)/p)
S UDLfi) )P | dw : (16.103)
j=1

all a < x <b.
Proof. As for Theorem 12 of [47], and Theorem 12 of [51]. O
We give

Theorem 16.56. Let v > 2 and v, > 0 such that 2 < v — v, < 1/p,
0 <p<1,n:=v]. Consider fi € AC™([a,b]),1=1,...,M €N, such
that fi(l)(a) =0,l=0,1,....n—1;i=1,....M; a < x < b. Assume
that DY, fi € Lo (a,b), i =1,..., M, each of which is of fized sign a.e. on
[a,b]. Consider also p(t) > 0 and q(t) > 0, with all p(t), 1/p(t), ¢ (t),
1/q(t) € Loo (a,b). Let Ao > Agg1 > 1.
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Here 03 is as in (16.73), L (x) as in (16.50), Py (z) asin (16.51), T (x)
as in (16.52), wy as in (16.53), and ® as in (16.54).

/a C4w) {{NZ [|(D1éfj) (@)™

j=1

)\a+1

B i (W)

o

Aat1

+ (D22 fi5) @) DY f5 (w)

DI far (w)

+ (D2 ) () A} } o >

M= (Qatrar1/P)9(Aatrat1/P) g () -

+|1oms) @

*a+1f1 (w)

(()‘a+>‘a+1)/l))

- M
[ r@ | Siwnp @ | a . (6100
a =
all a < x <b.
Proof. As for Theorem 13 of [47] and Theorem 13 of [51]. O
We have the special cases.

Corollary 16.57. (To Theorem 16.54; A\g =0, p(t) = ¢ (t) = 1.)
Then

/a Z\D*w ) 1D, 5 (@) | de

((Aa+Xv)/p)

25’{@1(@”)/ Z\D w)["| dw : (16.105)

all a < x <b.
In (16.105), (Ao () |x,=0) of ¢ (z) is given by (16.59).

Corollary 16.58. (To Theorem 16.55; A\, = 0, p(t) = ¢(t) = 1.) It

holds
M—1

/ S 102 ) @ D% )

j=1

+(D%£5) @)Y (DL fi0) @]}
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+ [[(D221ar) @) (DLt @)
+(DI ) @ 1(Deufar) @) ] } do >

(lemﬂﬁ/p)) 2AAX/P) o () -

((Av+As)/p)

T M
/ 2 IDLf) @) de , (16.106)

all a < x <b.
In (16.106), (Ao (z) |x,=0) of s (z) is given by (16.64).
Next we apply the above results on the spherical shell.

16.4 Background—II

Here we initially follow [356, pp. 149-150] and [383, pp. 87-88]. Let us
denote by dr = Agn~ (dv), N € N, the Lebesgue measure on RY, and
SN=1:={z eRY: |z| =1} the unit sphere on R", where |-| stands for
the Euclidean norm in RY. Also denote the ball

B(0,R):={zeR": |z| <R} CR", R>0,

and the spherical shell

A:=B(0,Ry) — B(0,Ry), 0 < Ry < Rs.

For x € RN — {0} we can write uniquely = = rw, where r = |z| > 0, and
w=z/re SN~ |w| = 1. Clearly here

RY — {0} = (0,00) x SN,

and the map
(I):RN—{O}—)SN_li(I)(l‘):%
is continuous.
Also A = [Ry, Ro] x SV~1. Let us denote by dw = Agnv—1 (w) the surface
measure on S™V~1 to be defined as the image under ® of N- A~ restricted
to the Borel class of B (0,1) — {0}. More precisely the last definition is as

follows. Let A ¢ SNV~ be a Borel set, and let

A:={ru: 0<r<1, ue A} CcR".

We define
Agvo1 (A) = N - dgn (Z).
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Byx here stands for the Borel class on space X.
We denote by

wy = Agn—1 (V1) = /SN_1 dw = T (N/2)

the surface area of SN~! and we get the volume

N 9 N/2,N

so that N2
2
|B(0,1)] = NT(N2)

Clearly here

wy (RY —RY)  2x"/2(R) — RY)

Vol (A) = |A| = N NI (N/2)

Next, define
i (0,00) x SN RN — {0}

by ¢ (r,w) := rw, 1 is a one-to-one and onto function; thus
(rw) =4~ (2) = (2], @ (2))

are called the polar coordinates of z € RN — {0} .
Finally, define the measure Ry on ((0, 00)78(0,00)) by

Ry (T) = / rN=ldr, any T € B(0,00)-
r

We mention the following very important theorem.

Theorem 16.59. (See Exercise 6, pp. 149-150 in [356] and Theorem
5.2.2 pp. 87-88 of [383].) We have that A\gn = (Ry X Agn-1) 0™t on
B]RN,{O}.

In particular, if f is a nonnegative Borel measurable function on (RN, BRN),
then the Lebesgue integral

- f(z)dx = /(0700) V-1 </SN1 f(rw) Agn-1 (dw)) dr

:/ (/ f(m)erdr> Agn 1 (dw). (16.107)
sv=1 \ J(0,00)
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Clearly (16.107) is true for f a Borel integrable function taking values
i R.

Based on Theorem 16.59 in [45] we prove the next result which is the
main tool of this section.

Proposition 16.60. Let

f+A—=R,

be a Lebesgue integrable function, where

A:=B (O,Rg) - B (O,Rl), 0< Ry < Rs. (16.108)

/Af(x) dz = /SN—l ( RTQ (rw) rN_ldr> dw.

Then

We make

Remark 16.61. Let F : A = [Ry, Ra] x S¥~1 — R and for each w €
SN=1 define
g (r) == F (rw) = F (x),

where x € A, with A := B(0,Ry) — B(0,R1); 0 < Ry <r < Ry, r = |2/,
w=z/re SN

For each w € SV~1 we assume that g, € AC™ ([Ry, Rs]), where n := [v],
v >0.

Thus, by Corollary 16.8, for almost all » € [Ry, Rs], there exists the
Caputo fractional derivative

1 " n—v— n
DR 90 (1) = m/}% (r—1t) Yol (t) dt, (16.109)

for all w € SV,
Now we are ready to give

Definition 16.62. Let F' : A — R, v > 0, n := [v] such that F (-w)
€ AC™ ([Ry, Ry)), for all w € SN—1L.
We call the Caputo radial fractional derivative the following function

O, F(z) 1 " n—yp_1 O"F (tw)
orv " T(n-v) / (r=1) orn

dt, (16.110)
Ry

where z € A; that is, z = rw, r € [Ry, Ra], w € SV~
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Clearly " @
F(x
* Ry _
(97"0 - F(l‘),
Wp Flx) OF(x) .
97 =5 ifvreN.

The above function (16.110) exists almost everywhere for € A.
We justify this next.

Note 16.63. Call

Yr F
Ay = {re [R1, Ry] : Oip, I (@)

577 does not exist} . (16.111)

We have that Lebesgue measure Ag (A1) = 0.

Call Ay := Ay x SV7L. So there exists a Borel set A} C [Ry, Ra], such
that Ay C AT, AR (Aik) = Ar (Al) =0; thus Ry (AT) =0.

Consider now A%, := A} x SN~! € A, which is a Borel set of RN — {0} .
Clearly then by Theorem 16.59, A\g~v (A}) = 0, but Ay C A}, implying
Arv (Ay) =0.

Consequently (16.110) exists a.e. in  with respect to Agy on A.

We give the following fundamental representation result.

Theorem 16.64. Let v > v+ 1,7 > 0, n == [v], F : A — R with
F € Ly (A). Assume that F (w) € AC™ ([R1, Ra]) for all w € SN=1, and
that 0% F (w)/Or” € Loo (R1, Ry) for all w € SN,

Further assume that 0y I (2)/0r" € Lo (A). More precisely, for these
r € [Ry, Ry], and for each w € SN, for which DY F (rw) takes real
values, there exists My > 0 such that |DYp F (rw)| < M.

We suppose that O'F (Riw)/0r? =0, j = 0,1,...,n — 1, for every w €
SN=L1. Then

GZRIF(@
87")’ = D:RlF(Tw) =
1 " v—y—1
_— r—t)" 7 Ve F) (tw) dt, 16.112
F(V_’Y)/Rl( ) ( Ry )( ) ( )

true Yo € A; that is, true Vr € [Ry, Ry] and Yw € SN=1, ~ > 0.
Here
DZRlF (w) e AC ([Rl, RQ]), (16113)

Yw e SN 4> 0.
Furthermore ,
ip, F (2)

Lo (A : 16.114
5 € Lo (4), 7>0 (16.114)
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In particular, it holds

F(z)=F (rw) = ﬁ/E (r—t)""! (DYg, F) (tw) dt, (16.115)

true Yo € A; that is, true ¥r € [Ry, Ra] and Yw € SV~1 and
F(w) € AC ([Ry, Ry)), Yw € SN 71, (16.116)
Proof. By our assumptions and Theorem 16.16, Corollary 16.14, we
have valid (16.112) and (16.115). Also (16.113) is clear; see [45]. Property

(16.116) is easy to prove.
Fixing r € [Ry, Rs], the function

8, (t,w) = (r—t)" 771 DYy F (tw)
is measurable on

(IR1, 7] x SN By x Bsv—r ).

Here E[th] x Bgn-1 stands for the complete o-algebra generated by
E[RM] x Bgn-1, where Bx stands for the completion of By.

Then we get that
/ </ [0, (¢, w)| dt) dw =
SN—l Rl

/ (/ (r—t)" 7! | DY, F (tw)] dt) dw < (16.117)
SN71 R1
‘ —G:RlFu(m) ‘ (/ (/ (r—6)"""" dt) dw)

or 00, ([Ry,r]xsN-1) \JsN-1 \JR,

(16.118)
_ ' O, F (2) ( o V/2 ) (r— Ry
O’ o (R xsv-1) \I'(N/2) (=2 -

/g, F (x) ‘ ( orN/2 ) (Ry — Ry)" ™"

LN < 0. 16.119

‘ o | \TV2)) =) (16.119)

Hence 6, (t,w) is integrable on
<[R1,T‘] X SNil,E[RhT] X ESN—I).

Consequently, by Fubini’s theorem and (16.112), we obtain that DZRlF
(rw), v > v+ 1, v > 0 is integrable in w over (SN_l,ESNfl). So we
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have that D] F(rw) is continuous in r € [Ry,Ry], Vw € SV~1, and
measurable in w € SV Vr € [Ry, Ry]. So, it is a Carathéodory function.
Here [R1, Ry] is a separable metric space and SV ~! is a measurable space,
and the function takes values in R* := R U {£oo}, which is a metric
space. Therefore by Theorem 20.15, p. 156 of [10], (DZRIF) (rw) is jointly
(B{r, R, % Bsv-1)-measurable on [Ry, Ry] x SN~! = A, that is, Lebesgue
measurable on A. Indeed then we have that

1
2 -
|D*R1F(Tw)| = F(l/—’y)

/R (r =) 7 | DY, F (tw)] dt (16.120)

HD:RlF(.w)Hoo,[RhRg] " v—y—1
< T (/R (r—1t) dt) < (16.121)
M1 (T’ - Rl)u—'y < M1
Fv—v) -7 ~TE-7-1

for all w € SV=1 and for all » € [Ry, Ra].
We proved that

(R2 — Rl)u_’y =7 <00,

|D)g, F (rw)| < 7 < 00,Vw € SN~ and Vr € [Ry, Ro], (16.122)

hence proving 9]y F (2)/0r7 € Lo (A), v > 0. We have completed our
proof. O

16.5 Main Results on a Spherical Shell

16.5.1 Results Involving One Function
We give

Theorem 16.65. Let v > v, + 1,7, > 0,i=1,...,1 € N, n = [v];
and 0 < 7 < 79 < v3 < ... < .. Here f : A — R is as in Theorem
16.64. Let r; > 0 : Zézl ri =p. If v, =0 we set r; = 1. Let s1, 8§ > 1:
1/s1+1/sy =1, and sa, sh > 1:1/sa+1/sh =1, and p > s9, N > 2.
Denote

(N—1)s|+1 (N—=1)s,+1\ 1/51
R2 ! - Rl B
= 16.12
RUMEL/PTL _ p=N)(sh/p)+1) P/
Ry) := 16.124
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and

oo=0"%2 (16.125)
ps2

Also call
C:=0 (RQ) Q2 (Rz)

-ﬁl { (v —7)" (er vi—1+0)"" }

(Ra — Rl)(Zizl(”77i*1)7’i+p/52+1/31,1) |
((Zé:l (v—7-1) T¢S1) + 51 (.SP; _ 1) n 1) 1/s1

Then
I
/11
=1

),

Proof. Clearly here f (-w) fulfills all the assumptions of Theorem 16.24,
Vw e SN-L,

We set there q1 (r) = g2 (1) := 7V "1 r € [Ry, Ra] .

Hence by (16.30) we have

(16.126)

Vi T
6*R1

dr <
r'YL

p

Gnl @, (16.127)

orv

e L 0, f o) [
N-1 * Ry
/R1 r 1:[1 s dr <
Ro 6 p
C Nt *Réifrw) dr,Yw e SN71, (16.128)
Ry

Therefore it holds

fta N—1
.
Lo (o
Ro
C / N 1
SNfl < Rl

Using the conclusion of Theorem 16.64 and Proposition 16.60 we derive
(16.127). O

Or7i

Vi T
—a*le (rw) ‘ dr) dw <

g, frw)|?
orv

dr > dw. (16.129)

We continue with the following extreme case.



426 16. Caputo Fractional Multivariate Opial Inequalities

Theorem 16.66. Let v > v, +1,v,>0,i=1,...,l € N, n:= [v], and

0<7v <7y <73 <...<7,. Here f: A— R as in Theorem 16.64. Let
ri>O:Zé:1ri:r. If vy =0 we set ry =1, N > 2.

Call
__ RNfl _ rv=3 iy rivitl
M= — 2 (I Bij) l >0.  (16.130)
[Ty (D (v =5+ 1) (rv = Xl i + 1)
Then
1 o T4
6 i
/ (H *le(x) )dmg
A\ orvi
~ 2nlN/?
MM & 73 (16.131)

Proof. Clearly here f (-w) fulfills all the assumptions of Theorem 16.26,
Vw e SN-L

We set ¢ (r) =rV=1 r € [Ry, Ry].

Hence by (16.35) we have

/ Nt H }D*Rl "dr <
RY-V(R, — Rl)ru—& LTyl ’ Vi f (W) H
Ty (T =7t 1)) (o= 1) ) 197 i
< MM, Yo e SN, (16.132)
Hence
N 1
/SN_l (/ H |DI3 £ ( dr) dw <
— o2xN/2
—. 16.1
T ) (16.133)

Using the conclusion of Theorem 16.64 and Proposition 16.60 we derive
(16.131). O
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16.5.2  Results Involving Two Functions

We need to make the following assumption.

Assumption 16.67. Let v > v, + 1, v; > 0, i = 1,2, n := [v], f1,
fo: A — R with f1, fo € L1 (A), where A := B(0,R;) — B(0,R;), 0 <
Ry < Ry. Assume that f; (.w), f2 (w) € AC™ ([Ry, Ry]) for all w € SV,
and that 07 f; (w)/0r" € Lo (R1, Ry), for allw € SN=1; i = 1,2. Further
assume that 0Yp fi (v)/0r" € Lo (A), i = 1,2. More precisely, for these
r € [Ri,Ry], Yw € SN1, for which DY f; (rw) takes real values, there
exists M; > 0 such that

|DYg, fi (rw)| < M;, fori=1,2. (16.134)
We suppose that

8jfi (le)

917 =0,7=0,1,...,n—1,

Vwe SN-Lj=1,2.
Let A, > 0, and A, Ag > 0, such that A, < p, where p > 1. If v; = 0 we
set Ao =1 and if 75 = 0 we set Ag =1, here N > 2.

Assumption 16.67". (continuation of Assumption 16.67)
Set

P (w) = / (w — )=~ DP/ (1) J1=N/p=1) gy (16.135)
Ry

k:1a27R1Sw§R27

(N=1)(1=X,/p) Xa(p—1/p) As((p—1)/p)
Alw) =2 (7 (w))A (P, (7;”)) . (16.136)
T =)™ (T (v = 72))™"
Ry (p=A)/p
Ag (Rp) := ( / (A (w))P/ @) dw> . (16.137)
Ry
We present

Theorem 16.68. All here are as in Assumptions 16.67 and 16.67"; es-
pecially assume Ao >0, A\g =0, and p= Ao+, > 1. Then

/

Ao A

R, J1(2)
orv

0lp, fi (x)

orm +
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Ao A\,

)k, fo (2)
or

g, f2 ()
orv

dz < (16.138)

(Ao (R2) [r,=0) (%) (o /p)
o

K fr(@)|P  |0lg, fa(2)
orv orv

Al

Proof. We apply Theorem 16.30 here for every w € SV~1; here p (r) =
q(r) =rN=1 r € [Ry, Ra]. We use Theorem 16.64 and Proposition 16.60.
Thus the proof is similar to the proof of Theorem 16.65. [

The counterpart of the last theorem follows.

Theorem 16.69. All here are as in Assumptions 16.67 and 16.67"; es-
pecially suppose Ao, =0, A\g >0, p= A, + g > 1.

Denote
22/ M 1 if Ag >\,
53 = { ) Z; AZ < (16.139)
Then \
/ O, fo @) [ | Om, 1 @)™
A or72 arv
i @) | fa @) ] 6140
Or72 orv = (16.140)

(A /p)
(Ao (Ro) |r—0) 2577 (A—) 5l

A I

Y, f2 (%)
orv

Proof. Based on Theorem 16.31, similar to the proof of Theorem 16.68.

O

p

/g, f1 (@)
orv

Theorem 16.70. All here are as in Assumptions 16.67 and 16.67"; es-
pecially suppose Ay, Ao, Ag >0, p= Ao +Ag + A, > 1.
Denote

(Aa+rg/An) _ )
5, = { 2 Loif datAs 2 A, (16.141)

1, if Aa+ g <A
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Then

Aa Ag Au

0lp, f1 (x)

67’71

0J%, f2 (@)

ar'h

i’Rl fi ()
orv

+

/

0%, fi (x)

87’72

g P

Ay

0k, fo (x)

ar"/ 1

R, J2 ()
orv

dr <

A P (Aa+As)/ A /p
v v/P o B)/P (~ v
()\a T )\ﬁ)p) |:>‘o¢ + 2 (71>\5)

/ ( R, 1 (2)
A

orv
Proof. Based on Theorem 16.32, similar to the proof of Theorem 16.68.
|

A (Ry) (

P

*VRl f2 ()
orv

p) da. (16.142)

We give the next special important case.

Theorem 16.71. All are as in Assumption 16.67 without X\, there. Here
Yo =71 +1, Ao >0, >\,6 = )\oz-‘rl € (Ovl)a and p = Ay +)\a+1 > 1.
Denote

2/ Aat1) 1 Gf Ny > Aoy
03 . { 1, Zf Aa < )\Oé+1u (16143)
(1 — >‘a+1)
L(Ry) = |2———"7"%
( 2) [ (N_/\aJrl)
Ao
(R(N*)\aﬂ)/(l*)\a-f—l) _ R<N7>\0+1)/(17)\a+1))i| (1=2at1) (03>‘a+1 o
2 1 —p )
(16.144)
and
Ra
P (Rs) == / (Ry — )= =P/ (=) 4 (1=N) /(p=1) gy (16.145)
Ry
Pl (R2)(P*1) .
= — | 2P 16.14
(I)(RQ) L(R2) ((F (V_,yl»p ( 6 6)
Then \ \
Ol f1 @) | |00 2 (@) [
A orm Orv:itl
)\oz )\a
Ok fo (@) |0k fr () [ i

or Or7i+1
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< <I>(R2)/A ( p) iz,

Proof. Based on Theorem 16.33, similar to the proof of Theorem 16.68.
O

p

g, 1 ()
orv

g, f2 (z)
orv

(16.147)

We give an Lo, result on the shell.
We need to make

Assumption 16.72. Let v > v, + 1, v, > 0, i = 1,2, n := [v], fi,

fo: A — R with f1, fo € L1 (A), where RN D A := B(0,Ry) — B(0, Ry),
0 < Ry < Ry, N > 2. Assume that f1 (w), fo(w) € AC™([R1, Rz]) for
all w e SN~ and that 025 fi (w)/0r" € Lo (R1, Ry), for all w € SN
i = 1,2. Further assume that 0)y f; (x)/0r" € Lo (A), i = 1,2. More
precisely, for these 7 € [Ry, Ry], Vw € SV~1, for which DYp fi(rw) takes
real values, there exists M; > 0 such that

|DYg, fi (rw)| < M;, fori=1,2. (16.148)
We suppose that

3jfz‘ (le)

orJ = 0.

Vwe SN i =1,2.
Let Ay, Ao, Ag > 0. If v, =0 we set A\, =1 and if 7, = 0 we set A\g = 1.

We present

Theorem 16.73. All are as in Assumption 16.72.

Set N1
RN-
T(Ry — Ry) := 2 .
(R, ) (VAo — Y1Aa + VA3 — VoA + 1)
(Ry — Rl)(y)\a_'Yl)‘a+V>\ﬁ_’72>\ﬂ+1)
. (16.149)
T -+ D) (W —7p+ D)™
Then
N A
/ Ol @) | 023, 2 (@) |7 |0, fr ()| N
A orm or7 arv
972 A8 | o4 Ao v Av
A LA
Or7z2 orm orv
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aN/2
=T =) )
{ME(AQ+A.,)+M12/\;3 +M22’\" +M22(Aa+*v) ) (16.150)

Proof. Apply Theorem 16.38 for every w € SNV=1; here p(r) = rV 71,
r € [Ry, Ra]. It follows the proof of Theorem 16.66. Finally use Theorem

16.64 and Proposition 16.60. [

16.5.3 Results Involving Several Functions

We need to make the following assumption.

Assumption 16.74. Let v > v, + 1,7, > 0,i=1,2, n:= [v], f; : A —
R with f; € Ly (A), j =1,...,M, M € N, where RN D A := B(0,Rs) —
B(0,R1), 0 < Ry < Ry, N > 2. Assume that f; (w) € AC™ ([R1, R2]) for
all w e SN=1, and that 07 f; (w)/0r” € Lo (R1, Ry), for all w € SN
J=1,..., M. Further assume that 9y f; (z)/0r" € Log (A),j =1,..., M.
More precisely, for these r € [Ry, Ry], Vw € SN~1, for which DY f; (rw)
takes real values, there exists M; > 0 such that

|DYg, f; (rw)| < Mj, for j=1,..., M. (16.151)
We suppose that
6jfj (le)
ork

Vwe SN=L j=1,..., M.
Let A, > 0, and A, Ag > 0, such that A, < p, where p > 1. If v; = 0 we
set Ao =1 and if 7, = 0 we set A\g = 1.

=0,k=0,1,...,n—1,

We give

Theorem 16.75. Let f;,7 = 1,...,M, as in Assumption 16.74. Let
Av >0, and Ay > 0; A\g >0, p:= Ay + A, > 1. Set

Py (w) = / (w — )T/ =) (=N /p=1) gy (16.152)
Ry

k:1,2, RlSU)SRQ?

w™N=D(A=(\ /) (P (w))/\a((p—l)/p) (P (w))x\e((p—l)/p)

A(w) =
() (T (v =) (T (v = 7)™

)

(16.153)
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Ry

Ry Aa/P
Ag (Ry) := < / (A(w))p/’\“dw> . (16.154)

Take the case of A\g =0. Then

>
A, > (/)

< (Ao (R2) [as=0) (p

LU )

Jj=1
Proof. As in Theorem 16.68, based on Theorem 16.45. [

. 8:R1fj () A
orv

’Y
8*11%1 f]

orm du

8:R1 i ()
orv

We continue with

Theorem 16.76. All basic assumptions are as in Theorem 16.75. Let
A >0, A =0; A3 >0,p:=X, + A3 >1, P, defined by (16.152).
Now it s

(N=1)(1=(A\v/p)) As((p—1)/p)
Aw) =2 (P, (w 3) , (16.156)
(L' (v =72))"

R, Ag/p
Ao (Ry) = ( / (A ()P dw> . (16.157)
Ry
Denote /A
2 =1 i Ag > Ay,
03 := { 1. if A < A (16.158)
Call
)\ Av/p A
©o (Rs) := Ag (Ry) 2™/P (p”) 5P, (16.159)
Then
/ Mo, f @) [ 025, £ (@) L
A = 87”‘/2 81"“
As Au

0}k, fi ()

Jrz

O, fir1 ()
orv
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A
0% far (@) |7 |05 f1 () | .
orvz orv
A
0% f1 (@) |0k, far (@) ™
dr <
or7z orv
M
55:12 fj (UC) P
2 L L . 16.1
oy (o) g( J [P i) (16.160)

Proof. As in Theorem 16.68, based on Theorem 16.46. [
We present the general case.

Theorem 16.77. All basic assumptions are as in Theorem 16.75. Here
Avs Aas Ag >0, p:=Aa +Ag+ A, > 1, Py as in (16.152), and A is as in
(16.153). Here

R, (Aa"")‘,@)/p
/ (A (w))P/Patrs) dw) 7 (16.161)
Ry

A (Rg) = <
N 2t Xa/N) 1 if Ao+ Mg > Ay,
5 e { . ARSI (16.162)

Put

(A /p)
@3 (R2) :== Ag (R2) (m)

[A;v/m 4 9(atAs/p) (%Aﬁ)wm] . (16.163)

Then

Aa Ap Ay

)% fiv1(2)
Orz

:Rl fJ (x)
orv

+

Aa

0Jk, Jit1 (2) .

or7

azklRl fj+1 (‘T)
orv

_|_

bW Ag

0lk, J1 (2)

87"‘/ 1

0, for ()

Orz

U, 1 ()
orv

+

Ap Ao A

0%, f1 (@)

ar’Yz

0k, fur ()

87‘71

Yr, v (2)

dr <
orv =
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M

20 k) |3 ([

j=1

O, fi (x)

P
d . 16.164
e :17) (16.164)

Proof. As in Theorem 16.68, based on Theorem 16.47. [
We show the special important case next.
Theorem 16.78. Let all be as in Assumption 16.74 without X\, there.

Here vy = v, + 1, and let A\ > 0, Ag 1= a1, 0 < Agy1 < 1, such that
p:i=Aq + Aat1 > 1. Denote

200/ Ratt) — 1 if Aa > Aoy,
03 o { 1, Zf Aa < )\a+1; (16165)
(1_)‘a+1)
L(Ry) = |2~ Lot/
()= ity
Ao
(RUVAQH)/OAam_R(NAm)/(lAﬁl))}“”a“)( O3)Na i1 ) o
2 1 /\a+)\a+1 ’
(16.166)
and
R>
P (R,) ;:/ (Ry — )= =D @/p=1) (=N /p=1) gy (16.167)
Ry
Pl (Rg)(p_l) .
®(Ry) := L (Ry) | ——2—— | 2P~ 1), 16.168
)i i) ((ro/—mp (16169
Then
_ Ao Ao
S| |y @) |2k e ()
A ‘ orm orvitl
Jj=1
Ao Aat1
Olhy fia (@) [ |0 S5 @) | L
orm Ormtt
)\a >\a
O fi (@) | |01 far () +1+
orm Ormitl
)\a )\a
Ok P @) O ) [
dr <

or Orvitl
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M

20 (R,) Z(/A

j=1

O, fi (x)

P
dz )| . 16.1
e x) (16.169)

Proof. As in Theorem 16.68, based on Theorem 16.48. [

We study the L., case next.
We need to make

Assumption 16.79. Let v > v, + 1,7, > 0,i= 1,2, n:= [v], fj : A —
R with f; € Ly (A), j =1,...,M, M € N, where RY D A := B(0,Rs) —
B(0,R1), 0 < R1 < Ry, N > 2. Assume that f; (w) € AC™ ([R1, Ry]) for
all w € SN=1 and that 07 f; (w)/0r” € Lo (R1, Ry), for all w € SN
J=1,..., M. Further assume that 9y f; (z)/0r” € Log (A),j =1,..., M.
More precisely, for these r € [Ry, Ry], Vw € SN~1, for which DY, f; (rw)
takes real values, there exists M; > 0 such that

|DZg, fj (rw)| < Mj, for j=1,... M. (16.170)

We suppose that

Vwe SN=L j=1,..., M.
Let Ay, Ao, Ag > 0. If v, = 0 we set A\, =1 and if 7, = 0 we set A\g = 1.

The last main result follows.

Theorem 16.80. All are as in Assumption 16.79.

Set N
RN~
T(Ry) := 2 .
( 2) (V/\a_’Yl/\a+V/\,B_fY2)‘ﬁ+1)
_ (PAa=v1 Xa+rvAg—7325+1)
(s = R) . —. (16.171)
T@=y+1)) (=7, +1)"
Then
00, 5 @) [ 0% f @) [0, £ @)
/ Z *R1JJ xRy JJ+1 xRy JJ +
A = drn Or7z arv
Y2 AB | am Ao o Av
Ok, i (@) | |0k fiva ()| |OLR, fis1 (o) N
or2 orn orv
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Mo A
Ok fr (@) | |00, (@) |7 025, 1 () A"Jr
orn or7z orv
Y2 As Y1 Aa v )\y_

a*lel (.17) a*leM (LU) 8*R1fM (.13) dr <

or7z orm orv
27N/ — 2(Aa+A0) 2X5
Fvy T () ; {M] - (16.172)

Proof. Based on Theorem 16.52; here p (1) = vV =1 r € [Ry, Rs]. Apply
(16.97) Vw € SN~1. It follows the proof of Theorem 16.66. Finally use
Theorem 16.64 and Proposition 16.60. O

16.6  Applications
We need the following.

Corollary 16.81. (To Theorem 16.68; f1 = fo.) All are as in Theorem

16.68. It holds
/.
g, 1 ()

(Ao (R2) [x5=0) (?)Qy/m (/A o

So setting Ao, =X\, =1, p=2 in (16.173), we obtain in detail

Ao
Olp, 1 () A

orv

0k, J1 ()

ormn dz <

’ da:). (16.173)

Proposition 16.82. Let v > v+ 1,7 > 0, n := [v], f: A — R with
f €Ly (A), where A:= B(0,Ry) — B(0,R;) CRY, N >2 0< Ry < Ry.
Assume that f (w) € AC™ ([Ry, Ry]), Vw € SN, and that 8%, f (.w)/0r"
€ Loo (R1, Ry), Vw € SN™1. Further assume that 97, f (x)/0r" € Lo (A).
More precisely, for these r € [Ry,Ro], Yw € SNt for which DYy f (rw)

takes real values, 3 My > 0 such that
|DYg, [ (rw)| < M.
Suppose that

8jf (le)

55 = 0=01...n-1, Vw e N1,
.
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Set
P(r) = /R (r— )20 =Ngt Ry <r < Ry, (16.174)
(N-1/2)

A(r):= %jm, (16.175)

B Ry 1/2
Ao (Ry) == (/R (A (ﬂ)%) . (16.176)

Then / O f(@)]|0%, f (z) <

A ar” arv =

» 2

Ao (Ry)271/? </A (8*1“37{(@) dx). (16.177)

When ~v = 0 we get the following in detail.

Proposition 16.83. Let v > 1, n := [v], f: A — R with f € Ly (A),
where A := B(0,Ry) — B(0,R;) C RN, N > 2 0 < R, < Ry. As-
sume that f(w) € AC™ ([Ry,Ry]), Vw € SN™L, and that 9y f(w)/Or"
€ Loo (R1, Ry), Vw € SN=1. Further assume that 97, f (x)/0r" € Lo (A).
More precisely, for these r € [Ri, Ro], Vw € SN=1, for which DYy, f (rw)
takes real values, 3 My > 0 such that

‘DZle(rw)‘ < M.

Suppose that

J
M:o,j:o,L...,n—l, Yw e SNL
orJ
Set

Py (r) = / (r— >V 0"Nar Ry <r < Ry, (16.178)

Ry

(N-1/2) /P

A () =1 o (r) (16.179)

_ Ry 1/2
Ay (Ry) := (/ (A*(r))er> . (16.180)
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i@

Ao (Rs) 27172 (/A (W)de) (16.181)

Based on Corollary 16.35 we give

Then
g, [ (2)

dr <
orv r=

Proposition 16.84. Let v > v+ 1,7 >0, n = [v], f: A — R with
f €Ly (A), where A:= B(0,R2) — B(0,R)) CRY, N >2 0< Ry < Ry.
Assume that f (w) € AC™ ([Ry, Ry]), Vw € SN, and that 8%, f (.w)/0r"
€ Lo (Rl,Rg), Yw e SN-L

Suppose that

f(R
M:o, j=0,1,....n—1, Ywe SN,

ord
Then

(1) /R | D f (tw)| | DY, f (tw)| dt <

(r Rl)(V—’Y)
AN (v =)\ v =72 =27y -1
(/ (DY, f (tw))th>, all Ry <7 < Ry, Yw e SN7L, (16.182)
Ry

(2) When v =0 we get

[ 150D, )] <

(2r (S ﬁ%) (/R (DZp, f (1))’ dt>, (16.183)

all Ry <7 < Ry, Yw e SN-L.
In particular we have

Ra
(3) / | ()| | DY, ()| dr <

Ry

(Rs — R1)" o o). Ve e gN-1
<2F(v>ﬁm> (/R (Dig, f () d>7 vw e SN (16.184)

Next we apply Proposition 16.84; see (16.183) for proving the uniqueness
of solution in a PDE initial value problem on A.
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Theorem 16.85. Let v > 1, v ¢ N, n == [v], f : A — R with f €
Ly (A), where A == B(0,Ry) — B(0,R;)) CRY N >2 0 < R; < Ry.
Assume that f (w) € AC™ ([Ry, Ra]), Vw € SN, and that 0%, f (.w)/Or"
€ AC([Ry1, Ry]), Vw € SN=1. Further assume DYp f (x)/0r" € Lo (A),
such that there exists My > 0 with |DYp f (rw)| < My, Vr € [Ri,Ry],
Yw € SN=1. Suppose that

9 f (Ryw)
ori
Consider the PDE

=0,j=0,1,...,n—1, Ywe SV L

0 ( Yk, [ (%)

ar B ) =0 (z) f (x), (16.185)

Vo € A, where 0 # 60 : A — R is continuous. If (16.185) has a solution
then it is unique.

Proof. We rewrite (16.185) as

0 ( Vr, [ (rw)

or 577 ) =0 (rw) f (rw), (16.186)

valid Vr € [Rl,RQ], Yw € SNil, and 0 7é 0 : (I:Rl,RQ} X SNil) — R is
continuous.
Assume f; and fy are the solution to (16.185); then

0 (aZRl fi(rw)

E o ) =0 (rw) f (rw), (16.187)

and

9 <M> 0 (rw) fa (rw), (16.188)

or orv

Vr e [Rl,RQ] , Vw € SN-1,
Call g := f1 — f2; thus by subtraction in (16.187) we get
9 <3L’R19 (rw)

or o ) =0 (rw) g (rw), (16.189)

Vr € [Ry, Ra], Yw € SNV~1. Of course

g (R
%:0, j:o,l,...,n—L vweSNfl.

Consequently we have

0/, 9 (rw) 0 0’R, 9 (rw)
orv or orv
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~ 00y (o) (2L,

Vr e [Rl,RQ] , Yw € SN-1,

Hence
/T 9/, 9 (tw) o 0/, 9 (tw) it
R orv or orv

- [ owate) (Ft) o

Vr e [Rl,RQ] , Vw € SN-1,
Therefore we find

(8:R1g(tw))2 & g(w)
arv - " :ng w
— = / 0 (tw) g (tw) <—8TV >dt,

Ry
R1

Vr e [Rl,RQ] Yw e SN

Notice that 97 g (Riw)/0r” =0, Vw € SV71; see (16.110).

Gtw (*Rl > ‘

Consequently we find

8:1%19(7”@ : _9
orv o

s2||g|oo/RT| (1))

(16,153 ||e||oo<r—R1>”
: < umm)

(/R (D:ng(tw))2dt) -
@(Q(H;;)\(/};Q\/_zf—i):) (/er (DY, g (tw))” dt>’

Vr e [R1,R2] , Vw € SN-1,
Call

l/

aifr,»,l (tw )’

0]l (B2 — B1)”

K= T ) vovar 1

> 0.

So we have proved that

(%%V(m))z s K (/Rr (Ding(tw))th>,

(16.190)

(16.191)

(16.192)

(16.193)

(16.194)

(16.195)

(16.196)

(16.197)

Vr € [Ry, Ry, Vw € SN=1. Here DY, g (w) € C ([Ry, Ry]), Yw € SN™L.
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Hence by Gronwall’s inequality we get (Df:ng(?"w))2 = 0, so that
DY g (rw) = 0,Vr € [Ry, Ry, Vw € SN=1. Thus 9/0r (0%, g (rw)/0r)
= 0,Vr € [Ry,Ry], Vw € SV~ And by (16.188) we have 0 (rw) g (rw)
= 0,Vr € [R1,Ry), YVw € SN~! implying g(rw) = 0,Vr € [Ri,Rs),
Vw e SN-L

Hence we proved f; (rw) = fa (rw),Vr € [Ry, Ra], Vw € SN~ Thus

f1(z) = fo(z),Vo € A,

there by proving the claim. [J
We give the very important

Remark 16.86. From Corollary 16.12 we saw that: for v > 0, n := [v],
f € AC™ ([a, b)), given that DY f (x) exists in R, Vz € [a,b], and f*) (a) =
0, k=0,1,...,n — 1, imply that DY, f = D’ f. Also we saw in Theorems
16.16 and 16.17, that by adding to the assumptions of Theorem 16.16 that
“there exists DY f (z) € R, Va € [a,b],” we can rewrite the conclusions of
Theorem 16.16; that is, we can frame the conclusions of Theorem 16.17 in
the language of Riemann — Liouville fractional derivatives. Notice there,
under the above additional assumption, that D) f (x) = D], f (z), V& €
[a, b] also holds.

This entire chapter is based on Theorem 16.16. So by adding to the as-
sumptions of all of our results here for all functions involved that “there
exists DY f () € R, Va € [a,b],” we can rewrite them all in terms of Rie-
mann — Liouville fractional derivatives. Accordingly for the case of the
spherical shell we need to add “there exists DY, f (rw) € R, Vr € [Ry, Ry],
for each w € SV~1.” and all can be rewritten in terms of Riemann — Liou-
ville radial fractional derivatives.

As examples we next present only a few of all those results that can be
rewritten.

We present

Theorem 16.87. Let v > v+ 1, v > 0. Call n := [v] and assume [ €
AC™ ([a, b)) such that f*) (a) =0,k =0,1,...,n —1, and ID" f (x) € R,
Vo € [a,b] with D% f € Ly (a,b). Let p, ¢ > 1 such that 1/p+1/q = 1,
a<x<hb.

Then

/ D1 ()] [(DLf) ()] dw <
(x . a)(pV—l)"/—p-‘rQ)/p

(V2)T (v =) ((pr —py —p+1) (pv — py —p+2))"/7
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(/ D7 f ( quw> 2/q. (16.198)

Proof. Similar to Theorem 16.18. O
The converse result follows.

Theorem 16.88. Let v > v+ 1, v > 0. Call n := [v] and assume [ €
AC™ ([a, b)) such that f® (a) =0, k=0,1,...,n—1, and IDf (x) € R,
YV € [a,b] with DY f, 1/D” f € Ly (a,b). Suppose that D f is of fized sign
a.e in [a,b]. Let p, q¢ such that 0 < p < 1,q¢ < 0 and 1/p+1/q = 1,
a<xz<b.

Then

/ DY F ()| 1D f ()] dw >
(a: _ a)(zwfmfpﬁ)/p

(V2)T(v =) ((pv —py —p+ 1) (pv — py —p+2))"/7

. (/: |DY f (w)[? dw>2/q. (16.199)

Proof. As in Theorem 16.20. O

We present
Theorem 16.89. Let v > v, + 1, v, > 0,4 = 1,2 :[Landfl,
fo € AC™ ([a,b]) such that £ (a) = £ (a) =0, j = 0,1,. —1,

a <z < b. Consider also p(t) > 0 and q(t) > 0, wzth all p( ), 1/p( ),
q(t) € L (a,b). Further assume 3D f; (x) € R, Va € [a,b], and D% f; €
L (a,b), i = 1,2. Let Ay, > 0 and Ao, A\g > 0 such that N\, < p, where
p>1.

Here Py, is as in (16.39), A (w) is as in (16.40), Ag (x) as in (16.41),
and 61 as in (16.42).

If Mg =0, we obtain that

| @) [z @1 D2 ) +

D3 f2 @) IDLf2 @) ] dw < (16.200)

)\V Ay /p
Wb (535) o
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((Aat+Av)/p)

[ / "0 (@) DL @) + 1D fa (@) 7] de

Proof. As in Theorem 16.30. O

Corollary 16.90. (All are as in Theorem 16.89, A\g = 0,p (t) = ¢ (t) =1,
Ao = A =1, p = 2) In detail: let v > v, +1, v >0, n:= [v], fi,
f2 € AC™ ([a,b)]) : fj)(a) = fz(j)(a) =0,7=0,1,....,n—1,a <z <
DY fi (z) € R, Va € [a,b] with D% f; € Ly (a,b), i = 1,2. Then

[ 1oz ) @I )+

[(Dg* f2) (W) [(Dg f2) ()|} dw < (16.201)

(x_a)(”*'h)
<2F(V71)\/V71\/2V2’Y1 - 1)

( / [(D2R) @) + (D212) @] dw)

all a < x <b.
We need
Definition 16.91. Let F : A — R, v > 0, n := [v] such that F (w) €

AC™ ([Ry, Ra)), for all w € S¥~1. We call the Riemann — Liouville radial
fractional derivative the following function

aél%lF (1’) 1 o" " n—v—1
_ o _ F 16.202
o T Tm—v) o /R (r=1) (w)dt,  (16:202)
where 2 € A; that is, 2 = rw, 7 € [Ry, Ra], w € SN~L.
Clearly
5'8R1F(95)
T = F(x)7
e %4 F (@) _ 0'F (@
R, F (@ VE (x) .
= f .
or o MV E N
We give

Proposition 16.92. Let v > v+ 1,7 >0, n := [v], f: A — R with
f €Ly (A), where A:== B(0,R2) — B(0,R) CRYN, N >2 0< Ry < Ry.
Assume that f (w) € AC™ ([Ry, Ry]), Vw € SN™1, and that 8% f (w)/Or"

€ Lo (R1, R2), Yw € SN1. Further assume that 3D% f (rw) € R, Vr €
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[R1, Ry, for each w € SN=1, with 9%, f (x)/0r € Lo (A). We suppose
Vr € [Ry, Ry] and Vw € SN~ that 3My > 0 such that |DY, f (rw)| < M.
Suppose that

o] (Faw) =0,j=0,1,...n—1,Ywe SN?
87’] ) ) . b -
Set
Plr) = / (r— 20D =N g Ry <y < Ry, (16.203)
Ry
also ) v-172) 20 1 )
B Ry 1/2
Ao (Ry) := (/ (A (r))%zr> : (16.205)
Ry
Then o o
/ kS (@) ]| 0%, f(2) i <
A 87’7 87’” -
. oY, 2
Ag (Ry) 2712 </ <%V(x)> d:z:). (16.206)
A

Proof. Similarly as in Proposition 16.82. O
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Poincaré-Type Fractional Inequalities

Here we present Poincaré-type fractional inequalities involving fractional
derivatives of Canavati, Riemann—Liouville, and Caputo types. The results
are general L, inequalities forward and reverse, univariate and multivariate,
on a spherical shell. We give applications to ODEs and PDEs. We present
also mean Poincaré-type fractional inequalities. This treatment relies on
[57].

17.1 Introduction

This chapter is motivated by the famous Poincaré inequality; see [2]. Given
a bounded domain Q C R™, n € N, it holds that

[ull Loy < ClIVUllLo(q)
for functions w with vanishing mean value over 2, 1 < p < oo, under very
general assumptions on 2, where ||Vul[;, q) is defined as the LP-norm of
the Euclidean norm of Vu.

Especially in [2] it is proven for a convex domain @ C R™ with diameter
d that

d
”uHLl(Q) < 9 ||VU||L1(Q)

for any u with zero mean value on €, with the constant 1/2 also being
optimal.

G.A. Anastassiou, Fractional Differentiation Inequalities, 445
DOI 10.1007/978-0-387-98128-4_17, (© Springer Science+Business Media, LLC 2009
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We are also motivated by [126], where the authors prove the following.
Let 1 < p < 00, —00 < a < b < co. The best constant C' (independent of
a, b) for which the one-dimensional Poincaré inequality

| ()t

b—a
holds for all Lipschitz continuous functions f,is C' = 1/2 (1 + p’ )_1/ P : where
p>1:1/p+1/p =1.

Here we present Poincaré-type inequalities with respect to fractional
derivatives of Canavati, Riemann—Liouville, and Caputo types. We give
univariate results on a closed interval of R, and multivariate ones on a
spherical shell. The surprising fact here is that we require only vanishing
initial conditions of the derivatives up to a certain order for the involved
function.

F <C(b—a) P ”f/HLP([a,b])

L1 ([a,b])

17.2  Fractional Poincaré Inequalities Results

Let [a,b] C R; here see [19, 101]. Let x, 2 € [a,b] such that x > zg, ¢ is
fixed, f € C ([a,b]), and define

1 * v—1
(J2of) (z) = 7/ (x—=t)""" f(t)dt,
F (V) o
all o < x < b, where v > 0, n := [v] (integral part), o := v — n, the
generalized Riemann—Liouville integral, with I' the gamma function.
We consider

Cx, (b)) = {f € C" ([a, b)) : J70 s € C* (o, b)) }.

Let f € C¥ ([a,b]); we define the generalized v-fractional derivative of f
over [xg,b] as
/
D f = (52 f™).
the derivative with respect to x.
Clearly D} f € C ([zo,b]).

We need

Lemma 17.1. ([19, pp. 544-545]) Let v > v+ 1, v > 0, n := [v], and
fecy (la,b]), zo € [a,b]. Assume f@ (z9) =0,i=0,1,...,n— 1. Then

(010 @) = gy | =07 @2 @ n
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all © € [z, b)].

We give Poincaré inequalities with respect to the above-defined Canavati-
type fractional derivative.

Theorem 17.2. Assumptions are as in Lemma 17.1. Let p, ¢ > 1 :

1/p+1/q=1.
It holds .
/ |D7, (x)|qdw <
(b— xO)Q(V*’Y)
(O =) (v —v—1)+ 1) g ( ] </ = )
(17.2)
Proof. We have
|D} f ()] < ﬁ/w (w— )" 7N DY £ (1) dt (17.3)

(by the Holder inequality)

1 ¢ p(v—y—1) e
< — x -’V at
“T(v—19) (/zo( ) )

(/m: |DY f (t)]th)l/q = (17.4)

1 (p—go) VYR g N
T =) (pv _07_ 1) +1)77 (/mo Dz, f (#)] dt) (17.5)

1 (z — 20 )(V y—=1+1/p . a
SF(V_'V)(p(V— — 1)+ 1) </| @) dt) '

That is, we have

1/q

|D’y f ($)| < (x — xo)(V—'y—l)+l/p /b ’D” ; (t)|q »
o T\r-) -y + 1)) \Ja ’
(17.6)

YV € [z, ].
Consequently we find

|D} (x)|q<< (93*1’0)(1(”_7_1”(1/1) >
o “T\C@-) -y -1+ 1)
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</b \D;Of(t)]th) (17.7)

YV € [z, ].
Hence we obtain

(b—=x )q(v—7—1)+(q/p)+1

b
D) f(x)|"dx < 4 :
/m)' Sl l(r(u—va(u—w—1>+1>(q/”>

(= —11) +4+41) </zj [Dz,1 O dt)- (17.8)
O

Corollary 17.3. (to Theorem 17.2) When v =0 we find
b qv
b—z
/ f @)l dw < ( 4 - @/v) )
2o @) (pv—-1)+1)"" q

(/b Dz f ()| dt). (17.9)

Let a >0, f € Ly (a,x), a, x € R, see [45, 64, 134].
We define the generalized Riemann-Liouville fractional derivative of f
of order a by

D21 = prs () [ 6=

where m := [a] + 1, s € [a, ], see also later Remark 17.46.
In addition, we set

DYf = f=Jgf,
Jeof =D f, if >0,
D;of:=Jof, if0<a<1,
D' f = f™ forneN.

We need

Definition 17.4. [45] We say that f € L; (a,z) has an Lo, fractional
derivative DYf (a>0) in [a,2], a, * € R, iff D *f € C([a,z]),
k=1,....m:=[a]+1, and D2 'f € AC ([a,x]) (absolutely continuous
functions) and DS f € Ly (a,x).
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Lemma 17.5. [45] Let > a >0, f € Ly (a,2) ,a, © € R, have an Ly
fractional derivative D f in [a,z]; let DE=%f(a) =0 for k=1,...,[8]+1.
Then

DT ()=t 5= / (s =P DEf (1), (17.10)

Vs € [a, z].
Here D2 f € AC ([a,z]) for 6 —a > 1, and DS f € C([a,z]) for § —a €
(0,1).

We present Poincaré inequalities with respect to the above-defined gen-
eralized Riemann-Liouville fractional derivative.

Theorem 17.6. Let all the assumptions be the same as in Lemma 17.5;
p,g>1:1/p+1/g=1withp(B—a—1)+1>0. Then

. (2 0y~ ]
Dgf ()" dt <
/Q| @)l l(l“(ﬁa))q(?(ﬂo‘1)+1)(q/p)q(5a)

(/: DS f (t)\th) (17.11)

Corollary 17.7. All are as in Theorem 17.6. Let o = 0; then it holds
that

* q (m—a)qﬁ ]
O dt <
/a SOl LF(m)q (p(B—1)+ 1) g3

(/ar DS f (t)\th). (17.12)

Next we produce Poincaré inequalities with respect to the Caputo frac-
tional derivative.
We mention

Definition 17.8. [134] Let v > 0, n := [v]; [-] is the ceiling of the
number f € AC"™ ([a,b]). The Caputo fractional derivative is given by

1 z ot
D = — )" M @) dt 17.1
0 @)= gy [ =TT (17.13)
Yz € [a,b].
The above function DY, f (x) exists almost everywhere for x € [a, b].

We need
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Proposition 17.9. [134] Let v > 0, n := [v], f € AC" ([a,b]). Then
DY, f exists iff the generalized Riemann—Liouville fractional derivative DY, f
exists.

Proposition 17.10. [134] Let v > 0, n = [v]. Assume that f is such that
both DY, f and DY f exist. Suppose that f*) (a) =0 for k=0,1,...,n— 1.
Then

DY, f = DY,

In conclusion

Corollary 17.11. [58] Let v > 0, n := [v], f € AC™ ([a,b]), D%, f exists
or DYf exists, and f*) (a) =0, k=0,1,...,n — 1. Then

DYf = D, f.

We need

Proposition 17.12. [58] Let v > 0, n := [v], f € AC™([a,]]), and
f® (a)=0,k=0,1,...,n—1. Then

flz) = ﬁ / (@ — )"\ DY f (1) dt. (17.14)

We also need

Theorem 17.13. [58] Let v > v+ 1, v > 0. Call n := [v] Assume
f € AC™ ([a,b]) such that f*) (a) =0, k = 0,1,...,n — 1, and DY, f €
Lo (a,b). Then D} f € C(la,b]), and

DS @) = s [ =07 DL (17.15)

Yz € [a,b].

Theorem 17.14. [58] Let v > v+1,v > 0, n := [v]. Let f € AC" ([a,b])
such that f*) (a) = 0, k = 0,1,...,n — 1. Assume 3D"f (z) € R, Vx €
[a,b], and DY f € Lo (a,b). Then D] f € C ([a,b]), and

DIf () = - / St DrE ()t (17.16)

T'(v-—
Yz € [a,b].

Now we are ready to give
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Theorem 17.15. Let v > v+1,v > 0, n := [v]. Assume f € AC™ ([a,b])
such that f* (a) =0, k = 0,1,...,n — 1, and D¥,f € Lo (a,b). Let p,
g>1:1/p+1/qg=1.

Then

b
/ D2, f ()" de <

(b—a)?=7 ] < b e quC)
Cw-—)pw—v—1)+1)9P g~ /a DL f (@) da ).
(17.17)

Proof. Similar to Theorem 17.2. O
We also give

Theorem 17.16. Let v > v+ 1, v > 0, n := [v] Let f € AC™ ([a,b])
such that f*) (a) = 0, k = 0,1,...,n — 1. Assume ID"f (z) € R, Vzx €
[a,b], and DY f € Lo (a,b). Let p, g >1:1/p+1/g=1.

Then

b
[ Dzt <

(b—a)1¥= ]( b o , )
vf(z)]" dx ).
TG -7+ ) g /a' @)
(17.18)

Proof. Similar to Theorem 17.2. O
When v = 0 we get

Proposition 17.17. Same assumptions as in Theorem 17.15; v = 0.
Then

/; f (@) dz <

(b—a)? b ,
((F(y))q (p(,,_l)ﬂ)(q/p)qV) (/a Do f ()] d:c) (17.19)

Similarly we have

Proposition 17.18. Same assumptions as in Theorem 17.16; v = 0.
Then

/ab f (@) dz <
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(b—a)?” v
((r(y)) Up(v— 1)+ 1)@/P) )(/ [Daf ()] dx) (17.20)

Special cases of the above results follow.

Corollary 17.19. (To Theorem 17.2; p = ¢ = 2.) It holds

b
/ (D3, f () dz <

Zo

(b_xO)Q(V V) b U )
(T (v =) <2<y—7>—1>2<y—7>] </ (D5,f @) dw)- (17.21)

Corollary 17.20. (To Theorem 17.6; p = ¢ = 2.) Assume 3 —a > 1/2.
Then

/ (D (1) di <

(x — a)Q(ﬁ*a)

(T (8- a))” (Q(ﬁa)l)Q(ﬂa)] </a (Da f (1)) dt)- (17.22)

Corollary 17.21. (To Theorem 17.15; p = g = 2.) It holds

/ (D @) <

(b—a)*7 ]( b ) 2dx>
Cw—))2Cw—7)-1)2w—) /a(D*af()) . (17.23)

Corollary 17.22. (To Theorem 17.16; p = ¢ = 2.) It holds

b
/ (D7 f () dx <

[(F(V_'V))QQ(V—’Y)—1)2(1/_7) /a( of (@) dr | (17.24)

Next we give converse results.

Theorem 17.23. Let v > v+ 1, v > 0, n = [v], f € CY ([a,b]),
xo € [a,b]. Assume [ (19) =0,4=0,1,...,n— 1. Assume that Dy f is
of fized strict sign on [zg,b]. Let 0 <p < 1, ¢ <0, such that 1/p+1/q = 1.
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[ionsoraz (Gotm)

(b_xo)(—Q(V—7)+2) ) 1
P —v—1+1)"D (—g(—r) +2) (/ | D%, f (#)] d) . (17.25)

Proof. Here (D], f) (z9) = 0 by (17.1), but by assumption (D}, f) (z) #
0, Vz € (0, b].
By Lemma 17.1 and assumptions of the theorem we have

Then

DL = gy [0 s @la a7

0

(by reverse Holder’s inequality)

> ﬁ </w (x — )P dt>1/p (/: |D;’Of(t)|th>1/q (17.27)

(v=y=D+1/p e
1 —
(z — o) (/ DY f yth> . (172w

TTW-Y)(pw—y-1)+1)"P
So that
Y 1/q
pr gz s e o o)
=" (p—y-1)+1)" \Us
(17.29)
YV € [xo,b].
Therefore .
o= ()
| T
. q(v—y—1)—q/p -1
((x( z0) T </ DY f yth> : (17.30)
p(v—vy—1)+
YV € [z, b].
Finally we obtain
b - 1
[ n e (1)
xo (F (V_’Y))
(b_xo)—q(l/—’y—l)—q/fa+1 </ ’ |q ) !
Dy, at|
(=7 =D+ )" (~q(v =7 ~1) —aq/p+1)
(17.31)

proving the claim. [
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Corollary 17.24. (To Theorem 17.23; v = 0.) It holds

/b O de = (ml)))

(b—zx )( qv+2) , -1
(p(u—1)+1(;<1 D (Zqu +2) / | D%, f (@) dt | (17.32)

We continue with

Theorem 17.25. Let § > a > 0, f € Li(a,x), a, = € R, have
an Lo fractional derivative DP?f in [a,z], and let D?~Ff(a) = 0 for
k =1,...,[8] + 1. Assume that D?f has fized sign a.e. on [a,z], and
1/D8f € Lo (a,x). Let 0 < p < 1, ¢ < 0, such that 1/p+1/q = 1, with
p(6—a—1)+1>0. Then

[ pzrortac (M)

(x_a)(—qw a)+2) ,
PB-—a-1+DTD(Cq(B—a)+2) (/ DI f(t |dt) . (17.33)

Proof. Similar to Theorem 17.23; use (17.10). O

Corollary 17.26. (To Theorem 17.25; a = 0.) It holds

JNCRE ((wl)))

(gz,a)( ap+2) , L
PB-1)+1)" (g8 +2) (/ LAROl dt) : (17.34)

We present

Theorem 17.27. Let v > v+ 1, v > 0, n:= [v], f € AC" ([a,b]) and
f®) (a) =0,k =0,1,...,n— 1. Assume that DY, f is of fived sign a.e on
[a,b], and DY, f, 1/DY,f € Ls (a,b). Let 0 < p < 1, ¢ < 0, such that

1/p+1/¢=1.
/ DL ) e > (M)

Then
—1
h— q)Tar=+2)
( )(1 ) / |Dy.f ()| dt . (17.35)
plv—v—1)+1) (—q(v—7)+2)
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Proof. Similar to Theorem 17.23; use (17.15). O

Corollary 17.28. (To Theorem 17.27; v = 0.) It holds

/ablf(t)th> (ml)))

(b — o)~ S
(p (V—1)+1)(1_‘1) (—qv +2) (/a |DZ.f (0)] dt) . (17.36)

We give
Theorem 17.29. Let v > v+ 1, v > 0, n := [v], f € AC™([a,b]),
and f*) (a) =0, k =0,1,...,n — 1. Suppose ID" f (z) € R, Va € [a,b],

and DY f, 1/DYf € Ly (a,b). Here DY f is of fized sign a.e on [a,b]. Let
0<p<1,qg<0, such that 1/p+1/q=1.

Then . . .
| o erears <(r<—m>
-1

(b— a)(*q(V*’Y)+2) b ) )
(p(y_f}/_ 1)+1)(1_Q) (_q (V_'Y) +2) /a |Daf(t)| dt . (1737)

Proof. As in Theorem 17.23; use (17.16). O

Corollary 17.30. (To Theorem 17.29; v = 0.) It holds

/ab|f<t>‘qclt > ((F(l)))

(b )( qu+2) y , -1
P -1+ 10D (g2 /\D @®"at) . (17.38)

Next we treat the easy but important case of p = 1.
We present for Canavati-type fractional derivatives

Theorem 17.31. Let v > v+ 1,7 >0, n:= [v], and f € C} ([a,b]),
xo € [a,b]. Assume f*) (29) =0,i=0,1,...,n—1.
Then

b
1) /mO|D;U (t)|dt§ V—V-I— /|D f(t)] dt. (17.39)
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Setting v = 0 we get

/\f |dt§(r( )/|D f ()] dt. (17.40)

Proof. By (17.1) we have

1 * v—y—1 v
|D, f (2)] < F(V——’Y)/zo (x—t)" " | Dy f ()] dt

(x — 330)”7771 /b
<< Dy f(¢)]dt, 17.41
Fo- J,, 1Pl ) A
YV € [z, D].
Thus by integrating (17.41) over [zo,b] we find (17.39); setting there
~v =0 we obtain (17.40). O

Similarly we find for Riemann—Liouville fractional derivatives

> R,

have an L fractional derivative DP f in |[a, ] and let D8~k f a)
E=1,...,[8]+ 1. Then

Theorem 17.32. Let § > a+ 1, a > 0, f € Li(a,z), a, © €
=0 f
/ IDEF (Bt < g——— / |DEf(t)| dt. (17.42)

When a = 0 we find

/If )| dt < (6+)1 / |DEf (t)] dt. (17.43)

Proof. As in Theorem 17.31; based on Lemma 17.5. O
Also we have for Caputo derivatives

Theorem 17.33. Let v > v+1,v > 0, n := [v]. Assume f € AC™ ([a, b])
such that f*) (a) =0,k =0,1,...,n—1, and DY, f € Lo (a,b). Then

/ D7 f(8)] dt < / DY F ()] dt. (17.44)

When v =0 we get

b (b*a)y b ,
) [rmia < gt [l o)
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Proof. As in Theorem 17.31; based on Theorem 17.13. [J
Coming back to Riemann-Liouville derivatives we get

Theorem 17.34. Let v > v+ 1,7 > 0, n := [v] Let f € AC™ ([a,b])
such that f*) (a) = 0, k = 0,1,...,n — 1. Assume ID"f (z) € R, Vzx €
[a,b], and D% f € L (a,b). Then

/|va )| dt < (( +1/|DVf )| dt. (17.46)

When v =0 we get

b —aV [P
2) /a If(t)ldtﬁl%/a |DY f (t)] dt. (17.47)

Proof. As in Theorem 17.31; based on Theorem 17.14. [

17.3 Applications of Fractional Poincaré
Inequalities

Next we apply some of the above results to the multivariate case of the

spherical shell.
Let N > 2, SN-1 .= {x eERN: |z|= 1} the unit sphere on RY, where
|-| stands for the Euclidean norm in R¥. Also denote the ball

B(0,R):={zeR": |z <R} CR", R>0,
and the spherical shell
A:=B(0,R;) — B(0,Ry), 0 < Ry < Ra.

For the following see [356, pp. 149-150] and [383, pp. 87-88].
For x € RY — {0} we can write uniquely z = rw, where r = |z| > 0, and
w=ax/re SN |w =1
Clearly here
— {0} = (0,00) x S¥71,

also o
A =[Ry, Ry] X SN-1,

In the sequel the following theorem is used frequently.
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Theorem 17.35. Let f : A — R be a Lebesgue integrable function. Then

R2
/ f(z)dx = / ( (rw) erdr> dw. (17.48)
A SN-1 Rl

So we are able to write an integral in polar form using the polar coordi-
nates (7, w).
Regarding the Canavati-type fractional derivative we need

Definition 17.36. (sce [44]) Let v > 0, n:= [v], a :=v—n, f € C" (4),
and A is a spherical shell. Assume that there exists 9% f (x)/0r” € C (A),

given by
Gp @) 19T L Of ()

orv T T(l—a)or

where z € A; that is, z = rw, r € [Ry, Ra], w € SV L.
We call 9} f/Or" the radial Canavati-type fractional derivative of f of
order v. If v = 0, then set 0% f (z)/0r" = f (x).

We also need

Lemma 17.37. (see [44]) Let v > 0, v > 1 such thatv —~y > 1. Let f €
cn (Z) and there exists Oy, f (v)/0r" € C (Z), x € A, and A a spherical
shell. Further assume that &7 f (Riw)/0r? =0, =0,1,...,n—1, n:= [v],
and Vw € SN, Then there exists oy f(x)/or7 € C (A4).

We present the following Canavati-type fractional Poincaré inequalities
on the spherical shell.

Theorem 17.38. Let v > v+ 1,v>0,n:=[v], and f € C" (Z) and
there exists 9%, f (x)/0r" € C (A), x € A, and A a spherical shell. Further
assume that & f (R1w)/0r? = 0,5 = 0,1,...,n —1; Yw € SN~1. Let p,

g>1: 1/p+1/qg=1.
q N-1
Ry
dr <
x_<Rl>

Then
) /
A

[ (R2 N Rl)Q(V*’Y) ‘| /
=T W—)) " pr-—v-1)+1""] Ja

o f(x)
orv

q

8}%1]” (z) dx.

orv

(17.50)
When v =0 we get

? A'f(x)\qug (g)N—l
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i)
(T W) (pv—1)+1)""] Ja

Proof. Because Ry < 7 < Ry, N > 2, we have that RY ™! < rN-1 <
RY " and Ry ™ <r'=N < R{™V. Hence

q

O @ (17.51)

or?

Ra
R%fN/ pN-1 |D7{1f(rw)|qdr§
Ry

Ro
/ pl=NpN-1 ’D%lf (Tw)‘q dr =
Ry

Ry
/ ‘D%lf (rw)|q dr

R

(122) < (Ry — Rl)Q(V—’)’) )
N 72 ) R (7Y /I § IS § LY (7

Ra
(/ pl=NpN-1 |D§’%1f (rw)|qdr> <
Ry

< (R2 _ Rl)Q(V—’Y) R%*N )
T pw—y-1)+1)""qv—7)

Ra
(/ NV DY f (m)}qdr) (17.52)

Ry

So we have established that

Ro R N—-1
/ N1 DY, f(rw)‘qdrg (—2)
1 R,

Ry

< (Ry — Ry)7™) )
CE=))pr—v-1)+1)""qw—)
(/R2 rNU D, f (Tw)|qd7“> , Ywe sN-L (17.53)

Then by integration of (17.53) on SV ~! we obtain

fiz . R\ N1
/SN_1 </Rl | D}, f (rw)]| erdr> dw < (R_j)

l (Ry — Rl)q(u—'v) ]
=7 T W= PE—y-1)+1)"
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R>
/ (/ \D%, f (rw)‘q rN_ldr> dw. (17.54)
SN-—1 Ri

Using (17.48) in (17.54) we have proven the claim. O
Regarding the Riemann—Liouville fractional derivative we need

Remark 17.39. Here we follow [383] and denote by Ag~ (z) = dz the
Lebesgue measure on RN, N > 2, and by Agv-1 (w) = dw the surface
measure on SV ~! where By stands for the Borel class on space X.

Define the measure Ry on ((07 00) 73(0,00)) by

Ry () = / rNldr, any T € B(0,00)-
r

Now let
FeLi(A) =L ([Ri,Ra] x SN71).

For a fixed w € SN~1, define
9w (r) = F (rw) = F (),

where -
reA:=B (O,RQ) - B (O,Rl),

0< Ry <r<Roy r=lz, wz%éSN’l.
By Fubini’s theorem and Theorem 5.2.2, pp. 87 and 88 of [383], we have
9w € L1 ([R1, Ra], Bir, ko), BN),

for Agn—1— almost every w € SV—1,

Call
K(F) = {w S SN71 ) ¢ Iy ([Rl,RQ] 7B[R1,R2]aRN)}
={we SN F(w)¢ L ([Ri,Ro],Br,,rap» BN) }- (17.55)
That is,
Agv—1 (K (F)) =0.
Of course,
O(F):=[R1,Re]x K(F)CA

and

Apw (O (F)) = 0.

By the definition of the generalized Riemann—Liouville fractional deriva-
tive we then have (see also Remark 17.46 later)

(Do) 0= o ()
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T*Rl
/ (r—Ry—t)" "L, (R +t)dt, (17.56)
0

where

B > Oa m = [ﬂ] + la e [RhRQ]'
If 8 =0, then
(PR,90) () = 9. ().

Formula (17.56) is written for all w € SV~ — K (F). We set

(Dglgw) (r) =0, Yw € K (F), Vr € [R1, Rs], any 8> 0.

The above lead to the following definition (see [45]).

Definition 17.40. Let 5 > 0, m := [3] + 1, F € L (A), and A is the
spherical shell. We define

m rr—Ry m—LB—
oy F () o ()" o = R = )" (By ) w) dt
IGT:: foerSN_l—K(F),
0, for w € K (F),
(17.57)
where
r=rw€A re[R,Ry, we VL
If 8 =0, define
Op, F (z)
—— ~ = F(x).
orP (z)

We call agl F (x)/0rP the Riemann-Liouville radial fractional derivative
of F of order .

We need

Theorem 17.41. (see [45]) Let 8 > a > 0 and F € Ly (A). Assume
that
oy F (x)
orP

Further suppose that DglF(rw) takes real values for almost all r €
[R1, Rs], for each w € SN=1 and for these

€ Lo (A).

‘DglF(m)‘ < M,

for some My > 0.
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For each w € SN~ —K (F), we assume that F (-w) has an Lo, fractional
derivative D}%lF(-w) in [Ry, Rs], and that

Dl‘éﬁ;kF(le) =0, k=1,...,[p]+ 1.
Then
O, F (x)
ore
L T a1 (B
INCEED /R (r—1) (DRlF) (tw) dt, (17.58)

true Yx € A; that is, true Vr € [Ry, Ra] and Vw € SN1L.
Here

= (D%lF) (rw) =

(D%, F) (w) is in AC ([Ry,Ry]) for f—a>1

and
(D%, F) (w) is in C ([Ry, Ry]) for B —a € (0,1),

Yw e SN,

Furthermore
g, F (2)

o € L (4).

In particular, it holds

F(x)=F (rw) = ﬁ /R (r=0"" (D}, F) (wyat,  (1759)

Vr € [Ry, Ra), Yw € SN~1 — K (F); 2 = rw, and
F(w) isin AC ([R1,Rz]) for g > 1

and
F (.w) isin C ([Ry, Ry]) for B € (0,1),

Vw e SN — K (F).

We present Poincaré inequalities on the shell involving Riemann — Liouville
radial fractional derivatives.

Theorem 17.42. Let all terms and assumptions be as in Theorem 17.41.
Letp,g>1: 1/p+1/g=1withp(f—a—1)+1>0.
Then

9% F () | RN

o [|1BED s ()
l (Ry — Ry~ ] / M qu
gB-a)TB-a)'pB-a-1)+1)""| Ja| orf :

(17.60)
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When o = 0 we get

@)Azw@qms<%9Nl

oy F (x)
orf

q
da. (17.61)

[ (Ry — R))" 1 /
BT @) (p(B-1)+1)""] Ja
Proof. Similar to Theorem 17.38; based on Theorem 17.41. O
Regarding the Caputo fractional derivative we mention

Definition 17.43. (see [58]) Let F : A — R, v > 0, n := [v] such

that F (.w) € AC™ (|[Ry, Ra]), for all w € SN~1. We call the Caputo radial
fractional derivative the following function

g I (2) 1 " n—v—1 O"F (tw)
= — _ 17.62
S =T PWu, 76
where = € A; that is, x = rw, r € [Ry, Ry, w € SN 7L.
Clearly
aORlF (z)
L5 S I 7
Or0 (Jf) )
and

Ol F (x) _OF (x)

977 7 if v € N, the usual radial derivative.
r r

The above function (17.62) exists almost everywhere for = € A.
We mention the following fundamental representation result.

Theorem 17.44. (see [58]) Let v > v+ 1,v>0,n:=[v], F: A =R
with F € Ly (A). Assume that F (.w) € AC™ ([Ry, Ry]) for all w € SN~
and that 825 F (.w)/0r" € Lo (Ry, Ry) for all w € SN=1. Further assume
that OYp F (x)/0r" € Lo (A).

More precisely, for these v € [Ry, Rs], for each w € SN=1 for which
Dyg F (rw) takes real values, there exists My > 0 such that

|DYg, F (rw)| < M.

We suppose that &' F (Riw)/0r? = 0, 5 = 0,1,...,n — 1, for every
we SNTL Then ,
Pl _

orY *Ry F (Tw) -
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1 r o )
r(,,_y)/R (r=1) (DX, F) (tw) dt, (17.63)

true Yo € A; that is, true ¥r € [R1, Rs] and Yw € SV1, v > 0.
Here

D], F (w) € AC ([Ri1, Ro)), (17.64)
Yw e SN 4> 0.
Furthermore
Gen P @)y (4 0 17.65
o € L (4), v> (17.65)
In particular, it holds
1 " _
F(z)=F (rw) = / (r—t)" " (DY, F) (tw) dt, (17.66)
I'(v) Jr,

true Yx € A; that is, true ¥r € [Ry, Ra] and Yw € SV~1, and

F(w) € AC ([R1, Rp]), Yw € SN (17.67)

We present Poincaré inequalities on the shell involving Caputo radial
fractional derivatives.

Theorem 17.45. All terms and assumptions for f are as in Theorem
17.44. Letp,¢q>1: 1/p+1/q=1.
Then

83 lf(gj) q R2 N—-1
A K
[ (Fy — Ry ] [ [Znl,
qv—y) T W= (pv—-—v-1)+ 1)q/p A orv
(17.68)
When v =0 we get
q RQ N-—-1
2) /Alf(rc)\ dr < (31)
(Fep — F)™ Tp f @) 17.69
LV (r (v))q(p(u—1)+1)q/P] /A orv - (17.69)

We make

Remark 17.46. Regarding the two identical forms of the definition
of generalized Riemann-Liouville fractional derivative, here f € Ly (a,x),
a<wz;a,xeR iff f, € L1(0,x—a), where f, (t) := f (a+1).
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The basic Riemann—Liouville derivative of f, anchored at zero is defined
and given by

’

(D7fa) () = ﬁ (£> /0 (s =" flattydt, (17.70)

sel0,z—al,m:=w+1,v>0.
Another way to define the generalized Riemann-Liouville fractional deriva-
tive (see [45, 64]) is
(D) (s):= (D" fo) (s —a), for s € [a,z]. (17.71)
But 0 < s—a < x —a, calling s’ := s — a, which is a one-to-one and onto

map from [a, z] onto [0,z — a]; we have 0 < ¢’ <z —a.
Consequently we get

(D fa) (s —a) = & (ml— v) <d(5d_ a))m

(/0_ (s —a)— ™" f(a+1) dt) _ (17.72)

ﬁ (d%)m (/0_ (s (a+t)" " flati) dt) = (%).
(17.73)

In [65, 134], it is proved that
/ (s —t)™ "7 f (1) dt < oo for ae. s € [a,z];
that is, there exists

/S (s =)™ "7 f(t)dt for ace. s € [a,z].

Therefore from (17.73) we have

1 d " * m—v—1
==\ -1 t)dt 17.74
0=t (%) [ e (1774
(change of variable) true a.e. for s € [a, z].

Because the derivative is defined only for real-valued functions (i.e., here
only on existing integrals in (17.74)), we obviously get the identity of the
two definitions. That is, DY f of (17.71) is such that

(Def) (s) = r; (%)m/: (s—t)™ "1 f () dt, (17.75)

(m—v)

m:=[v]+1, v >0, s € [a,z], as defined earlier in this chapter.
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So based on the above Remark 17.46 we can redefine the Riemann—
Liouville radial fractional derivative as follows.

Definition 17.47. Let > 0, m := [f] + 1, F € Ly (A), and A is the
spherical shell. We define

o\™m pr m—[3—1
8]% F () F(mlfﬁ) (3) le (r—1t) F (tw) dt,
58 = for w € SN=! — K (F), (17.76)
0, for w e K (F),
where
r=rw€A rc[R,Ry, we SN K(F) asin (17.55).
If B =0, define
8% F (x)

So functions (17.57) and (17.76) are identical.

We need the following important representation result for Riemann-—
Liouville radial fractional derivatives.

Theorem 17.48. Let v > v+ 1, v >0, n = [v], F: A - R
with F € Ly (A). Assume that F (.w) € AC™ ([Ry1, Ra)), Yw € SN71, and
that 0% F (.w)/0r" is measurable on [Ry, Ro], Vw € SN=1. Also assume
303, F (rw)/or” € R, Vr € [Ry, Ry] and Yw € SN~ and 0% F (x)/0r" is
measurable on A. Suppose IM; > 0 :

g F (rw)
e

’ < My, V(r,w) € [R1,R2} X SN_l.

We suppose that O F (Riw)/or? =0, j = 0,1,...,n —1; Vw € SN-L
Then

9% F(x
RIT,Y() — D} F (rw) =
—1 ' v—y—1 v w
T'(v—~) /R (r=1) (D, F) (tw) dt, (17.77)

valid Yz € A; that is, true Vr € [Ry, Ry] and Vw € SN71: 4 > 0.
Here

D}, F (w) € AC ([Ry, Ra)), (17.78)

Vwe SN 4> 0.
Furthermore
ath (2)

el Lo (A), v>0. (17.79)
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In particular, it holds

F(z)=F (rw) = /R ' (r— )"~ (D%, F) (tw) dt, (17.80)

true Yx € A; that is, true ¥r € [Ry, Ra] and Yw € SV~1, and
F(w) € AC([R1,Ry]), Yw e SN-L (17.81)
Proof. By our assumptions and Theorem 17.17, Corollary 14 of [58], we
have (17.77) and (17.80). Also (17.78) is clear; see [45]. Property (17.81) is

easy to prove.
Fixing r € [Ry, Rs], the function

5, (t,w) = (r—t)"7"' DY, F (tw)
is measurable on

([Rl,r] x SN Bigy ) X ESN—I).

Here E[RM] x Bgn-1 stands for the complete o-algebra generated by
E[RM] x Bgn—1, where Bx stands for the completion of By.

Then we get that
”
/ (/ |0, (£, w)| dt) dw =
SN-1 Ry

Lo ([ oo ippr o) a) o< (17.52)

sv-1 \JR,

B2 (o)
or 0o, ([Ry,r]xsN-1) \JsN-1 \JR,

_ ’ Ok, I () ’ ( 2m /2 ) T
orv 00,([Ra 1] x SN-1) I'(N/2) (v —7) S
0% F (x) ’ ( o N/2 ) (Ry — Ry
— < o0 17.84
‘ o |l \TON2) =) (17.84)

Hence 0, (t,w) is integrable on
([Rl,r] X SN_l,B[RhT] X ES’N—l).

Consequently, by Fubini’s theorem and (17.77), we _obtain that
Dy F(rw), v>~4 1,7 >0, is integrable in w over (SN=1 Bgn-1).
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So we have that D}, F (rw) is continuous in r € [Ry, Ry], Vw € SN~1,
and measurable in w € SV~ Vr € [Ry, Ry]. So, it is a Carathéodory func-
tion. Here [Ry, Ra] is a separable metric space and SV~ is a measurable
space, and the function takes values in R* := RU{+oc0}, which is a metric
space. Therefore by Theorem 20.15, p. 156 of [10], (DAF) (rw) is jointly

(B{r, R, % Bsv-1)-measurable on [Ry, Ry] x SN~! = A, that is, Lebesgue
measurable on A. Then we have that

| Dy, F (rw)| < ﬁ/R (r— )7 | DY, F (tw)|dt  (17.85)
||DIII%1F(.M)HDO,[R1,R2] " v—y—1
< T =] (/R (r—t) dt) < (17.86)
M1 (7‘ - Rl)yi’Y < M1
Fv—v) (-7 ~Tx-9+1)

for all w € SV=1 and for all r € [Ry, Ry .
Hence we have shown that

(R2 — Rl)ui’y =7 < 00,

|DY, F (rw)] <7 < o0, Yw e SN and Vr € [Ry, Ry (17.87)
and
3]31F ()
arY
We have completed our proof. [

€Ly (A), v>0.

Next we give Poincaré inequalities on the shell involving Riemann—Liouville
radial fractional derivatives.

Theorem 17.49. Let all terms and assumptions for f be as in Theorem
1748, andp, g >1: 1/p+1/qg=1.
Then

mlf (J;) 4 R N—-1
o [ |20 < (32)
[ (Ry — Rl)q(vf'y) : ‘| / 31"%1fy(33) q .
q(V*'Y)(F(V*’Y))q(p(foyf1)+1)qp N or
(17.88)
When v = 0 we get
N—1
® [Irwras (1)
(B2 = R)™ Ok, [ (2)]* dz 17.89
LJV C@) (pv—1)+ 1)‘1/1’] /A arv ' (17.89)
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Next we apply (17.69) to a Caputo fractional PDE.

Theorem 17.50. Let 1 < vy < vy < -+ < v, ng := [vg], k € N,
F:A— R uwith F € L (A). Assume that F (.w) € AC™ ([R1, Ry]), Yw €
SN=1and that 97, F (w)/0r"" € Lo (R1, Ra), Vw € SN1 1 =1,... k.
Suppose Op F(x)/0r"t € Lo (A), I = 1,...,k, such that 3M; > 0 :
’D:}le(rwﬂ < M, L =1,...,k, ae. 7 € [R,Ry], Yw € SN~1. Also
suppose O'F (Riw)/Ord =0, 5 =0,1,...,n; — 1, Vw € SN~L. Let also B,
Ci, 1/Cr € Lo (A), L =1,...,k, with all C; > 0.

The above-described F' fulfills

2

Op, F (2) -
ch —5 ) =B(), Ve A (17.90)
Define
N—-1 _ 2v
PR (RQ) max (R 2Rl) , (17.91)
2\ Ry 1<I<k \ y, (F (Vl)) (2l/l — 1)
- 1 (17.92)
T 1%1?5)(16 Cl Loo(A). '
Then
5 1/2
HF||L2(A) < - (/AB(x) dm) . (17.93)

Proof. Set n; := [v;], 1 =1,...,k—1. Clearly, F (-w) € AC™ ([Ry, R2]),
Ywe SN-L1=1,...,k—1. Also
8jF (le)
ori

asn; <ng, foralll=1,...,k—1.

So all assumptions of Theorem 17.44 are fulfilled for F' and fractional
orders v, [ = 1,...,k. Thus by choosing p = ¢ = 2 we apply (17.69), and
we obtain for [ = 1,..., k that

IR (ﬁ)N

(s — R Ol P ()Y’
[QVI(F(W))Q@W—D /A< arvi )d‘r (17.94)

<5/ (€ (2)) " (Cy (= ))(W)de

=0,j=0,1,...,n — 1,Yw e N1,




470 17. Poincaré-Type Fractional Inequalities

<5H /o ( )(a:ﬁlF(x)fd (17.95)
X —_— X .
Cillyoayta orvi
% F(x)\°
< 5p/ C (x) (*51Vz> dzx. (17.96)
A T
That is,
8Dl F 2
/(F(x)fdxgap/ (@) (%(x)) da, (17.97)
A A T

foralll=1,... k.
Consequently, summing (17.97) over all possible [ values gives

/A (F(x))" dz / (ch <6Z%Tyl(x))z> .

3p

=2 AB(x)dx, (17.98)

proving the claim. [J

In the simpler case of an ordinary differential equation we apply (17.19)
next.

Theorem 17.51. Let 1 < vy < wvg < ... < v, ng := [vi], k € N.
Assume f € AC™ ([a,b]) such that f9) (a) =0, j=0,1,...,np — 1, and
DY f € Ly (a,b), for all 1 = 1,...,k. Let also B, C}, 1/C; € L (a,b),
l=1,...,k, with all C; > 0. The above described [ satisfies

k
> Ci(x) (DY f (2)” = B(x), Va € [a,b]. (17.99)
=1
Call ,
5" = % max (b_,f) | , (17.100)
211k \ vy (T (17))” (20, — 1)
. 1
pri= max c Lx(mb). (17.101)
Then
* b 1/2
6 p*
1Al 2y apy < Z (/ B(x)d:c) . (17.102)

Proof. Set n; := [v], | =

=1,...,k — 1. Clearly here f € AC™ ([a,b]),
I=1,....,k—1. Also f@ (a ):

O ]—O,l,...,nl—l,l:1,...,k—1. So
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all assumptions of Theorem 17.15 are fulfilled for f and fractional orders
v, I = 1,...,k — 1. Thus by choosing p = ¢ = 2 we apply (17.19), for
l=1,...,k, to find

b ) (b— a)QVz b » )
[ @ s (21/[ T (2Vz—1)> ( [ 0@ d:c)

(17.103)
b
<o [ (@)™ (@) (D4f (@) da
<5 / Cy (z) (DY f (x))? da. (17.104)
That is,
b b
[ t@ra<ss [ i@ s @) . (17.105)
foralll=1,..., k.
The last imply
b * %
[Gwral [ (ch (D f >>2> a
. 5*]:’* /bB(x) dz, (17.106)

proving the claim. [J

One can give similar applications to ODEs and PDEs involving fractional
derivatives of Canavati-type and Riemann—Liouville-type.

We finish this section with L results on the shell.

We present for Canavati-type radial fractional derivatives

Theorem 17.52. Let v >~y + 1,7 >0, n:=[v], and f € C" (A) and
there exists Op, f (z)/or" € C (Z), x € A, and A a spherical shell. Further
assume &’ f (Ryw)/0r? =0, j=0,1,...,n—1; Yw € SN~1,

Then

Op, [ (@) R,
(1) /A 0 < (Rl)
(Ro — Rl)V77 azyzlf ()
T(w—~+1) /A 5,0 dz. (17.107)
When v =0 we get
R\ (Ry — Ry Op f ()
) [ s () SRt [P0 aras
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Proof. Because Ry < r < Ry, N > 2, we have that R%fN < =N <
Ri_N . Hence

R
R%_N/ pV-1 |D7%1f (rw)| dr <
Ry

Ry Ra
[ g sl = [ 0h sralar arao

(739 (Ry = Ry

F'v—vy+1)

RN (Ry — R
F'v—vy+1)

Ra
/ pl=NpN-1 ’Dﬁlf (rw)| dr <
Ry

Rs
/ rNTU DY f (rw)]| dr; (17.110)
Ry

Yw € SV=1. We have proven so far

R N—1 vy
2 B R (Rs — R1)

DY, N-lg. < (22 Ak Y A

/Rl [Dhf (re)| e dr < (131) T(v—n+1)

R
/ | Dy, f (rw)| vV~ tdr, Vo € SN (17.111)
Ry

Thus by integration of (17.111) on SN~ we find

/SN‘l </RR | Dk, f ()] erdr) dw <
<(§>N_l m> (/SNI </1:2 |Df, f (rw)] erdr> dw).

(17.112)
Using (17.48) on (17.112) we have proven the claim. [

We present for Riemann-Liouville radial fractional derivatives

Theorem 17.53. Let all terms and assumptions for f be as in Theorem
17.41; here 8> a+1, a > 0.

Then
o, f (x) R\ (Ry — Ry)"™ 3§1f(x)
@ /A ora | M= (Rl) TB—a+l) /A ars |
(17.113)
When o = 0 we get
R \V! (Ry — Rl)ﬂ 31%1f($)
(2) /Alf(o:)\dx < (Rl) NCESY /A Ly |de. (17114)
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Proof. Similar to Theorem 17.52, using (17.42). O
We give for Caputo radial fractional derivatives

Theorem 17.54. Let all terms and assumptions for f be as in Theorem

17.44.
Then
g, f(x) R\ (Ry— Ry Vr, f ()

. /A Tom TS (Rl) T(v—n+1) /A o |
(17.115)

When v = 0 we obtain

Ry Nt (Ro — Rl)y 8:R1f($)
(2) /A\f(x)ldx < <R1) T /A 5| do. (17.116)

Proof. Similar to Theorem 17.52, using (17.44). O

Going back to Riemann—Liouville radial fractional derivatives we have

Theorem 17.55. Let all terms and assumptions for f be as in Theorem

17.48.
Then
(1)/ Llf(x) dr < Ry M (R2_R1)y7/ O, f (2) dx
Al or ~\ R F(v—vy+1) Ju| Orv '
(17.117)

When ~v = 0 we obtain
R2 N-—-1 (R2 _ Rl)u
@ [reles () T

Proof. Similar to Theorem 17.52, using (17.46). O

%, [ (z)
o ’ dez.  (17.118)

17.4 Fractional Mean Poincaré Inequalities

First we give Canavati-type fractional derivatives related results.

Theorem 17.56. Let v >0 and 1+v < vy <vg < ...< Vg, ng :=

[v
k € N. Assume f € ﬂle CY (la,b]), g € [a,b]. Assume fO (z9) =

k:]7
0,
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i=0,1,...,n,—1;p,g>1: 1/p+1/g=1. Call
b— (vi—)
A, = max (b= z0)

1<I<k [(r wvi—7)pwvi—y—1+ 1)1/p (q(vi — 7))1/q '
(17.119)

Then

D 102N 1w S( )(ZHD“fHL (mb)) (17.120)

When v =0 we get

@) 1115, o s( )(ZHD Al <m0,b>> (17.121)

where

(b —x0)""
Ap := max . 17.122
R l(r () (= 1)+ )7 <qul>1/Q] i

Proof. Here we apply Theorem 17.2.
By (17.2) we obtain

b— (vi—7)
HD fHL (zo,b) — [ ( xO) 1/p 1/q]
’ T =) ewi—y=1)+1)"" (g1 —7))
D3, f“L J(wob) = A, ||DZéf”Lq(xo,b)' (17.123)
That is, for [ = 1,...,k holds
1D F Il 1, wo ) < Ay 12 1 o) (17.124)

Consequently by addition of (17.124) we have

k(|02 fHL (w0,0) = <Z D% £, (:co,b)> (17.125)

proving (17.120). O

We continue with Riemann-Liouville fractional derivatives related
results.

Theorem 17.57. Let 0 < a < B < By < ... < B, k € N; f €
Ly (a,2), a, © € R, have Lo fractional derivatives Df‘f in [a,z], with
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Dgl_kf(a):Ofork:1,...,[ﬂl]+1;l:l,...,k. Let p,g>1: 1/p+
1/g=1withp(f,—a—-1)+1>0,alll=1,... k. Put

. l (@ — )P 1
CTEES | T B - a) 0 B—a- D)+ ) (B —a)
(17.126)
and
K l (x—a)” 1 (17.127)
0: max 1 1 . :
ISk | (0(8)) (0 (B — D + 1) (a8)"°

Then

(1) ”DngLq(a,x)

k
(%) (Z HDf’fHL(,(a,w)) (17.128)
=1

When o = 0 we obtain

K k
2) 11z, a2 70 <Z||ijlf||Lq(w)>. (17.129)
=1

Proof. Similar to Theorem 17.56, now using Lemma 17.5 and Theorem
17.6; see (17.11) there. O

We continue with Caputo fractional derivative related results.
Theorem 17.58. Let v > 0 and 14+ < vy <wvy < ... < vk, ng = [Vi],

k € N. Assume f € AC™ ([a,b]) such that f*) (a) =0,k =0,1,...,n,—1,
and DY.f € Lo (a,b),l=1,....k. Let p,g>1: 1/p+1/q=1. Set

{ (b _ a)(VL*’Y) }

M, = max 1 1 )

ISk (T (v =) (p (v — v — 1) + DY (g (v — )4
(17.130)

(b—a)"
My := max . 17.131
v 1<I<k { T W) (pv—1) + 1)(1/10) (qyl)l/q } ( )

Then

k
M 1%
(W) D% SNl L, ap) < <Tv) (Z ||D*zlzf||Lq(a,b)>' (17.132)
=1
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When v = 0 we obtain

@) 1/l ) s( )(Z 1D% A1, (ab>> (17.133)

Proof. Similar to Theorem 17.56; based on (17.17). O

We also give a related average result again regarding Riemann—Liouville
fractional derivatives.

Theorem 17.59. Let v > 0and 147 < vy <wvg <...< v, ng = [vi]

k € N. Assume f € AC™ ([a,b]) such that f*) (a) =0,k =0,1,...,n,—1.

Assume DY f () € R, Vo € [a,b], and D4'f € Ly (a,b), for all | =

k. Let p, g >1: 1/p+1/q = 1. Here M,, My as in (17.130),
(17.131), respectively. Then

(1) 107115, o (M ) (Z 1DY Al o b>> (17.134)

When v = 0 we have

M k
@ Wl < () (Z ||D;lqu(a,b>>. (17.135)
=1

Proof. Similar to Theorem 17.56; based on (17.18). O

Next we present converse fractional mean Poincaré inequalities.
First we give Canavati-type fractional derivative related results.

Theorem 17.60. Let v >0 and 1+v < vy <wvg <...<vg,ng = [Vi],

k e N. Assume fe ﬂl LC¥ ([a,b]), zo € [a,b]. Assume f@ (z) = 0,
1=0,1,. —1;0<p<1l,¢g<0: 1/p+1/qg=1. Further suppose each
Dyt f z's ofﬁ:ced strict sign on [xo,b]; all l=1,... k. Call

(b— xo)((w—’v)—Q/q)

0~ := min )
1lsk { F@i=2) @0 =y =)+ D"V (g —9) + 2)“11?1}36)

and
(b— xo)(l/z—Q/fI)
0o := min
1<k | T (vy) (p (v — 1) + 1)(1—1/q) (—qui + 2)(—1/q)

}. (17.137)
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Then
0
1) ”D;ofHL(,q)(zo 2 % (Z HD fHL (Io,b)> (17.138)
When v =0 we get
@) 1L, @ot) = (ZHD I, (mb)> (17.139)

Proof. By (17.25) we obtain

vi—vy)—2 v
(b*m)(( R ||DZéf||Lq(m0,b)

D] >
H of”L(—q)(zo,b) -r (l/l _ 'Y) (p (Vl — = 1) + 1)(1—1/q) (7q (l/l _ ’Y) + 2)(—1/q)
> 05 [|DZ N L oy (17.140)
That is,
HD f||L( q)(3707b) — 0 ||D fHLq(xo,b); (17141)

foralll=1,....k.
Consequently by addition of (17.141) we have

k
FIDL AL, oy 2 0 (ZHD;;fHLq(M)), (17.142)
=1

proving the claim. [J

We  continue with  Riemann-Liouville {fractional derivatives
related results.

Theorem 17.61. Let 0 < a < B < By < ... < B, k € N; f €
Ly (a,2), a, © € R, have Lo fractional derivatives Dflf in [a,z], with
DIFf(a) =0fork=1,...,[3]+1;1=1,... k. Let 0<p<1,q<0,
such that 1/p+1/qg = 1, with p(8; —a—1)+1 >0, all l = 1,... k.
Further assume that each Dg’f has fized sign a.e. on [a,x], and l/Dglf €
Lo (a,2), for all l=1,... k. Set

. ‘ (z — a)((ﬁz*a)*Q/Q)
Oo i= 1%121@{ o =179 (_ (3 _ —1/9)
SISE(T(B —a)(p(B—a—1)+1) (—q (B — ) +2)
(17.143)
and
N (B=2/9)
07 := min { (@ agl_l/) - )}. (17.144)
SISk T (8) (B — 1)+ 1) /Y (—gf +2) 1
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Then

o* k
W) DG FllL @) = kj“ (ZHDflfHLq(a,x)). (17.145)
=1

When o = 0 we obtain

@) Il pyam = 7 <ZHD5 fll, (“)> (17.146)

Proof. Similar to Theorem 17.60; based on (17.33). O
We continue with Caputo fractional derivatives related results.

Theorem 17.62. Let v > 0and 14+ < vy <wvy < ... < Vg, ng = [Vk],
k € N. Assume f € AC™ ([a,b]) such that f*) (a) =0,k =0,1,...,n,—1,
and DY.f, 1/D¥.f € L (a b) l=1,..., k. Suppose each DY\ f is of fixed
sign a.e. on [a,b];alllzl k. Let0<p<1,q<0, such that
1/p+1/qg=1. Set

) (b— a)((Vl—’Y)—Q/Q)
Ay = 1212k (1-1/q) (—1/q) [’
SR T =) (i —y—1)+1) (—q(vi=7)+2) ( :
17.147
and
. ) (b— a)(w—Q/tI)
AO = 1151216 (1-1/q) (-1/q) ( (17148)
sisk AT () (p(r—1) +1) (—qvi +2)
Then
k
A 1%
W) 1D% Nl yan = <Z IDL £l (o ) (17.149)
1=1
When v = 0 we get
@) Al = 5 <Z |D aqu(aJ,)). (17.150)

Proof. Similar to Theorem 17.60; based on (17.35). O
We come back to Riemann—Liouville fractional derivatives next.

Theorem 17.63. Let v > 0 and 1+ < vy <wva < ... <V, ng = [V,
k € N. Assume f € AC™ ([a,b]) such that f*) (a) =0,k =0,1,...,n,—1.
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Suppose 3D f (x) € R, Vx € [a,b], and DI f, 1/Df € Ly (a,b);
I = 1,...,k. Assume each DY'f is of fixzed sign a.e. on [a,b], all
l=1,...,k. Let 0 <p <1l ¢g<0:1/p+1/qg =1 Here A, is as in
(17.147), and Ag is as in (17.148).

Then

k
A v
W NP yam = 5 (Z ||Dalf|Lq(a7b)>. (17.151)
=1

When v =0 we get

Ao (&~
@) 1z = T | DD S s ) (17.152)
(—a)(ab) k q(ab)
=1

Proof. Similar to Theorem 17.60; based on (17.37). O

17.5 Applications of Fractional Mean Poincaré
Inequalities

Next we apply some of the results of Section 17.4 to the multivariate case
of the spherical shell. All terminology and symbols are as in Section 17.3.

We present the following Canavati-type fractional radial mean Poincaré
inequalities on the spherical shell.

Theorem 17.64. Let v >0 and 147 < vy <vs <...<vg,ng = [Vi],
k € N. Let f € C™ (A); there exist g [ (x)/ort € C (A),z€ A, Aanda
spherical shell, for all l = 1,.. ., k. Further assume that &’ f (Ryw)/0r? =0,
j=0,1,....n —L;Vwe SN"L Let p,g>1:1/p+1/qg=1. Set

A :=| max (RQ*Rl)(V’_W) (RQ)(N—U/Q
VTS @ - )T @ ) -y - D+ DT |\ !
(17.153)
and
Ao = [max { (R2 — R1)”! } (R2><<N—1>/q>
1<i<k (qu)l/q (F (Vl)) (p (Vl _ 1) + 1)1/10 Rl
(17.154)
Then . R ) )
! ‘8le <7 > aRLf : (17.155)
O Ml — B A\ Ol
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When v =0 we get

o (&84 f
2) Iz, = 52 (Z le ) (17.156)
=1 2(A)
Proof. By (17.50) we get
‘ O i, |2t (17.157)
O L, (ay O lz,a

foralll=1,... k.
Adding all (17.157) we derive (17.155).
Setting v = 0 in (17.155) we obtain (17.156). O

Next follow Riemann—Liouville fractional radial mean Poincaré inequal-
ities on the spherical shell.

Theorem 17.65. Let 0 <a < f, <fy,<...<fB,, keN; feL(A4),
3g’if (x)/0rPr € Ly (A). Further assume that Dgllf (rw) takes real values

for almost all v € [Ry, Ra], for each w € SNt and for these ‘Dg’lf (rw)‘ <

M, where My > 0, for all | = 1,.... k. For each w € SN=1 — K (f), we

assume that f («w) have Lo fractional derivatives D%lf (‘w) in [R1, Ra],
and that

DR F(Riw) =0, p=1,...,[8)] +1, (17.158)
foralll=1,....k. Let p,q>1:1/p+1/q =1 withp (8, —a—1)+1>0,

alll=1,...,k. Set
P & (N-1/q)
v Rl

{max { (R2*R1) Pr-e }}
Sk (g (8= a) T 0 (B =) (B —a -1+ 1) [ f

(17.159)
and
~ R2 (N—1/q) (RQ—Rl)B’
Ko := R, 127 1/q ip ([
1 stsk L (gB) (T (By) (p (B — 1)+ 1) ( )
17.160
Then
92 f l’{v k a]ﬁ%zf
(1) ‘R—a <Y (17.161)
O ROV VKSR P
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When o = 0 we get

apf
Orbi

[? k
@) 1l < 50 (22 (17.162)

=1

Lq(A)

Proof. As in Theorem 17.64; based on Theorems 17.41 and 17.42. [

Next are Caputo fractional radial mean Poincaré inequalities on the
spherical shell.

Theorem 17.66. Let v > 0and 1+v < vy <wvg <...< v, ng = [vi]
keN; f: A— R with f € Ly (A). Assume that f (w) € AC™ ([Ry, Ra])
for all w € SN71 and that 97y f(w)/Or"" € Lo (Ri,Ry) for all w €
SN 1 = 1,... k. Further assume that 87y F (2)/0r"" € Lo (A), for
all 1 = 1,...,k. More precisely, for these r € [Ry,Rs], for each w €
SN=L for which DYy f(rw) takes real values, there exist M; > 0 such
that |DV’ f(rw)| < My, foralll=1,...,k. We suppose that & f (Riw)/
ori =0,5=0,1,...,n, — 1, for every w € SN~ Let p, ¢ > 1 such that
1/p+1/¢=1.

Here KA, as in (17.153), and Ao as in (17.154). Then

a7 A (I 0
(1) ’ %;f < % <Z %;lf ) (17.163)
T, ) =1 9T L, a)
When v = 0 we get
@) Ml oy < 20 i Ouief (17.164)
Lq(A) - k — 87- 1 Lq(A) : :

Proof. Similar to Theorem 17.64, using Theorems 17.44 and 17.45. O

We finish this chapter by returning to Riemann—Liouville fractional ra-
dial mean Poincaré inequalities on the spherical shell.

Theorem 17.67. Let v > 0 and 1+ < vy <vp <...<vg, nyg = [vi],
EeN; f: A— Rwith f € Ly (A). Assume that [ (\w) € AC™ ([Ry, Ra])
Vw e SN and that OF f(w)/0r"t is measurable on [Ry, Ry, Vw €
SN=1. 1 = 1,... k. Also assume 30% f (rw)/or"t € R, ¥r € [Ry, Ry
and Yw € SVN71 and aﬁlf(x)/(?r”l is measurable on A; all 1 =1,... k.
Suppose IM; > 0 : ‘8$1f(rw)/8r”l‘ < M;, V(r,w) € [Ry,Re] x SN~
all 1 =1,...,k. We suppose that & f (Ryw)/Or? =0, 5 =0,1,...,n — 1,
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Vwe SNt Letp,g>1:1/p+1/qg=1, JN\V as in (17.153), and Ao as

n (17.154).
Then
a, f A, (10 f
(1) ‘ s _—’* - . (17.165)
O lp,ay =k Zl oIz, a)
When v = 0 we obtain
WARTY,
@) 1£llz,ca < 7 (Z VTS )>. (17.166)
1 qA

Proof. Similar to Theorem 17.64, using Theorems 17.48 and 17.49. [
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Various Sobolev-Type Fractional
Inequalities

Here we present various univariate Sobolev-type fractional inequalities
involving fractional derivatives of Canavati, Riemann—Liouville, and Ca-
puto types. The results are general L,, inequalities forward and converse on
a closed interval. We give an application to a fractional ODE. We present
also the mean Sobolev-type fractional inequalities. This treatment relies on
[56].

18.1 Introduction

This chapter is motivated by the famous Sobolev-type inequality (see [159,
p. 263]), the Gagliardo—Nirenberg—Sobolev inequality: Assume 1 < p < n.
Then there exists a constant C, depending only on p and n, such that

[l o &) < ¢ ||Du||LP(]R") J
for all w e C} (R").

Here p* :=np/n —p, p* > p, and Du is the gradient of w.

Also we are motivated by the following result (p. 265, [159]): estimates
for Sobolev space WP 1 < p < n: let U be a bounded open subset of R,
and suppose the boundary OU is Ct. Assume 1 < p < n, and u € WP (U).
Then u € LP" (U), with the estimate

lall o 0y < C Nl

the constant C' depending only on p, n, and U.

G.A. Anastassiou, Fractional Differentiation Inequalities, 483
DOI 10.1007/978-0-387-98128-4_18, (© Springer Science+Business Media, LLC 2009
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So here we derive general fractional Sobolev-type inequalities on a closed
interval of the real line.

As a typical case we mention our results that involve the Caputo frac-
tional derivative. Please see the following results of Theorem 18.21, Corol-
lary 18.22, Theorem 18.23, and Theorem 18.24, the converse inequality in
Theorem 18.33, and the application in Theorem 18.39. We also produce
corresponding results for the Canavati-type and Riemann-Liouville-type
fractional derivatives.

18.2  Various Univariate Sobolev-Type Fractional
Inequalities

Let [a,b] C R here; see [19, 101]. Let x, 2o € [a,b] such that x > zg, o is
fixed, f € C ([a,b]), and define

U @)= s | @07 0

all zg < x < b, where v > 0, n := [v] (integral part), a := v — n, the
generalized Riemann-Liouville integral, with I' the gamma function.
We consider

Cx, (fab]) = {f € C™ (la,b]) : I o) € C* ([wo, ) }

Let f € CY ([a,b]); we define the generalized v-fractional derivative of f
over [zg, ] as

!
DY, f = (0™
Clearly DY f € C ([zo,b]).

We need

Lemma 18.1. ([19, pp. 544-545]) Let v > v+ 1, v > 0, n := [v], and
[ ey (la,b]), zo € [a,b]. Assume fD(z0)=0,i=0,1,...,n—1. Then

(D21 @) = o [ -t (O O (sa)

all x € [xo,b].

We give Sobolev-type inequalities with respect to the above-defined Cana-
vati ([19, 101]) type fractional derivative.
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Theorem 18.2. Let v > v+ 1,7 > 0, n := [v], and f € C¥ ([a,b]),
zo € [a,b]. Assume fO (x0) =0,i=0,1,...,n—1. Let r > 1;p, ¢ > 1:
1/p+1/q=1. Then

D3, 1],

fﬁoyb) -

(b— o)/ 107, I, o (20.b)

1 1/r" (182)
CE=))@e-7-1)+D"[r(v-y=-1)+1]
Proof. We have
|D3, f (2)] < ﬁ /I (x— )" | DY f ()| dt (18.3)

(by the Holder inequality)

1 ‘ p(v—y—1) e
< - x—t)PYTTT Y gt

(/z: |DY f (t)|th)1/q = (18.4)
1

(x — xo)(vafl)ﬂ/p

TW=9)(pv—y—1)+1)""

x 1/q
(/ yD;Of(t)|th>

)(V*7*1)+1/p
0

(x—=z
N CE)) (p(u—'yfl)Jrl)l/p

b 1/q
</ DY f (t)\th> . (18.5)

)(V—7—1)+1/p 1

That is,

(x — a0
Pw=7)p@—y=1)+1"

b 1/a
( |Df (t)]th> , (18.6)

YV € [xo,b].
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That is,
(x — xo)(u—v—l/fn
D), f(2)] < Dy f . a8)
| o | F(V—’y) (p(V—’y—l)—l—l)l/p || o HLq(wo,b)
YV € [xo,b].

Hence, by r > 1, we obtain

O)T(V v—1/q)

r (r—=x
D] f(x)] <
R TR ETEC

b
/ |D;Of (x)|rdx <
0

(b—xo)" VO DY A

D% Ly (188)

YV € [xo,b].
Consequently it holds

(18.9)
O =) 0@-7-1+1"[r(v 7—-) +1)
So that
HD | zo,b) —
(b—wo)" 7" Y HD fHL o(@0,b)
- (18.10)
CE-Ee-7-D+1)" [r(v=7-1)+1]
proving the claim. [J
Corollary 18.3. (to Theorem 18.2) When v =0 it holds
(b— o) DL
1Nz, o) < a(z0,0) (18.11)

CE) o=+ [ (v-2)+1] "

Next we give the corresponding L result.

Theorem 18.4. Let v > v+ 1,7 > 0, n := [v], and f € CY ([a,b]),
xo € [a,b]. Assume f) (20) =0,i=0,1,...,n—1;7>1. Then

(b— o) "V || DY f||L1(m0 b)

1) ||D7 18.12
R ST TR
When v =0 we get
(b—.’B )I/ 14+1/r D f "
P — 1220l oy (18.13)

C) -1+
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Proof. By (18.1) we have

3,7 @) < o | S -t DY () de

I'(v =) Ja
(xixo)l,7771 /b v
< — .
<t [z sw)a (18.14)
YV € [xo,b].
That is,
(x —x0)" 7"
pLr s Em T o e 0819
Vr € [ZL’o,b] .
Consequently
r (z— xO)T(V*W*U
DY < Dy 18.1
| zo (x)| — (F(l/—’)/))r H f”Ll(aco,b]’ (8 6)
YV € [xg,b] and
’ (b—20) 7Dz 1
DY "dr < _ 1(@o:b) 18.17
[Pl de< S s s

proving the claim. [

We continue with the following mean Sobolev-type inequalities result.

Theorem 18.5. Let7>0 and 1+v <wvy <wvy <...<vg, ng:=[vi],
k € N. Assume f € ﬂl 1 C% ([a, b)), w0 € [a,b]. Suppose D (z0) = 0,
i=0,1,...,ny— 1. Let r > 1;p,qg>1:1/p+1/q=1.

Call

A, = max
1<i<k
vi—y+1/r—1/q
(b= o) (18.18)

(r(yl,7))[1)(1,1,7,1”1]1/”[( 7*‘)+1]1/T
Then

1) [1D3,41

k
r(wo.b) = <f> (Z 1Dz 1], (wo,b)) (18.19)

=1

When v =0 we find

A k
() 111z, (mo.ty < (ﬂ <z|;pggf||LqW)>, (18.20)
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where
Ay := max
0
1<i<k
(b_xO)VZJrl/Tfl/q

(@) =1+ 1077 [r (v = 1) +1]

- (18.21)

Proof. Easy; based on Lemma 18.1, Theorem 18.2, and Corollary 18.3.
O

The corresponding L result follows.

Theorem 18.6. Let’y>0and 1+y < <wvy<...<vg, ng:=[vi],
=0,

k € N. Assume f € ﬂl L C% ([a,b]) and xo € [a,b]. Suppose fO (xq)
1=0,1,....,np — 1; r > 1.
Call
w141
A% = max (b= o) il (18.22)

S [ P Y VT
and (b xo)(uhlﬂ/r)

Af = max 7 |- (18.23)

Ik [ (T () [r (v = 1) +1]77

Then

1 D34l

A* k
+(zo,b) = (f) (Z | DwaLl m,b)> (18.24)
=1

When v = 0 we obtain
@) 1L @op) < (f) (ZH fHLl(zo,b)>' (18.25)

Proof. Easy; based on Lemma 18.1 and Theorem 18.4. [
Let a >0, f € Ly (a,2), a, x € R; see [45, 64, 134].

We define the generalized Riemann-Liouville fractional derivative of f
of order a by

D2f) = pres () [ -0

where m := [a] + 1, s € [a, x]; see also [57, Remark 46].
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In addition, we set
Dof = f=Jgf,
Je f=DSf, if a>0,
D Yf=J3f, f0<a<],
Drf= f™ . for n € N.

We need

Definition 18.7. [45] We say that f € L (a,z) has an Lo, fractional
derivative DOf (a>0) in [a,z], a, = € R, iff D *f € C([a,z]),
k=1,...,m:=[a]+ 1, and D2 'f € AC ([a,x]) (absolutely continuous
functions) and DS f € Ly (a,x).

Lemma 18.8. [45] Let 8 > a > 0, f € Ly (a,x), a, x € R, have an
Lo fractional derivative DPf in [a,], and let D% f (a) = 0 for k =
1,...,[B]+ 1. Then

DEf ) = e [ -0 D ) (18.26)
Vs € [a,z].
Here D f € AC ([a, z]) for B—a > 1, and DS f € C([a,z]) for B—a €
(0,1).

We present Sobolev-type inequalities with respect to the above-defined
generalized Riemann-Liouville fractional derivative.

Theorem 18.9. Let 6 > a > 0, f € Ly (a,z), a, x € R, have an Ly
fractional derivative DPf in [a,z], and let DP~Ff(a) = 0, for
E=1,...,[8]+1. Letr > 1;p,q>1:1/p+1/qg=1withp (8 —a—1)+1 >
0. Then

HDaf”L ) (:L’ . a)ﬁ*aJrl/rfl/q
a T(a’x)_(F(ﬂfa))(p(ﬂfoéfl)‘i’l)l/p
DB
P2 o) (18.27)

Proof. Similar to Theorem 18.2; now based on Lemma 18.8. [
Corollary 18.10. (to Theorem 18.9) When o =0 it holds

(2 — a)6+1/7'—1/q HDanHL (

a.7) . (18.28)

171 _
CE) @E-1+0" [ (5-1) +1]"

L, (a,x) <
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Next we give the corresponding L; result.

Theorem 18.11. Let § > a+ 1, a > 0, f € Ly (a,z), a, © € R,
have an L fractional derivative DP f in [a,x] and let DP=F f (a) = 0, for
k=1,...,[8]+1;7>1. Then

(z = )" VDI
(1) ID§ 1, 0y < e (18.29)
CB-a)r@B-a-1)+1]
When a =0 we find
(B=1+1/r)
(ZL’ o CL) HDﬂﬁfHLl(a,;E)

TE)r@G-1)+1""

(@) 1111, 0y < (18.30)

Proof. As in Theorem 18.4; now based on Lemma 18.8. [
We continue with mean Sobolev-type inequalities.

Theorem 18.12. Let 0 < a < B < By < ... < B, k€ N; f € Ly (a,2),
a,r € R, have Ly, fractional derivatives Dglf in [a, x|, with Dg’_kf (a) =0
for k =1,...,6]+ 11 =1,....k Let p, g > 1:1/p+1/q = 1 with
p(B—a—=1)+1>0,alll=1,...,k;r>1. Put

K, := max
1<i<k
(.’II _ a),@—a-&-l/r—l/q
” 1 |, (18.31)
T —a)e@ —a=-1)+1) {r(ﬁl—a_a)+1} |
and
RV REYEY, ]
Ko = 1212k o) : 7| - (18.32)
o (F(ﬁl))(p(ﬂl—1)+1)1/P (7‘ (ﬁl— %) _|_1) ]
Then
K, k
W) 1D fllz, 0y < (7) (Z ||Df’fHLq(a’m)>. (18.33)
=1

When o = 0 we get

K k
@) 12,0 < (f) <Z ||Df’f}|Lq(a7x)>. (18.34)
=1
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Proof. Based on Theorem 18.9 and Corollary 18.10. [
The corresponding average L; result follows.

Theorem 18.13. Let a« > 0and a+1 < 8y < By < ... < By, k € N;
f€Li(a,z),a,x € R, have Lo fractional derivatives Dflf in [a, x], with
Dglikf(a) =0fork=1,...,[8]+11=1,....k and r > 1.

Set

_ \(Bi—a—141/r)
K* := max (z—a) , (18.35)
TS TG - a) (B a1+ )Y
K} = max (x_a)(gl_H_l/r) . (18.36)
PSS B 0 (8- D)+ )Y
Then
KA\ (&
@) 12 fllz, a0y < (;) (ZHDflfHLl(M)). (18.37)
=1

When o =0 we get

K k
Lo(aa) S ( ,f) <ZHD5U’HL1(M)>. (18.38)

=1

(2) [17]

Proof. Based on Theorem 18.11. O

Next we produce Sobolev-type inequalities with respect to the Caputo
fractional derivative.
We mention

Definition 18.14. [134] Let v > 0, n := [v]; [-] is the ceiling of the
number f € AC™ ([a,b]). We call the Caputo fractional derivative

DY, f (z) == % / St (1 at, (18.39)

I'n—v
YV € [a,b].
The above function DY, f (x) exists almost everywhere for = € [a, b].

We need

Proposition 18.15. [134] Letv > 0, n := [v] and f € AC™ ([a,b]). Then
DY f exists iff the generalized Riemann—Liouville fractional derivative DY, f
ex1sts.
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Proposition 18.16. [134] Let v > 0, n := [v]. Assume that f is such
that both DY, f and DY f exist. Suppose that f*) (a) =0 for k =0,1,...,
n— 1.

Then

DI.f=Dgf.

In conclusion

Corollary 18.17. [58] Let v > 0, n := [v], f € AC™ ([a,b]), D%, [ exists
or DY f exists, and f*) (a) =0,k =0,1,...,n — 1. Then

Dif =DL.f

We need

Theorem 18.18. [58] Let v > 0, n := [v], f € AC™([a,b]), and
f®(a)=0,k=0,1,...,n—1. Then

F@) =57 [ @07 D@ (18.40)

We also need
Theorem 18.19. [58] Let v > v+ 1, v > 0. Call n := [v]. Assume

f € AC™ ([a,b]) such that f*) (a) =0, k = 0,1,...,n — 1, and D¥,f €
L (a,b). Then DI, f € C(la,b]), and

DI, f(z) = 7[6 x— )" DY (t) dt, 18.41
fa) == | @ £ (18.41)
YV € [a,b].

Theorem 18.20. [58] Let v > y+1,v > 0,n := [v] . Let f € AC™ ([a, b])

such that f*) (a) = 0,k =0,1,...,n—1. Assume D" f (z) € R,V € [a, D]
and DY f € Lo (a,b). Then D) f € C([a,b]), and

D @) =y | @0 D (18.4)
V€ [a,b].

Now we are ready to give
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Theorem 18.21. Let v > ~ + 1,

AC™ ([a, b)) such that f*) (a) = k;

Let p,g>1:1/p+1/g=1r

493

v >0, n = [V]

. Assume [ €
:0,1,..

.,n—=1,and DY, f € Ly (a,b).
. Then
v—vy+1/r—1/q
D2l gy € o
T@=m)pv-—y=-1)+1)
1D%u o

—. (18.43)
HGEEDEN

Proof. As in Theorem 18.2; based on Theorems 18.18 and 18.19

9. O
Corollary 18.22. (to Theorem 18.21) When v =0 it holds
(0= a) VDY gy
1 ey < e
L) (pv—

1)_|_1)1/p (T (V_ 5) +1)1/T' (18.44)

Next we give the corresponding L; result

Theorem 18.23. Let v > ~ + 1 > 0, n := [v]. Assume f €
AC™ ([a, b)) such that f**) (a) =0,k =0,1,...,n—1, and DY, f € Ly (a,b),
r > 1. Then

(1)

v—y—141/r v
§ (b= )TNl
*aJ I|L,(a,b) <

)
C@=2)@=y=D+n""

(18.45)
When v =0 we get

h— q) w1+ DY f
) 1y < 2 1000

(@) (r (v

ST (18.46)

Proof. Similar to Theorem 18.4; based on Theorems 18.18 and 18.19. [J
We continue with mean Sobolev-type inequalities

Theorem 18.24. Let v > 0 and 1+v < vy <ve <

< s < v, ng = [vg],
k € N. Assume f € AC™ ([a,b]) such that f*) (a) =0,k = 0,1
and DY f € Lo (a,b), 1 =1,..
Call

7,"'7nk_17
k.Let p,g>1:1/p+1/g=1,r>1
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(b _ a)ul—’y-‘rl/r—l/q

Co= D=y =0+ [r (17— 1) +1]

| (1847)

and

_vitl/r=1/q
My := max (b—a) . (18.48)

S e pe-)+ 07 (r (- 2) +1)

q

Then

(1) [[DLf]

k
M v
Ly (a,b) = (Tv) (Z ||D*¢lzf||[,q(a’b)>- (18.49)
=1

When v = 0 we obtain

M k
@ Wlien < (32) (Zm:;mq(a,b)). (18.50)

=1

Proof. Easy; based on Theorems 18.18, 18.19, 18.21 and Corollary 18.22. [J
The corresponding average L result follows.
Theorem 18.25. Let v > 0 and 1+~ < vy < vy < ... < v, ng = [v],

k € N. Assume f € AC™ ([a,D]) such that f*) (a) =0,k =0,1,...,np—1,
and DY, f € Lo (a,b), 1 =1,... k, r > 1. Set

h— (vi—y—141/7)
M? == max [ (b=a) (18.51)

1<i<k (F (Vl _ ’7)) (7" (Vl —y - 1) + l)l/r )
wnd (b _ a)(Vz*LH/r)
M§ := max 7| (18.52)
LSk (T () (r (v = 1) +1)7/7
Then
M* k
D 1%l < () (Zw:aful(a,b))- (15.5
=1

When v =0 we get

k
M y
2) 1fllz, oy < ( ko) (Z IID*;fIILl(a,b)). (18.54)
=1
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Proof. Easy; based on Theorem 18.23. [

Next we return to Riemann—Liouville fractional derivatives related
results from another perspective.

Theorem 18.26. Let v 2 —|— 1, v > 0, n := [v]. Assume f €
AC™ ([a, b)) such that f*) (a) = =0,1,...,n—1,and DY f € L (a,b).
Assume DY f (z) € R, Vz € [a, } Let p,g>1:1/p+1/g=1,r> 1.
Then

)
S
1Dz, oy <

(b—a) VDY

7 (18.55)
Ce=)eE-7-0)+D7 |r(v=y-1)+1]
Proof. As in Theorem 18.2; based on Theorem 18.20. [
Corollary 18.27. (to Theorem 18.26) When v = 0 it holds
(b= )"V DLSIl, oy
1L oy < - (18.56)

PE) -1+ (v 1) 11) "

Next we give the corresponding L; result.

Theorem 18.28. Let v > v+ 1, v > 0, n = [v]. Assume [ €
AC™ ([a, b)) such that f*) (a ) =0,k= 0 ,n—1,and D! f € Ly (a,b),
r > 1. Assume AD% f (z) € R, Vx € [a, b]. Then

(bia)(l/ y—14+1/7) ||Duf||L1(ab

(D) ID3fllp, (ap) < (18.57)
EEN T @) -y - )+ )
When v = 0 we obtain
b—a (v—=1+1/7) DV
@ 1l oy <20 102 o) e

@) (rv-1)+1)""

Proof. Similar to Theorem 18.4; based on Theorem 18.20. [
We continue with mean Sobolev-type inequalities.

Theorem 18.29. Let v >0 and 1+ < vy <vs <...<vg, ng:= [Vi],
and k € N. Assume f € AC™ ([a,b]) such that f*) (a) =0,k =0,1,...,
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ng — 1, and D¥'f € Ly (a,b), 1 =1,...,k. Let p, ¢ >1:1/p+1/q =1,

r > 1. Further assume 3D} f (z) € R, Vx € [a,b]. Here M, is as in (18.47)
and My as in (18.48). Then

k
M v
W 102l < () (ZDalfnLq(a,b))- (18.59)
=1

When v = 0 we obtain

M. k
(2) 1l (ap) < <k°) (Z ||D:;lf||Lq(a,b)>. (18.60)
=1

Proof. Easy; based on Theorem 18.26 and Corollary 18.27. O
The corresponding average L result follows.

Theorem 18.30. Let v > 0 and 1+ < vy <vs <...<vg, ng:= [vg],
andk € N. Assume f € AC™ ([a,b]) such that f*) (a) = 0,k =0,1,...,np—
1,and D' f € Ly (a,b),l =1,...,k,r > 1. Further assume 3D" f (z) € R,
Va € [a,b]. Here M is as in (18.51) and Mg as in (18.52). Then

M* k
W) Dz, ap) < (;) (Z ||Dg"f|L1(a7b)>. (18.61)
=1

When v =0 we get
M\ (&
2 Iz, apy < (ko> (Z ||DZLf|L1(a,b)>' (18.62)
1=1

Proof. Easy; based on Theorem 18.28. [J

Next we give converse Sobolev-type results, starting with the Canavati-
type fractional derivative.

Theorem 18.31. Let v > v+ 1, v > 0, n := [v], f € C¥ ([a,b]),
xo € [a,b]. Assume fO) (z0) =0,i=0,1,...,n — 1. Assume that DY f is
of fixed strict sign on [xo,b]. Let 0 < p <1, q <0, such that 1/p+1/q =1,
r > 1. Then

(1) HDgofHLr(ﬂloxb) Z

(b— mo)(u—v—l/q—kl/r) HDaV:ofHLq(zo,b)

Pw=m)ew-7-1+D" (r(v-9-1) H>1/r'

(18.63)
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When ~v = 0 we obtain
(b— )(V 1/q+1/7) HD fHL J(zo)

P Ee-)+0" (r(v-1)+1)""

(2) (18.64)

by =

Proof. Here (D}, f) (z9) = 0 by (18.1), but by assumption (D}, f) (z) #

0, Vx € (.To,b] .
By Lemma 18.1 and assumptions of the theorem we have

|D], (x)|—ﬁ/:(m—t)uv1|Dgof(t)]dt

(by the reverse Holder’s inequality)

1 ‘ p(v—y—1) e
> x—t)PYTTT dt
T ) </( ) )

x 1/q
(/ |D;Of(t)|th)

1 (J;_mo)(l/_’)’—l)-‘rl/p
I G N T VS DR
1/q
(/ D%, f \qdf> : (18.65)
So that 1
’Dgof(x)’ 2 m
_ (v—y—1)+1/p 1/q
(;x(y—x )_1 +1) 1/p (/ | (t)|th> ) (18.66)
Vo € [l‘o,b] . Thus
1

|D;0f(x)| > m

(x — xO)T(V—V—lHT/p

(p(v—y=1)+1)"
Vx € [z9,b] . Hence

1D, 17wy (18.67)

"1y s @ e s 12 o
g (L (v—"))
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1 b e
o | )/p/ (2 — o) TP gy (18.68)
p(v—v—1)+1)"

B ||D;0f||2q(xo,b) 1
-7 (p(l/f’y—l)+1)r/p
(b— xo)?‘(l/*vfl)Jrr/erl
(T(V*’Y*l)‘i’%‘i’l).

So we have established

Zo

HDZO'fHLq(fo,b) 1
Le(zob) = T'(v—7) pv—y-1)+ 1)1/p

1Dz, 7|

(b— IO)(V—7—1)+1/P+1/7‘

(?” (v=7v=D+L+ 1)1/7” (18.69)

proving the claim. [J

Converse results follow related to the Riemann—Liouville fractional deriva-
tive.

Theorem 18.32. Let >« >0, f € Ly (a,2), a, z € R, have Lo, frac-
tional derivative DP f in [a,z], and let DZ7F f (a) = 0 for k =1,...,[B]+1.
Assume that D2 f has fized sign a.e. on [a,x], and 1/DPf € L (a,x).
Let 0 <p<1,q<0, such that 1/p+1/q=1, withp(8—a—1)+1>0;
r > 1. Then

(1) 1S fllz, (a,e) =
] LTI s
1/p 1 Lr (1870)
D(B=a)(p(B—a-D+D" (r(8-a-1)+1)
When a =0 we get
(x — a)(ﬁ—l/q+1/r) ||D5f”L .
@) 115 (0my > o(0:2) (18.71)

PO G-+ (-3) +1)"

Proof. Similar to Theorem 18.31; based on (18.26). O

We continue with converse results related to the Caputo fractional
derivative.
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Theorem 18.33. Let v > v+ 1,v> 0, n:= [v], f € AC™([a,]]), and
f® (a) =0, k =0,1,...,n — 1. Assume that DY, f is of fived sign a.e.
on [a,b], and DY, f, 1/DY,f € Lo (a,b). Let 0 < p < 1, ¢ < 0, such that
1/p+1/q=1;r > 1. Then

(D) 1D% Az, 0y =

(b— a)(vafl/qul/r) 1D%a Sl L, (a0) (1872
1/p 1 r .
Pr=npe-—y-10+D)" (r(v=y-1)+1)
When v =0 we get
(=) VDL g o
(2) ||fHL,«(a,b) 2 a(e.5) 7 (18.73)

I'(v)(p(v—1)+1)"7 (r( f%) +1)

Proof. Similar to Theorem 18.31; based on (18.40), (18.41). O

Next we give converse results again for the Riemann—Liouville fractional
derivative.

Theorem 18.34. Let v > v+ 1, v > 0, n := [v], f € AC" ([a,b]),
and f*) (a) =0, k = 0,1,...,n — 1. Suppose ID f (z) € R,Vz € [a,b],
and DY f, 1/DYf € L (a,b). Here DY f is of fized sign a.e. on [a,b]. Let
0<p<l1,g<0, such that 1/p+1/q=1;r > 1. Then

W) 1D1fl;, (o) >

(b— a)(l’*vfl/Q+1/T) 1D% fll 1, (a,0) (18.74)
1 1/r" :
/
Pw=n)Ew—7-1+D" (r(v-y-1)+1)
When v =0 we get
(b —a (v—1/q+1/r) DZf .
@) 171 0 2 ) 1D et (18.75)

P @@ -0+ (r(v-1)41)""

Proof. Similar to Theorem 18.31; based on (18.42). O
Next we give converse mean Sobolev type inequalities.

Theorem 18.35. Let v > 0 and 14+ < vy < vy < ... < Vg, ng = [Vi],
and k € N. Assume f € ﬂle C% ([a,b)), zo € [a,b]. Assume f) (zo) =0,
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i=0,1,...,n,—1;0<p<1,¢<0:1/p+1/q=1;r > 1. Further suppose
each D! f is of fized strict sign on [x¢,b], all [ =1,... k. Call

(b _ xo)(l’z—"/—l/q—i'l/r)

77 ¢ (18.76)
Pw=y)@e=y=1)+ D" (r(n-y-1)+1)
and
_ (vi—=1/q+1/r)
0y = 1I£li£k (b — o) 7 (18.77)
@ e -0+ 0" (r (- 1) +1)
Then

02 2 (TP ) 79

When v = 0 we obtain
@) 11z, oy = 7 (ZHD N eon) ) (18.79)

Proof. By (18.63) we have

102

(b— )(Vl y—=1/q+1/r) ||D f”

by =

L (wo,b)
1/r
D= —1-10+0" (r(n-y-1)+1)
>0 [ID2 N 1wty (18.80)
foralll =1,...,k. That is,
%0 p = 0 IDZF 1|, oy (18.81)

foralll=1,..., k.
Adding the above (18.81) we obtain

k
oo (Slo) oo
=1

y
zo

establishing our claim. [
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We continue with Riemann—Liouville fractional derivatives.

Theorem 18.36. Let 0 < o < ] < By < ... < By, k € N; f €
Ly (a,z), a, * € R, have Lo fractional derivatives Dflf in la,x], with
DI Ff@) =0 for k=1,...[B]+1;1=1,....k Let 0 < p < 1,
q <0, such that 1/p+1/q =1, with p(8;, —a—1) >0, all l = 1,...,k;
r > 1. Further assume that each Dg’f has fized sign a.e. on [a,z], and
1/Dglf € Lo (a,x), for alll=1,... k.

Put

_ NBi—a=1/q+1/r)
) b (18383)
1/ 1
D= a) (B —a= )+ )" (r (8 —a—7) +1)
and
_ \Bui—1/a+1/7)
6 := min (z—a) — (18.84)
e e@ -0 (r (8- 7) +1)
Then
0 (&
W PG Nz 0y 2 (; HDflfHLq(a,z)) (18.85)
When o =0 we get
0 (&
0
(2) ||f||LT(a,:r) Z ? (l_zl HDaBLfHLq(a,z)> . (1886)

Proof. As in Theorem 18.35; based on Theorem 18.32. [
We continue with Caputo fractional derivatives.

Theorem 18.37. Let v > 0 and 1+~v < vy <vg < ... < v, ng:= [Vg],
k € N. Assume f € AC™ ([a,b]) such that f*) (a) =0,k =0,1,...,n,—1,
and DYLf, 1/D%L f € Lo (a,b), 1l =1,..., k. Suppose each DXL f is of fized
sign a.e. on [a,b], all 1 = 1,...;k. Let 0 < p < 1, ¢ < 0, such that
1/p+1/¢g=1;r>1.

Set
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(b— a)(Vz—v—l/q+1/T)

oo (1887)
D=0y =0+ DY (r(n-7-1) +1)
and
b g)i—1a+1/r)
Ao = min, L 7 (18.88)
<I< 1/
D) (=) + ) (v (n - §) +1)
Then
(1) ||DZaf||Lr(a,b) = (Z ||D f”L q(a, b)) (1889>
When v = 0 we get
@) 1,0y 2 52 (Z ID%fl ,,)> (18.90)

Proof. As in Theorem 18.35; based on Theorem 18.33. [
Next we come back to Riemann—Liouville fractional derivatives.

Theorem 18.38. Let v > 0 and 1+ < vy <vs <...<vg, ng:= [vi],
andk € N. Assume f € AC™ ([a,b]) such that f*) (a) =0,k =0,1,...,np—
1; 3DV f (x) € R, Va € [a,b], and DX f, 1/DX' f € Ly (a,b), 1 =1,... k.
Suppose each DY'f is of fixred sign a.e. on [a,b], all | = 1,...,k. Let
0<p<1,g¢<0,suchthat 1/p+1/q=1;r > 1. Here A, is as in (18.87),
and Ao as in (18.88). Then

A, (S
W) ID3 0y = (Z ||Dalf|Lq(a,b>>. (18.91)

=1

When v =0 we get

@ Il iy = 32 (Z 1D £, m) (18.92

Proof. As in Theorem 18.35; based on Theorem 18.34. [
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18.3 Applications

Next we give an application to ordinary fractional differential equations
involving Caputo fractional derivatives.

Theorem 18.39. Let 1 < vy <wvs < ... < vy, ng:= [vg], and k € N.
Assume f € AC™ ([a,b]) such that f9) (a) =0, j=0,1,...,np — 1, and
DY f € Loy (a,b), all l=1,...,k;r > 1. Let also B, C}, 1/C} € Ly, (a,b),
l=1,...,k, with all C; > 0. The above-described f satisfies

k
Z ) (DY f (z))* = B (z), Yz € [a,b)]. (18.93)
Call
_ o) @vit2/r=1)
§*" := max { 5 (-9 2/7,}7 (18.94)
ISR () @i —1) (r(v—3) +1)
. 1
p* = max all,. (a,b). (18.95)
Then s
8" p* b
1AL, ap) < A B (z)dx . (18.96)

Proof. Set n; := [v], 1 =1,...,k — 1. Clearly here f € AC™ ([a,b]),
I=1,...,k—1. Also f%(a)=0,7=0,1,...,m —1,1=1,...,k—1. So
all assumptions of Theorem 18.21 are fulfilled for f and fractional orders
vi, L = 1,...,k — 1. Thus by choosing p = ¢ = 2 we apply (18.44), for
l=1,...,k, to obtain

(18.97)

(b N (P (D 0 )
HfHLT(a,b) < 1/2

T () (201 — 1) (r (v —%)+1)1”
Hence it holds

—a (2vi+2/r—1) b v, x 2 X
(b—a) (J2 (Dzaf (@) )

(T ) v = 1) (r (v~ 3) +1)

2
IFI1Z, (ap) <

b
o / (Cy (2) " (Cr (@) (DXL f ()% dar <

/cl ) (D2 f () da. (18.98)
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That is,
b
1£13, oy < 65" / Ci () (DY f (x))* da, (18.99)

foralll=1,..., k.
The last imply by addition that

* % k
Hf“ir(a,b) S op (/ (Z ) (DLLf ))2> dac)

5* * b
= /B(x)dx, (18.100)

proving the claim. [

One can give similar applications to fractional ODEs involving fractional
derivatives of Canavati-type and Riemann—Liouville-type.
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General Hilbert—Pachpatte-Type
Integral Inequalities

In this chapter we present very general weighted Hilbert—Pachpatte-type
integral inequalities. These are with regard to ordinary derivatives and
fractional derivatives of Riemann—Liouville and Canavati types, and also
in regard to general derivatives of Widder-type and linear differential oper-
ators. These results apply to continuous functions and some to integrable
functions. This treatment relies on [41].

19.1 Introduction

In this chapter we present a series of weighted very general Hilbert—
Pachpatte-type integral inequalities regarding ordinary and fractional
derivatives, derivatives of Widder-type, and linear differential operators.
First we derive a very general result in Theorem 19.3, for which the rest of
the results are applications.

The results here are motivated by the original Hilbert double integral
inequality.

Theorem 19.1. [191, Theorem 316]. Ifp > 1, ¢ =p/(p — 1) and

/f” )dz < F, /Ooogq(y)dysG,

then e
/ Mdmdy <« T _plrgi/a (19.1)
o Jo TH+Y sin(7/p)
G.A. Anastassiou, Fractional Differentiation Inequalities, 505

DOI 10.1007/978-0-387-98128-4_19, (© Springer Science+Business Media, LLC 2009
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where f,g are nonnegative measurable functions, unless
f=0 or g=0.
The constant w cosec(m/p) is the best possible in (19.1).

Also the results here are motivated by

Theorem 19.2. (Pachpatte [320, Theorem 1]). Let n > 1 and 0 < k <
n—1 be integers. Let u € C™([0,z]) and v € C™(]0,y]), where x > 0, y > 0,
and let u9)(0) = v (0) =0 for j € {0,...,n —1}. Then

[u® ()| [v™ (1)]
/ / §2n—2k—1 | f2n—2k— pdsdt < M(n, k, z,y)

([ e=ntoeya)” ([w-opora)”

where )
VTY
M(n, k = - .
(ks 2,9) = 5 o R T I E@n — ok = 1)
Also of great motivation to this chapter are the articles [147, 187, 188].

19.2 Main Results

We present the following general result.

Theorem 19.3. Here fori € {1,...,n}, take x; > 0, and assume
U; € Ll(oaxi)7 gi S LOO((07xi)2)a Q’L S LOO(Oa'r’L)7

with g;, ®; > 0. Take r; > 0, piyq; > 1: 1/p; +1/q; = 1, and w; > 0 such
that 31" w; = Qy, and a;,b; € [0,1] such that a; +b; = 1. Call

o ai+biqi)r;
@i (i) :=/ (gs(si, 7)) 9 g, (19.3)
0

Suppose ¢;(s;) > 0,with the exception ¢,;(0) = 0. If

|ui(si)\§/ (:(s0,70)) " Bs(ri)drs, si€ Oy i=1,....n, (19.4)
0
then

Hluz(sz)l

L
Qn

| Uf (nr0)” ( [ “Gator) s ir] 05

i=1 i

IA
—=
@R
=
2
TTM:
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Proof. We write

(gi(Si,Ti))”(I)i(Ti) _ (gi(si,'ri)) (ai/th+bi)ri « (gi(si,ﬂ)) (ai/pi)’l"i¢i(7_i).

Notice here that the two sections of g; belong to Lo (0, x;), a.e
Using Holder’s inequality we find

lui(si)| < </Osyi (gi(SmTi))(aﬁbiqi)”dﬂ)
y (/Osi(gi(si,n))“““‘ (cpi(n))”idn)

1/4a;

1/pi

That is, we have that

1/pi

(5] < (pa(50)) ( / (gi(sir) " (@(n))pidn) Cil..m

Set rf = 1/qw;.
By the means inequality ([297, p. 15]) we have

n - 1 n . Qo
(H(%i))w ) : <Q >_wie <8z‘>> '
i=1 noi=1

Therefore we find

n n Qn
[Tl < (szwm )

K2

1
n , i 1/pi
X H (/o gi(si,73)) " (Ri(74)) 1dTi> .

i=1

3

That is,
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whenever at least one s; > 0, i € {1,...,n}, where s; € [0, x,].
Thus we obtain

I
— =
7N
O\%
VS
O\
/\’L
<
«
3
=
8
3
—~
&
—
3
:‘-/
SN—
3
Q
3
~_
—
~
S
IS
»
~

(using again Holder’s inequality)
n x; S5 . ) 1/Pi
<TLe | () tonra)™ @) ar. Jas
i=1 0 0
(by changing the order of integration)

:ﬁ N U (/ (o))" ()" s |

i

i

proving the claim. O
We give

Corollary 19.4. All are as in Theorem 19.3 and 1/p :== Y i 1/p;,
r > 0. Then

I, < 1/rpz 1/(11

> [

o rq1/rp

Proof. By the inequality of means, for any A; > 0 and r > 0, we derive

1/rp
HA”’“ (pz AT> .

We use here (19.5). O
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Next we apply Theorem 19.3.
We give

Theorem 19.5. Let u; € C™i([0,z;]), ; > 0, m; € N, be such that

W) =0 forje{0,...,m; —1},i=1,...,n. Let k; € {0,...,m; — 1}
Dis qi>1:1/pi+1/qi:1 a;,b; € 10,1]: a —i—bi:l. Let also w; > 0 such
that Z?:l w; = Q,. Then

ok

n z; 1/pi
< A H xi/q'i |:/0 |uz(,mz)( DI (2 — Ti)[ai(miki1)+1]dTi:| . (19.6)

i=1

I1 1™ (s0)

n sl(ir+bsai) (mi—ki =141/ gy 0 Qn
1 Z
Qn [(az"l‘bz‘h)(mi_k —1)+1]1/ 2w

dsi---dsn

where
1

mi_ki_1)+1]1/pi>.

A=]1 <(mi ~ & — Dlai

i=1
Proof. By [320, Equation (7)] we have

. 1 .
ugkl)(si): ) / (si—ri)mi_ki_lug 1)(7'1‘)(17'1',

(mi — ]{)1 -1 ' 0
where s; € [0,2;],i=1,...,n. We use Theorem 19.3.
We set
al0< 7, <z, i=1,...,n.
We also set
9i(8i,73) := |si — 7il, all 8,75 € [0,24],

and r; ;== m; — k; — 1. Clearly then

/Si (si — Ti)(az'-‘rbz'm)(mi_]’“_l)dTi
0

S(_ai+bi‘h‘)(mi*ki*1)+1

= L 7 O, il .:1,...7 .
(a; +bigi)(m; —k; — 1)+ 1" s € i, 0 "

HED)

‘We see here that

ER (m2)
v e e
|u§’“”<sz»>|S/0 (s g™ Mdr
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where s; € [0,2;], i =1,...,n. We also find

T4
R . ai(mi—ki—l)d R (xl — T
/7— (31, 7—1) S ai(mi — kl — 1) m T

)ai(mqy—ki—l)-&-l

(3

Now the claim is clear. O

We give

Corollary 19.6. All are as in Theorem 19.5 and 1/p = > 1/p,,
r > 0. Then

L, < pl/rpAﬁmi/qilipl.
i=1 i=1 "

X{/ 0™ (7:)
0

Proof. By using inequality of means and (19.6). O

P/
pi (xl _ Ti)[ai(mikil)Jrl]dTi} ] )

We present

Theorem 19.7. Let u; € C™iHL([0,2;]) be such that ugj)(O) =0 for
j €10,...,m;}, and let p € C*(]0,00)), where p > 0; x; > 0, m; € N,
je{0,...,m;—1},i=1,...,n. Letk; €{0,...,m;—1}; pi,q; > 1: 1/p;+
1/qi =1; a;,b; € [0,1]: a; +b; = 1. Also Let w; > 0: Y. w; = Q,,. Then

T [ul*) ()
1=1

Ty Tn
) 2 . dsy---d
? /0 /0 n [(aj+bias)(mi—k;—1)+1]/a;w; n * on
1 S
(Q" gl i Tlai+big0) (mi— ki~ 1)+ 1] /4 w3 )
n T pi—1 T
1/qi fT ! (mi) !\pi
< All«x; / 7</ p(oi)u; o) da~)
1= [owmwzo“lz (@) 1" do
1/pi
X (i — Ti)[“f(mi—’“i—”*”dn] : (19.7)

where

A:fiﬁm—m—nmm;—h—D+Wm)'

1=1

Proof. By [320, Equation (14)] we have

ki 1 * m;—k;—
UE )(Si) = ),/0 (88 —74) kiml

(mi—k‘i—l.

x( ! /On(p(ai)ugmi)(oi))/dai> dr:.

p(7i)
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1/pi
' pidgi) .

By Holder’s inequality we obtain

/onl(p(az) ") (6))|dory < 2/ (/on!(p(fm“?m”(‘”))

We set here

L 1 7_11/‘17: i (ms)
(I)z(TZ) L (mi _ ki _ 1)' p(Tz) </0 |(p(al) ’L ( ))

The claim now is clear. [

We give
Corollary 19.8. All are as in Theorem 19.7 and 1/p := Y . 1/p;,

r > 0. Then
Pi—
ptd0i>

1/7‘ 1/% 1 T; t 1 i . u(ml) o ,
b pAH {sz{/ ot U, Nt @)

p(

rq1/rp
X (x; — Ti)[ai(mi_ki_l)-i_l]dTi} :| .

Proof. By using inequality of means and (19.7). O
We give

Theorem 19.9. Let u; € C*™i([0,;]), p € C™([0,00)), p > 0, with
m = maxm,;, be such that u(J)(O) = 0, and (p(si)ugm")(si))(]) =0 at
s; = 0, fOTjG{O —1}; 5 € {1,...,n}, z; > 0, m; € N. Let
k; E{O 1} p17q2>1 1/pz+1/qi:1;ai,bi€[071]:a¢+b¢:1.
Also let w; > 0 Yo w; = Q. Then

n ks
I u*) ()]

/ / ( Z [(a +bia;) (mi—k;—1)+1]/q;w;

Qp
Nartoran) (mi =k =D P77 )

i=1

ds1---dsp
(q;(m;—=1)+1)(p;—1)

< ol U (e o) an)

1/p;
x(z; — Ti)[aﬂmr’ﬂ—”“}dn] : (19.8)

where

-

i=1
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1
( [(mi = 1)!(mi — ki — 1)(gi(my — 1) + 1)1 [a; (m; — k; — 1) + 1]/ )

Proof. By [320, Equation (21)], we get that

(k) (g} — 1 S \mickio1
up(s:) (mifl)!(mifkifl)!/o (8 = 75)
1 /Ti mi—1 (my) (m;) >
X [ —— Ti —0y)" T (ploi)u; (0 do; | dr;.
(oo [ = o™ oo™ )

Put _
Fi(oi) = | (plos)ul™ (a:)) "™

Using Holder’s inequality we derive

/ ’(Ti - O'i)mi_lFi(O'i)dO'i
0

Ty 1/q: Ti 1/pi
< </ (ri — Uz‘)q"(mi_l)ddi> (/ Fi(Ui)p'id0i>
0 0
(qi(mi=1)+1)/q: Ti 1/pi
- L Fi g; pq"dO'i .
o () Bere)
Set now
(g (m;—1)+1)/q; Ti 1/pi
T (mq) (mi) |pi
Oi(r;) =W i)y ; do; ;
Z(T ) p(Tz) (/(; |(p(0’ )uz (Uz)) Uz)
where
1
W; =

(mi — D mi — k; — Dl(gi(m; — 1) + 1)1/a
Now apply Theorem19.3. The claim is now clear. [

We give

Corollary 19.10. All are as in Theorem 19.9 and 1/p := Y I 1/p;,
r > 0. Then

n

g [[ate |y L] [ o
L < p/""B|]|z," . / - ;
11 N T

i=1 Dpi
rq1/rp
Pi dal) (.’I’Z —_ Ti)[ai(mi_ki_l)_‘—l]d’i'i} :| .

([ fotayn o)
(U

Proof. By using inequality of means and (19.8). O
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Note. Similar theorems to our Theorems 19.5-19.9 appeared earlier in
[188].

We need (see [187])

Definition 19.11. Let « > 0. For any f € L1(0,z); = > 0 , the
Riemann—Liouville fractional integral of f of order « is defined by

(Jaf)(s) ::ﬁ /Os<st>a1f<t>dt, selal,  (199)

and the Riemann—Liouville fractional derivative of f of order « by

85 = s () [0 wan s

where m := [a] + 1, [] is the integral part. In addition, we set
Af = f=Jof, J_of =A% ifa>0, A f:=J,f f0<a<l.
If @ € N, then A% f = f(e),

Definition 19.12. [187]. We say that f € L1(0,z) has an L, fractional
derivative A*f in [0, x| iff

AFfec(o,z]), k=1,....m:=[a]+1; a>0,

and A*"1f € AC([0,2]) (absolutely continuous functions) and A%f €
Loo(0, ).

We also need

Lemma 19.13. [187]. Let a« > 0, § > «, let f € L1(0,x) have an
Loo fractional derivative APf in [0,2], and let AP~*f(0) = 0 for k =
1,...,[8]+ 1. Then

A% f(s) = F(ﬁl_a)/os(s—t)ﬁalAﬁf(t)dt, s € [0,z]. (19.11)

Clearly here A®f € Lo (0,2), thus A*f € L1(0,z).
We give

Theorem 19.14. Let i € {1,...,n}, ; >0, o; >0, 3; > a; + 1. Let
fi € L1(0,2;) have Lo fractional derivatives APi f; in [0,x;], and let

Aﬁi_kifi(o) =0 fork,=1,...,[8,] +1.
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Let pi,q; > 1:1/pi+1/q; = 1, and w; > 0 such that >\, w; = Q,,, and
a;,b; € 10,1] such that a; +b; = 1. Then

IT 1A% £i(s0)]

i=1 dsy---dsn

n [(a;+b;a;) (B3 —a; —1)+1]/q;w;

1 S,
an 2w

Qn
=1 ((ai+biqi><mai1>+1)”‘“’“">
T [ [T A8
< =" {/o |A7 f(t;)
1=1 :

where

. 1/pi
pz(azi—ti)[“i(ﬁi“"i‘l)“]dti} . (19.12)

CZ: - ( ! 1/ )
=1 \T'(8;, — O‘i)(ai(ﬂi —a— 1)+ 1) "

Proof. Here we again apply Theorem 19.3. By Lemma 19.13 we get that
A% f; € L1(0,x;), also APif; € Loo(0,1;), and

1 &

A% fi(si)] < —/ sy — t) BT AP £ (¢ |dts, Vs € [0, 2]
8% )] < s [ = 0% o) 0.2,
We put u; := AY fi, gi(si,ti) = [si — til,

D,(t;) := % and =0, —a;—1, i=1,...,n.
Here
(1) = / (51 — ;) @i bia) (B~ =1) gy
0
S(“'i+bi9i)(ﬁi_ai_1)+1
= - >0, Vse(0,z],

(a; +bigi)(B; — i = 1) +1
with ¢;(0) = 0. Now the proof is clear. [

Note. Theorem 19.14 is related and is similar to Theorem 3.2 of [187],
but in terms of weights is more general.

We give

Corollary 19.15. All are as in Theorem 19.14 and 1/p := Y ., 1/p;,
r > 0. Then

I; < pl/TPOHJ;l/% [Z%{/I

1=1

rq1/rp
|A5 |p’ —ti)(ai(ﬁiai1)+1)dti} ] )
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Proof. By using inequality of means and (19.12). O
We need

Definition 19.16. [17, 19, 101, pp. 539-540]. Let v > 0, n := [v] and
a:=v—-—n(0<a<l)Lle feC(0,z]), s € [0,2]. We consider the
Riemann—Liouville fractional integral

(6 = oy | 5= 0 0
We consider the subspace C¥([0,z]) of C™([0,z]):
C¥([0,a]) := {f € C"([0,2]): Ji—af™ € C([0,2])}.

Hence, letting f € C¥ ([0, x]), we define the generalized v -fractional deriva-
tive of f over [0,x] as

FO = (imaf ™)
Notice that

1

(Jlfaf(n)) (8) _ m A’S(S — t)*af(n) (t)dt

exists for f € C¥([0,z]).
We also need

Lemma 19.17. [17, 19, pp. 544-545]. Let v; > 1, v; > 0, v; — v, — 1 >
0,i=1,....,n. Call n; := [v;]. Let f; € C*([0,x;]), x; > 0, such that
F90)=0,7=0,1,...,n; — 1. It follows that f; € C7i([0,2;]) and

K2

1

(’Yi) )
£ e = D(vi —;)

Sq
/ (Sifti)yiifyiilfi(yi)(ti)dti, Vs; € [O,IBIL'], t=1,...,n.
0
(19.13)

We make

Remark 19.18. (on Lemma 19.17). That is, by (19.13) we have

i (vi)
(v:) vier,—1 i V()] ,
fi ’ (Sl S/ Si—ti) T~y Vs € [0,x5]; i =1, ., n.
175l < f ¢ T~ ) 10,
(19.14)
We set here

u; = fi(’“)v gi(sists) = |si —ti|, ri:=vi—v,—12>0,
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A7 (t)]
L(vi =)
So that (19.4) is fulfilled.

q)i(ti) = , all s;,t; € [O,l‘i]; 1=1,...,n.

By applying Theorem 19.3 now we obtain

Theorem 19.19. Leti e {1,...,n}, z; >0,v;, > 1,7, >0, v;—vy,—1>

0, n; := [vi]. Let f; € C”i(]0, xl}) suchthatf])( 0)=0,7=0,1,...,n;—1.
Let pi,qi > 1:1/p; +1/q; = 1, and w; > 0 such that Y, w; = Q,, and
a;,b; €0,1] such that a; +b; = 1. Then

ﬁ 1709 (s0)]

/ / ( s((@itbia) (i~ D) [agw; )Qn
1=

Z((a +biqi)(vi— 'Yz*l)‘i’l)l/q‘ g

dsy---dsp

1/pi

< DHxl/‘h {/O f(l’ ()P (x; —ti)(ai(yi77171)+1)dti) . (19.15)

where

We give

Corollary 19.20. All are as in Theorem 19.19 and 1/p := > i 1/pi,
r > 0. Then

1 T .
IG < pl/’l‘pDHxl/‘h [Zp {/ |f1( l)(tl) pi

i=1

rq1/rp
X(l’i — ti)(ai(yi_%_l)-‘rl)dti} ‘| .

Proof. By using inequality of means and (19.15). O
We make

Remark 19.21. The following are taken from [405]. Let f,wuo,u1,...,
un € C"Y([a,b]), n > 0, and the Wronskians

Wi(z) = Wlug(z),u1(z), ..., ui(x)] :=
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uo(x) uy(x ui(x

uh(x u! (x ul(x

o) il ( L i=0,1,...,n.  (19.16)
u @) @ u (@)

Assume W;(z) > 0 over [a,D].
For ¢ > 0, the differential operator of order ¢ (Widder derivative):

Wluo(z),ur(x), ..., ui_1(x), f(z)]

L;f(z):= Wy (@) , (19.17)
i=1,...,n+1; Lof(x) := f(z), V& € [a,b]. Consider also
uo(t w1 (t) u; (t)
) ug(t) ui (t) u;(t)
gi<m7t) = - ’ (1918)
MOV o u' ()
uo () uy () u;i(x)

i=1,2,...,n; go(z, t) = up(x)/uo(t), Va,t € [a, b].

Example [405] Sets {ug,u1,...,u,} are {1,z,2%,... 2"},

n—1

{1,sinz, — cos x, — sin 2z, cos 2z, ..., (—1)" " * sinnx, (—1)" cosnzx},

and so on.
We also mention the generalized Widder—Taylor formula; see [405].

Theorem 19.22. Let the functions f,ug,u1,...,u, € C" ([a,b]), and
the Wronskians Wy (x), Wi(x),...,Wy(x) > 0 on [a,b], x € [a,b]. Then for
t € [a,b] we have

f(z) = f(t) ZZ((%) + LifW)gi(z,t) + -+ Lo f(t)gn(z,t) + Ry (x), (19.19)

R, (z) = /tfﬁ gn (2, 8) L1 f(s)ds. (19.20)

For example, one could take ug(r) = ¢ > 0. If u;(z) = 2, i = 0,1,...,n,
defined on [a,b], then Lif(t) = fO(t), and

(z—t)’
il

gi(z,t) = , t€la,b].

We need
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Corollary 19.23. (on Theorem 19.22). By additionally assuming for
fized t € [a,b] that L;f(t) =0,i=0,1,...,n , we get that

f(z) = / gn(x,8)Ly1f(s)ds, Vz € [a,b)]. (19.21)

We make

Remark 19.24. Here we make use of (19.21). For i = 1,...,n let the
function sets

{fi,wioswits -« i, } € C™HY([0,24]), 2 >0, n; €N.

Assume that the Wronskians Wio, Wiy, ..., Wi, > 0on [0,2,],i=1,...,n.
Also assume that

L”fl(O) ZO7 allj :0,1,...,ni, for all i = 1,,7’L
By (19.21) we obtain that

fi(s'i) = / Gin,; (5i7ti)Li,n¢+1fi(ti)dti; all 1 = 1, Lo, n, VSZ' S [0, .Ti].
0

(19.22)
Thus

| fi(s0)] S/ gini(Siati)‘Li,m-&-lfi(ti)’dti, i=1,...,n, Vs; € [0,z].
0

(19.23)
From [405] we derive that gy, (S;,¢;) > 0 when s; > ¢, > 0,7 =1,...,n.
When s; > t; then
Gin: (si,ti) > 0.

Using Theorem 19.3 we derive

Theorem 19.25. Here for i € {1,...,n}, z; > 0, assume {f;, wp,
Uity - -y Win, } © C™TL([0,25]), ni € N. Suppose that the Wronskians Wi,
Wity ..o, Win, >0 on [0,2;]. Further assume that

L;jfi(0)=0; allj=0,1,...,n4 forali=1,...,n.

Take piyq; > 1: 1/pi+1/q; = 1, and w; > 0 such that Y., w; = Q,, and
ai,b; € 10,1] such that a; +b; = 1. Call

¥i(si) r=/ (gima (50, 1)) Tt (19.24)
0
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ﬁ | fi(s4)]

T Ty -
I; = / / =1 dsy - dsn
0 0 < L& '

Qn
[ Z wi(wz’(Si))l/%wi)

=1

Pi

< Hxi/q'i [/ 1|Li7ni+1f1i(ti)
- 0

(/x (gin, (i, ti))aidsi> dti] l/pi. (19.25)

Proof. In Theorem 19.3 put u; := f;, ¢; := |gm , D, = ‘Li’ni+1(fi)
¢; :=1,;,i=1,...,n. Notice here that f; € C([0,z;]),

)

|gini € C([0,z;]?), |Li,ni+1(fi)| e C([0,z]), m=1;alli=1,...,n.

So (19.4) is fulfilled by (19.23). Also for s; > 0 we get that ¢,(s;) > 0 with
1;(0) = 0. Finally we apply (19.5) to get (19.25). O

We give
Corollary 19.26. All are as in Theorem 19.25 and 1/p :== >, 1/p;,
r > 0. Then

I7 é pl/TP Z x;/(br [Z —_ {/ |Lz,n1+1fl (tz)
i=1

— pi | Jo

X (/tl (gmi(si,ti))aidsi> dtl}rl

Pi

1/rp

i

Proof. By using inequality of means and (19.25). O
We need

Setting 19.27. Here we use the notation from [239, pp. 145-154]. Let
be a closed interval of R. Let a;(x), j =0,1,...,m —1 (m € N), h(z) be
continuous functions on /I, and let

L=D"+an1(2)D" " +--- +ag(x)

be a fixed linear differential operator on C™(I). Let y1(z),...,ym(z) be a
set of linear independent solutions to Ly = 0. Here the associated Green’s
function for L is given by
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yi(t) Ym(t
yi(t) Y (1)
H(x,t) := :
") w2
y1() Ym ()
yi(t) - Ym (1)
yi(t) s Yrm ()
/ : , (19.26)
S O BT A O
7 S OO TR S ()
which is a continuous function on I2. Take a fixed z € I; then
y(z) = / CHeHh(t)dt, allzel (19.27)
o
is the unique solution of the initial value problem
Ly=h; y9D(xg)=0, j=0,1,...,m—1. (19.28)

Based on Setting 19.27 we make

Remark 19.28. Let i € {1,...,n}, [0,2;] C R, z; > 0. Let «; ;(s;),
j=0,1,...,m; —1 (m; € N), h;(s;) be continuous functions on [0, z;], and
let

L;,=D"™ + a¢7mi_1(5i)Dmi71 + -+ ai,O(Si)

be a fixed linear differential operator on C™ ([0, ;]). Let y;1(8:), - -+, Yim, (8:)
be a set of linear independent solutions to L;y = 0. Here the associated
Green’s function for L; is denoted by H;(s;,t;), which is a continuous func-
tion on [0, z;]%. Then

0
is the unique solution of the initial value problem

Liy=hg; y90)=0, j=0,1,...,mi—1; alli=1,...,n. (19.30)

Let ¢; > 0, then

0

We give
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Theorem 19.29. All elements are as in Remark 19.28. Take p;,q; >

1:1/p; +1/q; = 1, and w; > 0 such that Y i w; = Q,, and a;,b; €
[0,1]: a; + b; = 1. Call

e ::/ (Hi(si,t:)| +2) e, i=1,...n. (19.32)
0

Then

Ig = / / i=1 dsy -+ - ds,
0 0 (

n Qn
- 3 it
[Tatre | [ e
i=1 0

[ l/pi
(/ (|H;(si,t:)] +6i)aidsi> dti] . (19.33)
t;

IN

Proof. In Theorem 19.3 put u; = y;, g; := |H;(-,")| + &, D5 := |hy,
¢; =1, , i =1,...,n. Notice here that y; € C([0,x;]), (|H;(-,")| + &) €
C([0,z)%), |hi| € C([0,2]), 7 = 1; alli = 1,...,n. So (19.4) is fulfilled by
(19.31). Also for s; > 0 we get 1,;(s;) > 0 with ,(0) = 0. Finally we apply
(19.5) to get (19.33). O

We give

Corollary 19.30. All are as in Remark 19.28 and Theorem 19.29, and
1/p=31"11/pi, r>0. Then

R I
0

Pi

i=1 -1 Pi

X (/:i(|Hi(si,ti) + si)’“dsi> dti}T]

Proof. By using inequality of means and (19.33). O

1/rp

Note 19.31. One can give several examples based on all the above results
by assuming for instance, that all a; =1, b; =0 or a; = 0 and b; = 1, with
or without

1 n
qgi=mn, W; =—, Pi—=
n

rp=17; alli=1,...,n,
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also for p; = ¢; = n = 2. Especially and additionally in Theorems 19.5-19.9
one can assume m; = m, k; = k. Also in Theorem 19.14 we can set «; = «,
B; = B; in Theorem 19.19 we can set v; = v, v, =7, allt=1,...,n, and
SO on.
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General Multivariate
Hilbert—Pachpatte-Type
Integral Inequalities

In this chapter we present general weighted Hilbert—Pachpatte-type mul-
tivariate integral inequalities. These are with regard to ordinary partial
derivatives and fractional partial derivatives of Canavati and Riemann-—
Liouville types. These results are applications of a general theorem we
present for integrable multivariate functions. This treatment relies on [42].

20.1 Introduction

In this chapter we present several weighted general Hilbert—Pachpatte-
type multidimensional integral inequalities for ordinary partial derivatives
and fractional partial derivatives of Canavati and Riemann-Liouville kinds.
First we establish a very general multivariate result regarding integrable
functions (see Theorem 20.3) to which the rest of the results are applica-
tions. Along the way many other interesting results are given. Our results
are mainly inspired by [189].

To stimulate the reader’s interest, we give an interesting result from [322].
In this theorem, H (I x.J) denotes the class of functions u € C"~1m=D (T x
J) such that Diu(0,t) = 0,0 <i <n-—1,t € J, Diu(s,0) = 0,0 <
j<m—1,s¢€I,and D}D3 u(s,t) and D} ' D5u(s,t) are absolutely
continuous on I x J. Here I, J are intervals of the type I¢ = [0,¢), £ € R.

Theorem 20.1. [322, Theorem 1] Let u(s,t) € H(I, x I,) and v(k,r) €
H(I.x1I,). Then, for0 <i<mn—1,0<j<m-—1, the following inequality
holds.

G.A. Anastassiou, Fractional Differentiation Inequalities, 523
DOI 10.1007/978-0-387-98128-4_20, (© Springer Science+Business Media, LLC 2009
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e v [ Y |DiDdu(s, t)Di Div(k, r)|dkdr et
0 o 0 0 $2n—2i—1t2m—2j—1+k2n—2i—1r2m—2j—l §

1 * Y n mym 2 1/2
< §(Ai,jBi,j)2\/:vyW (/0 /0 (z — s)(y — t) (DY D5 u(s, t)) dsdt)
z  pw 1/2
x (/0 /0 (2 — k)(w — 1) (D?D;"u(k,r)fdkdr) : (20.1)
where
1
Ag o= m—i—Dl(m—j—1’
1
Bi = Gimonem-zm -1 (20.2)

This chapter’s results generalize the results of [189, 322], and then mainly
treat fractional partial derivatives.

20.2 Symbols and Basics

By Z(Z.) and R(R, ) we denote the sets of all (nonnegative) integers and
(nonnegative) real numbers. We work with functions of d variables, where d
is a fixed positive integer, writing the variable as a vector s = (s',...,s%) €
R?. A multi-index m is an element m = (m!, ..., m%) of Zi. As usual, the
factorial of a multi-index m is defined by m! = ---m?!. An integer j may be
regarded as the multi-index (7, ..., j) depending on the context. For vectors
in R? and multi-indices we use the usual operations of vector addition and
multiplication of vectors by scalars. We write s < 7 (s < 7) if s/ < 77
(s < 77) for 1 < j < d. The same convention applies to multi-indices. In
particular, s > 0 (s > 0) means s/ >0 (s/ >0)if 1 <j <d.
If s = (s%,...,5%) € RY and s > 0, we define the cell

Q(s) = [O,sl] X oo X [O,sj] X oo X [O,Sd];

replacing the factor [0, s7] by {0} in this product, we have the face 9;Q(s)
of Q(s).

Let s = (st,...,84), 7= (r',...,7) € RY, 5,7 >0, let k = (k,... k%)
be a multi-index, and let u : Q(s) — R. Write D; = 9/9s?. We use the
following notation:

F— (51)71~~-($d)7d,

DFu(s) = DF ...DFu(s), (20.3)
Sd

/ u(t)dr = / e u(t)dr! - - dre.
0 0 0
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An exponent a € R in the expression s, where s € RY, is regarded as a
multiexponent; that is, s* = s(®~%_ Let N € N be fixed.
The following notation and hypotheses are used throughout the chapter.

I1={1,...,N}

mg, 1 €1 mi:(m}7...,m§l)€Zi

xy, i€l ;= (x},...,2d) e RY, 2, >0
Di, ¢, 1 €1 pz,ql>1pi %:1

b, q %:Z£1$7$:Z£1%

a;, b, i1l ab;eRy, a;+b;=1

w;, 1€ 1 w; € R, w; >0, Zﬁlwi:QN.

Throughout this chapter, u;, v;, ®; denote functions from Q(x;) to R that
are measurable with further L,-type assumptions. If m is a multi-index and
r € R4 x> 0, then C™(Q(z)) denotes the set of all functions u : Q(x) — R
that possess continuous derivatives D*u, where 0 < k < m.

We further denote «; := (a; + biq;)c; € R, B, := a;c; € RY, for ¢; € RY,
1 € I. In particular we observe that

N N d
a/" = @he @ TTes+ 1Y = T[T TT(ed + 1)1

i=1 i=17=1

We give and need the next basic result.

Proposition 20.2. In the space C™(Q(x)), m is a multi-index; the order
of differentiation does not matter. That is, D*u(s) (see (20.3)) remains the
d

same under any permutation of (D’l€1 e ,D§ )

Proof. It is enough to prove it for d = 2, which we prove by mathematical
induction. So let f € C™™)(Q(x)); m,n € N. We prove in a neighborhood

of (z0,y0) € Q(x) that

07 oFf o oF

— = — = 0<j<m, 0<k<
ozl Oyk <8mf’8yk>f’ =J = s e
P stands for any permutation of the involved differentials. [

Claim: It holds

g 0sk=n (20.4)
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Proof of Claim: For n = 0 we have (20.4) is true trivially.

Using Theorem 6.20, p. 121 of [68] (i.e., if fy, fy, fyz are continuous,
then f,, exists and f,, = fuy), we have that (20.4) is true when n = 1.

Next we use mathematical induction. Assume the claim true for n; we
prove it for n+ 1. So let f € CU""+1) We prove that

8 8n+1 8"+1 a
or dyn+1 = Oyl or

/-
Notice that C™"+1(Q(z)) ¢ CU™™(Q(x)), and for 0 < k < n by the
induction hypothesis it holds

o ok ok o

oz 8ykf - Ayk %f

But g := 8/dyf € C™™ . Hence by the induction hypothesis we have

o ot 0" 0
Ox 8y"g - oyn R
That is,
ooy or 9 of o of
ox Oyn+tl  Oyn Ox Oy Oynt! Oz’
proving the claim.
Let now 0 < ¢ <m, 0 <k <n. Using the above claim we obtain

PO o N (oo
ozt oyk’ — oxt-1\ oz dyF Oxt=1\ Oyk Oz
<set h = 2f € C(m_l’”)>
ox
aé—l 8k 8@—2 o 8k
-5t (o) = e (2 ")
92 (9% D
a2 (a—yk ")
oh (m—2,n)
(bet pi= oz )
aé 2 8£ 3 o akp
-5 (5) = 7 (3 )
9t=3 0
~ Oal 3<8yk oz >

ot ok
— P(W’ 8_yk>f’ true. O
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20.3 Main Results

We give our first very general result on which the next results rely.

Theorem 20.3. Let v; € L1(Q(x;)), ®; € Loo(Q(z3)), ®; >0, ¢; > —1;
¢ €RY i=1,...,N. Set

1

U .= .
[(a; + 1)V (B; + 1)1/pi]

=

Il
-

7

Let Ji:={je{1,....d} | -1 < c <0}. If J; # 0 we take
by > o (ﬂ)
Jj€J: (1_(]1)

|’Ui(8i)| < / ’(SZ' — Ti)ciq)i(Ti)dTi, Vs; € Q(Il), 1=1,.. .,N. (205)
0

Suppose

Then

IT Jvi(si)|dsy -+ - dsy
i—1

Proof. One can write
(si — 1) P@i(1;) = (84 — Ti)(a"/qi"'bi)ci(si - Ti)(ai/’”)ci(bi(n).

Next we rewrite (20.5), and apply Holder’s inequality and Fubini’s the-
orem to get

lvi(ss)| < / N — my (/e e gy (w/p)eig, (7 ar,
0

rs; 1/q; rS; 1/p;
< </ (i — Tz')(aﬁbiq"’)c"’dTi) X </ (i — Ti)aicifbi(h)pid‘n)

0 0

(0‘ +1)/q; 1/p;
= 7((1 YT (/ (si — i) @i(fi)pidn> .

That is, we found that
S(ai+1)/Qi S; 5 1/pi
()] < —4——— i — 1) D, ipi’di . 20.7
o)l < gy ([ s e, (207)
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Using the inequality of general means [297, p. 15] we have

N

Q
[Isic+ < ( Zw sl ”’““’“) N. (20.8)

We also have by (20.7) that

ﬁ lws(s)] < ﬂ sy ﬁ (/(s - T.)B@-(T.)pim-)l/m. (20.9)
i=1 T i=1 (i + 1)1/a i=1 /O o e '
Put
1
T B s e

Using (20.9) and (20.8) we find

~ 1 Qn
H |/U1(Sl)| S W<£2]V szsgal+1)/Qsz)

=1 i=1
N Si 1/p:
H </ (si — Ti)ﬁiq)i(ﬂ)pidﬂ> . (20.10)
i=1 /0
Thus
N
IT [o:(s0) v o

N =1 . o < WH(/O (SZ‘—Ti)ﬁ“bi(Ti)pidTi> s
(lev 2:11% Ea it )/sz1> i=1
(20.11)
whenever at least one s; > 0, 7 € {1,..., N}, where s; € Q(z;).
Next we integrate (20.11), use Holder’s inequality and Fubini’s theorem,
and at the end we change the order of integration. So we have

)|d31 -ds SN

N
(a +1)/q;w;
oy 2 )

WH[/ ([ miman)

QN
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N Ti Si 1/pi
W Hmi/% </ (/ (si — Ti)ﬁiq)z‘(ﬂ‘)pidﬂ> dSi)
, 0

EZ“%H</ —Tﬁ+¢<waU7

(6 _1_1)1/101 =1 =1

IA

:lz

=1

proving (20.6). O

Note. Theorem 20.3 and the proof generalize a lot and resemble Theorem
3.1 and its proof in [189].

Corollary 20.4. All are as in Theorem 20.3. Then

N Ny z S 1/rp
M < U L™ [Z< / <xi—8i>ﬁi+l<1>i<8i>’”d3i> ] ’
: i \Jo

i=1 =1 Pi
(20.12)
where r > 0.

Proof. By the inequality of means, for any A; > 0, » > 0, we obtain

N y N 1/rp
pi AT
[a < (s(Xpa))

i=1 1"
Plug into it »
A= [ ) (s s,
0
Thus inequality (20.12) is now established. [

Next we apply Theorem 20.3 to ordinary partial derivatives.

Convention 20.5. Here we assume that m;, k; are multi-indices satis-
fying 0 < k; < m; — 1, and write

Recall that m; —k; — 1= (m} — k! —1,...,m¢ — kI —1).
We give

Theorem 20.6. Under Convention 20.5, let u; € C™ (Q(x;)) be such
that Diu(si) = 0 for s; € 0;Q(x;), 0 <r <mf —1,1<j<d, iel.

Ml'_/ / (

H |D¥iuy(s;)|dsy - - - dsn

QN
(a +1)/q1w1)

Mz

_1
Qn 8
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N N z; 1/pi
<U1Hw3/“H(/ (i — 5)% D™y () P dsi) . (20.14)
0

i=1 i=1

where

1
Uy = . (20.15)

— ks — 1)l + 1) (B, + 1)1/

—

@
Il
-

Proof. Under the assumptions of the theorem we have from [319] that
. /(5 — )Mk DMy (7)) dry, G €T
(ml _ kz _ 1)' o K2 K3 K2 K2 19 .

(20.16)
So using (20.6) with v;(s;) = D¥iu;(s;), ¢; = m; — k; — 1, and ®;(s;) =
| D™, (s;)|/(my — k1 — 1)! we get (20.14). O

We give

Corollary 20.7. All are as in Theorem 20.6. Then

N N -
M, Spl/erlnx;/Qi [Zl(/ (zi — si )ﬁ +1|Dm1u (s;)
, 0

i=1 =1 Pi

1/rp
p1ds> 1 ,

(20.17)
where r > 0.

Proof. Apply (20.12). O

Note. Theorem 20.6 and Corollary 20.7 are similar but generalize The-
orem 4.1 and Corollary 4.2 of [189].

We proceed with

Theorem 20.8. Let u; € CT(Q( ), T=(1,...,1) € N%, be such that
u;i(s;) =0 fors; € 0;(Q(s:)), 1 <j<d,iel Then
TN H |uz |d31 d SN

o [ R
(QN Z:wl Uqlwl)

N Ty o l/pi
_ 0

IA
=
S
s
—
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Proof. By [319] we have that
ui(si) = / /Diui(ri)dn, 1€ 1.
0

In Theorem 20.3 set v;(s;) = u;(s;), ¢; =0, ;(s;) = }Diui(siﬂ (see here
a; = fB; =0, U = 1), and the result follows. O

We have

Corollary 20.9. All are as in Theorem 20.8. Then

N N o B r
My < p /Ll [Zl(/ (o= )| D) 1
0

i=1 =1 Pi

1/rp

(20.19)
Proof. Apply (20.12). O

Note 20.10. Theorem 20.8 and Corollary 20.9 are similar and generalize
Theorem 4.3 and Corollary 4.4 of [189].

Next we apply Theorem 20.3 to fractional partial derivatives. To keep
things simple we work at d = 2.

We start with those in the Canavati [101] sense. But first we need to build
some necessary background. We need the following univariate concept.

Definition 20.11. [101, 17, 19, pp. 539-540] Let v > 0, 7. := [v], [-] the
integral part, and o := v —7n (0 < a < 1). Let f € C([0,z]), z € Ry — {0},
s € [0, z]. We consider the Riemann—Liouville fractional integral

(06 = 537 [ =0 o (20.20)

We consider the subspace C ([0, z]) of C™([0, z]):
C([0,2]) = {f € C"([0,2]): Ji_af™ € C'([0,2])}.

Hence, let f € C¥(]0,z]); we define the generalized v -fractional derivative
of f over [0, 2] as
FO = (Lo f™) (20.21)
Notice that
1 s _
— — )" fM(t)dt
et ACEU RO

exists for f € C¥([0,x]), Vs € [0,z]; x € Ry — {0}.

(Jlfocf(ﬁ)) =
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We need the following univariate result.

Lemma 20.12. [17, 19, pp. 544-545] Let v > 1,7 > 0, v —y—1 > 0,
i := [v]. Let f € C¥([0,z]), € Ry — {0}, such that f9)(0) =0, j =
0,1,...,n— 1. It follows that f € C7([0,z]) and

™M (s :—/S s—t) LM ydt, Vs e [0,z], z € Ry — {0}.
[7(s) F(V_'Y)O( ) ) [0, ] +— {0}

(20.22)
We define fractional partial derivatives in the Canavati sense.
Definition 20.13. (i) Let v > 0, 7 := [v], o := v — n; assume here
f(,1) € C¥([0,2]); © € Ry — {0}, Vi€ [0,y); y € Ry —{0}.

We define the wv-partial fractional derivative of f with respect to

s: 0" f(-,t)/0s” as
0" f(s,t) 0 < 0" f(s,t)
= Ji—a

Os 0s™

5 = 3 ) , Y(s,t) €[0,2z] x [0,y]. (20.23)

(ii) Let p > 0, m := [u], B := p — m; assume here
f(s,-) € C*([0,9]); y € Ry — {0}, Vs € [0,2]; € Ry — {0}

We define the p-partial fractional derivative of f with respect to
t: M f(s,-)/OtH as

o' f(s,t) O <J1g6mf<s’t)

TSI Sim ) , Y(s,t) €[0,z] x [0,y]. (20.24)

otn ot

We present

Theorem 20.14. Let f: [0,2] X [0,y] = R, z,y € Ry — {0}. Let v > 0,
n:=[,a:=v—n;p>0,7:=p], §:=p—7. Assume

—5(+,82) € CY([0,2]), Vs2 € [0,y].

Suppose also that 0" f /sy (s1,-) € C*([0,y]), Vs1 € [0,x]. That is, there ex-
ist the fractional mized partial derivatives OV f /0s0sh and 9P f /DshdsY
on [0,z] x [0,y], that are meant the obvious iterated way. Suppose further:
(1) fe ™ ([0,2] x [0,y]).
(2)

Gi(t, s2) == /082(52 —5)7° (Z;‘g (t,s)ds € C™'([0,x] x [0,y]).  (20.25)
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3)

Mi(t, 52) = A (59— 5)70 8‘2;225 F(t, s)ds € CL([0,2]) x [0,4]). (20.26)

(4) Let

S1 S2 n—+Tr
F(s1,892) := / / (51— 1) %(sp —8)7° 0 = f(t,s)dsdt.  (20.27)
o Jo 0stos}
Assume Fy,, F,, Fs,5, € C([0,z] x [0,y]).
()

n

Ga(s1,5) = /031(51 - t)_“aas?f(t, s)dt € CV7([0,2] x [0,9]).  (20.28)

(6)

S1 8n+17
Ma(s1, 5) ::/O (31 = 07" o ()it € CH(0,) x 03] (20.29
1

Then
aqup f B ap+u f

vl PV
0s70s,  0s40sY

(20.30)

and are continuous on [0, z] X [0,y].

Proof. We observe the following

o or 1 o 51 gn op
dsh T T(1—a) 951 -7 — f(t dt
sy (835“81,82)) T(1 = a) 951 (/0 (s1—1) Bs7 (635 f( ,32)> >

_ L O [y —pya 2 [0 ([, s & |
_F(lfa)r(lfé)asl _/0 (51-%) 85?{852 (/0 (s2 =) Bsgf(t’s)ds>}dt_

(by Proposition 20.2)

_ L Y P 2 L Y ST |
T T(I— (1 6) ds1 /0 (s1 1) 832{83?(/0 (s2 = 9) asgf(t’s)ds>}dt_

(by Theorem 24.5, p. 193 of [10])

B 1 o s1 o B) so 3 s 87L+F
= —F(l T E |:/() (s1—1) EP (/0 (s2 —s) D705 f(t, s)ds> dt}

1 62 s1 s 5 an+F dsd 1
= — 1) (s2 — )~ _f(t t| = A
T(1— a)I(1 — 6) 951052 /0 /0 (51 =) (s2 = 5) EEEE: 1t s)ds
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Similarly we have

fl’( o 51,32>) m_é 8@(/’52(825) ooF (gi:f(sl,s)>ds>

83’2’ sy
o 5af o /Sl _om

— — ¢ — — )T —f(¢ dt d

VO (52 =) 855{651< , (1Y) as’ff(’s) )} S}

T(I—a)l(1-0) a)F(l —5) ds2
(by Proposition 20.2

1 8(/()”(52—5)29(1((;9:; </031(51_t)a;;f@&ﬂt))ds)

T T(1— a)l(1-9) s

(by Theorem 24.5, p. 193 of [10])

B 1 i s2 B —5i s1 e 8n+F
B E </0 (2 =) 55 (/0 S as;lasgf(t’s)dt>ds>

1 82 ~So  [S1 s 8n+7‘ dtd
= —s) —t) —f(t t
T(1— a)I(1 — 8) 52051 /0 /0 (s2 =) (s1 =) asgtasgf( »8)dtds
1 82 s1 s2 s an+i
—t)« —s) — f(t, s)dtd. =A
T(1— a)[(1—06) 951052 </0 /0 (51 =0 o2 =) 5o T (0 9) S) ’

proving the claim. [J

We need

Lemma 20.15. Let f € Lo ([0, A] x [0, B]), where A, B € Ry —{0}. Let

F(z,y) := /r /Oy(:r—t)a(y—s)ﬁf(ms)dtds, Va € [0, A], Yy € [0, B]; o, 8 € Ry.

Then
F e C([0, A] x [0, B]).

Proof. We notice that

T oy
Fla,y) = / / o — 4y — s® (¢, s)dtds
0 0

A B
— /0 /0 X[0,2]x[0,y] (t,8)|x —t|"“y_ S|Bf(t7s)dtds,

vz € [0, A], Yy € [0, B].
Let 2, € [0, 4], yn € [0,B], n € N: (2, y,) — (z,y), as n — oo, & € A,

y € B. We have, as n — oo, that

X[0,20]%[0,yn] (t,S) — X[0,2]x[0,y] (LL,S) a.e. in (t,S) S [O,A] X [O,B]
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Also, as n — oo, we have that

(2 = ||y — 5|7 f(t,s) = |z = t|*ly = s|” f(t,5), V(t,5) € [0, 4] x [0, B].
Consequently it holds

X[0,n] % [0,5m] (B )T — % [yn — s’ f(t,s) — X[0,2]x [0,5] (s s)|z—t|*ly—s|"f(t, ),
a.e. in (t,s) € [0, A] x [0, B]. Furthermore

X0,20] %[0, (b 8|20 =t " |y —5|°| £ (£, 8)| < A*B7|f(t,5)|, V(¢,s) € [0, A]x[0, B],

and A®BP|f(t,s)| is integrable. Hence by the dominated convergence the-
orem we obtain, as n — oo, that

A B
Flanyn) = /0 /O X0l (0] (b 5)Tn — t1°1yn — 5P £(1, 5)dtds

— /0 ! /0 T a0 (0 ) — 111y — 517 £, )dtds = F(a ),
proving that F is jointly continuous in (z,y). O
We present
Theorem 20.16. Here i =1,...,N. Letv; > 1,v, > 0,v; —v, —1 >0,

ni = [vil, and g, p; > 1y = pp =120, mi = [, rii= pi]; @i,y €
Ry —{0}. Let f; € C™7i([0, 2] x [0,y;]). Assume that

8pifi »
RRE (-, 8i2) € C7([0,24]), Vsi2 € [0, 4],
i2
and
& 5”ifi) ,
— (= 1(0,82) =0, allj=0,1,...,n; — 1; Vs;0 € [0,9;].
dsh <63f21 (0, 522) J 2 € [0,:]

Also suppose that

o f;
_uf(sila ) € C*i([0,yi]), Vsii € [0, 2],
dsii
and
ol [0V f; .
8332 <@> ($1,0) =0, allj=0,1,...,m; —1; Vs;1 € [0, 2].

We supposeditVi f;/0st50sYi € Loo([0,2;] x [0,1:]). Further assume that
fi fulfills all assumptions of Theorem 20.14 (by indexing all there by 7).
Then we get the continuous function

Sil 842 1 1
/ / (si1—t31)" 77 (sg2—ty2)Hi TP
o Jo

0ViTPi fi(si1, i2) _ 1
‘93:{‘9555 T(vi —v)T (s — p;)
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" 3m+uifi
122 v,
0s;50s;]

all i=1,...,N.

(ti1, tio)dtiodtsy, V(si1,si2) € [0, 23] % [0,y4], (20.31)

Proof. By using Lemma 20.12 we obtain that
o fi

W('?sﬂ) S C%.([O)xl])’ VSiQ S [07:%]
Si2

Furthermore we get

OVitr; fz Vi OPi fl
A Y0 Pi (Sil ) Si?)

T (Sins8i2) = 250 | o5
0s;70s'q Os;i \ 0s53

1 , ovi (0 f;
- = 1 — tl VZ_FYi_l n _’L tl 5 O7 dtl
)/o et 8851’(8855( 182)) 1

F'(vi—,
1 Sil 6l’i+Pi
= [ (si = )T o filtar, i)t
L(vi =) /0 (s ) 0sYj 05’ filtin, siz)dtia
Vs;1 € [O,l’i]; Vs;9 € [O,yl} (2032)

Again applying Lemma 20.12 we get

0 f;
P L 1) € (0., Yt € [0,
Si1
and I

1 /3i2 1 OMi 81’1‘}01
== (sig — tig)H 7P — | === | (i1, tin)dtia,
C(pi —pi) Jo dsly \ Osi}

Vsio € [0,ui]; Vta € [0, z4].

Thus we have

8Pi+l’ifi 1 /51'2
ti1.S: — Sio — ts Hi—p;—1
88521881;17 ( 11y 12) F(qu — p,) 0 ( 12 12)

" OMiTVi fi
My Vi
055508}

By Theorem 20.14 we obtain that

(t“,tig)dtig, VSiQ S [07yi]; Vtﬂ S [O,LCZ] (2033)

api""’/ifi B al/i‘f‘l’ifi

= 0, x;] x |0,y 20.34
Osts0sty — 0sYiosty over [0, z:] x [0, ] ( )
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Using (20.34) and plugging (20.33) into (20.32) we finally find

OVitPi fi(si1, 840) 1 il
i\21ly 91 _ ot vi—y;—1
9s]{0s73 L =)L (ks = ps) /0 (8a1 ~ )
§i2
X / (Sig _ tﬂ)Hi*Pi*l
0
o Jiltin, tig)dtio | dt, .
Ostg 0st)

alli = 1,..., N;there by proving the claim. Continuity of 97 %7 f;(s;1, 8;2)/
0s}i0sts is arrived at via Lemma 20.15. [

We continue with an application of Theorem 20.3.
Theorem 20.17. All here are as in Theorem 20.16. Call ;1 := (a; +

bigi)(vi —v; — 1), iz i= (ai + biqi)(p; — p; — 1); By = ai(vi —v; — 1),
Bioi=ai(u; —p;,—1); alli=1,...,N. Then

T Y1 T2 Y2 TN YN
we ol
0 0 0 0 0 0

ﬁ | 0YitPi fi(si1,8:2)

Vi 5Pl
0s,10s;3

‘d811d812d821d822 cee dSN1d8N2

N et g (ot g )
1 Qi1 qiwq (2 qiwsg
<QN Zl WiSiy Si2 )
1=

N N T; Yi
<U [ (/ / (@ — 500) 1 (yi — s39) 2!
i=1 i=1 \/0 JO
8Mi+’/ifi Pid ; 1/pi
w (| E i s ndsi | 20.36
<’85§‘5885f(8152)) e 2050
Here
. 1
U* = . (20.37)

[((@i1 + Dz + 1) (B + (B +1)) "]

=

i=1

Proof. Here we use (20.31). Call

Vit fi(si1, Sin)
833{85?5

vi(Si1, 8i2) = € C([0, ;] x [0,y:])
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and by (20.31),

OHitVi fi(841, Si2) 1
asfﬁasﬁ (v — ’Yi)r(ﬂi - Pi)

and use Theorem 20.3. Then (20.36) is obvious. O

D, (41, Siz) 1= € Loo([0,24]x[0,v5]),

We give

Corollary 20.18. All are as in Theorem 20.17. Then

N N 1 T4 Yi
M* < pl/TpU* H(wiyi)l/qi |:Z ZT (/O /O (wl _ Sil),@“Jrl(yi -~ Si2)ﬁi2+1
i=1""

i=1
Pi rq1/rp
( ) d8i1d8i2> ] , (20.38)

where r € Ry — {0}.

i t+vi g
%(Sn, $i2)
$i2 9841

Proof. By (20.36) and (20.12). O

Finally, we deal with the Riemann-Liouville fractional partial deriva-
tives. Again we work at d = 2.
First we need to build the necessary background.

Definition 20.19. (See [187].) Let o« € Ry — {0} . For any f € L(0, z);

x € Ry — {0}, the Riemann—Liouville fractional integral of f of order « is
defined by

(Jaf)(s) := F(la)/os(s — )" f(t)dt, Vs e |0,x], (20.39)

and the Riemann—Liouville fractional derivative of f of order a by

859 = e () [(em o tn e

where m = [a] + 1, [-] is the integral part. In addition, we set A®f := f =:
Tofs Jeaf = Afifa >0, and A=f == Jof,if0<a <1 IfacN,
then A% f = f(@),

Definition 20.20. [187] We say that f € L;1(0,2) has an Lo, frac-
tional derivative A®f in [0,z] , » € Ry — {0}, iff A~ kf ¢ C([0,x)),
k=1,....,m:=a]+1; a € Ry — {0}, and A~ f € AC([0,z]) (absolutely
continuous functions) and A®f € Ly (0,x).

We also need
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Lemma 20.21. [187] Let o« € Ry, 8 > a, let f € L1(0,z), z € R —{0},
have an Lo fractional derivative AP f in [0,z], and let AP~*f(0) = 0 for
kE=1,...,[8]+1. Then

A% f(s)

; 587 B—a—1ApB o .
F(ﬁ—a)/o( ) APf(t)dt, Vse[0,z].  (2041)

Clearly here A*f € Lo (0,2); thus A“f € L1(0,z).
We need

Definition 20.22. Let f: [0,2] x [0,y] — R, x,y € Ry — {0}, such that
f('»32) € Ll(oax)v VSZ € [Ovy]; f(slv') € Ll(ovy)a v51 € [0,.%}; aa/B €
Ry — {0}. We define the Riemann—Liouville fractional partial derivatives
with respect to s1 (resp., s2) of f of order « (resp., order ) by

A f(s1,82) := m(%) /0 1(51 — 1) f(ty, s0)dt,

(20.42)
where m = [a] + 1, Vs € [0, 2], all 52 € [0,y]; and

1 o\ [
A2 = — — 1) P f(s1,t2)dta, (20.43
51 (51, 82) T — A) (852> /O (52 — t2) f(s1,t2)dta, ( )
where r := [] + 1, Vsa € [0,y], all s1 € [0, z].

We define the Riemann—Liouwville fractional mized (iterated) partial deriva-
tives as

A AL fsiys2) = =AY (AL f(s1,80) = AL (51, 80),
AD AL f(s1,s2) 1+ = AL (AL f(s1,52)) = AL f(s1,52),
V(51752) € [07I] X [an]a

defined the obvious way via (20.40).
We need and give a commutativity result for the above partials.

Theorem 20.23. Let f € Loo((0,21) x (0,22)), 1,22 € Ry — {0}.
Let f1,a0 € Ry — {0}, 1 := [B41] + 1, ma = [a2] + 1. Assume that
f(s1,-) € L1(0,22) has AS2 f(s1,-) € Loo(0,72), Vs1 € [0,21], and be given
AS2f(-,82) € Li(0,21) form Aff(A‘;; (v, 82)) over [0,x1], Vso € [0,22].
Also assume that f(-,s2) € L1(0,21) has A’gf (+,82) € Loo(0,21), Vsg €
[0,22], and be given A (s1,7) € L1(0,22) form A‘;‘;(Aff (s1,7)) over
[0, 2], Vs1 € [0, 24].

We suppose further:
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(1)

Ml(tl,SQ) = /032 (82 — tz)mz—az—lf(thtz)dtg € Cm2([07.’171] X [0,%2]).

(20.44)
(2)

My(s1,t2) == /031(31 — 1) T f(ty, t)dty € CTH([0, 1] X [0, w2)).

(20.45)
(3)

S1 S2
A1, 59) ;:/ / (51— 1) P15y — 1) =2 "L £ (8 o) dbadty
0 0

€ C™ ™2 ([0, 1] x [0, z2]). (20.46)
Then there exist AE;;;”f, A?j;;ﬁlf, are continuous; and
Abitrerf — A02tR f (20.47)
on [0, x1] x [0, x2].
Proof. We observe that
Aiter f(sy s0) = AP (A2 f(s1, 52))

S182

1 o\ 5
N e —t r1—ﬁ1—1Aa2 t, dt
INCEEY (831> /0 (s1—t1) a2 f(t1, s2)dty

_ 1 i 1 s1 - g
- T = BT (m2 — az) (851) /0 (s1 —t1)

8 mo So
X <<8_) / (52 — t2)m27a271f(t17 t2)dt2> dtl
52 0

(by [10, Theorem 24.5, p. 193])

T D0 - 51);(m2 ) (ai) (ai)m

S1 So
/ / (51— t1) P17 (sg — to)™2 72T (1 ty)dtadty
o Jo

1 ot +ma

~ T(r1 — B1)D(ma — az) 07 0sy™

S1 S2
/ / (81 — tl)rliﬁlil(SQ — tg)m27a271f(t1,t2)dt2dt1 =: B < +o0.
0 0
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Also we have
AP f(s1,55) = A% (A1 f(s1, 55))

§281

1 o\ [
= —(6_) / (82 —t2)m2ia271A§11f(51at2)dt2
52 0

I'(mg — ag)
- 1 i ma sy e
~ T(r = B)T(m2 — az) (332) /0 (s2 —12)

((8%) /0 (o - tl)“‘*llf(tut?)d“>dt2

(by [10, Theorem 24.5, p. 193])

() ()
o F(?“l — ﬂl)F(mg — QQ) 882 881

S2 S1
/ (/ (59 — tg)™27 27 (5) — tl)”’gllf(thb)dtl)dtz
0 0

1 aszrh

I(ry — B1)T(ma — ag) 0s5"20s1*

S1 S2
/ / (51— t1) P17 (59 — to) ™22 L (1) ty)dtadty
o Jo

(by Proposition 20.2)

1 oritme

~ T(ry — B1)L(ma — ag) 0] sy

S1 S92
/ / (81 - tl)rliﬂlil(SQ — tz)m2ia271f(t1,t2)dt2dt1 = B7
0 0
proving the claim. O

We proceed with

Theorem 20.24. Here i =1,...,N. Let o1, 0u0 € Ry; B, 8,0 € Ry —
{0}: By = vir 4+ 1, By = cia+ 15 fi € Lo ((0,@i1) % (0,@i2)), i1, iz €
Ry —{0}. Assume that fi(si1,-) € L1(0,2:2) has A2 fi(si1,+) € Loo(0, 242),
Vs € [0,241). Assume that A2 fi(-, 5:2) € L1(0,241) has an Lo partial
fractional derivative A2 (A%2 fi(-, 8i2)) in [0,241], and

Alel_k“ (A?;;fi(o, Sig)) =0, fOT kin=1,..., [611] + 1, Vs;9 € [O, a?ig].

Suppose that f;(-,s:2) € L1(0,2;1) has A?;llfl(7822) € Loo(0,241), Vsia €
[0, 2:42]. Suppose that A’gjf fi(tir,+) € L1(0,x42) has an Lo fractional deriva-
tive AL (AL fi(tin, ) in [0, @i, and let

Alzke (Al fi(ti,0)) = 0,

Si2
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forallkis =1,...,[8;5)+1, Vti1 € [0, zi1]. Suppose Aﬁfstlﬁ‘lfi € Loo((0,241)
x (0, 242)). Further assume that f; fulfills all assumptions of Theorem 20.23
(by indexing all there by i). Then we get the continuous function

1
F(ﬂil - ail)r(ﬂﬁ - ai2)

AT fi(551, 8i9) =

Sil $i2
X/ / (sir—ti1) P17 (s —tyg) P22 T AD 2 F B £ (431 tio)dtindtin,
o Jo

V(si1, 8i2) € [0,241] x [0,242], alli=1,...,N. (20.48)

Proof. By using Lemma 20.21 we get

Aall (Aa fl('sll? 522))

1 Sil
= = i1 — ti ﬁ“_a“_lAﬁ_"’l A%z it i dt; R
T3, —%‘1)/0 (81— ta) CH(ALE fi(ti, sia))dta
(20.49)
Vsi1 € [0,241], all s;9 € [0,242]. Also by Lemma 20.21 we have

Ag> (Af:f filti, 812))

1 S§i2
= m/o (sia—tin) 22 ALz (ADi £i(t;1, 1)) dtia, (20.50)
Vs;o € [0,$i2], all t;; € [0,$i1]. That is,

A?:;;gf“fi(tih Si2)

1 Si2
= (B —om) /0 (sia — tin) 272 A2t £ (41 ti0)dtin,  (20.51)
2 — Qi

VSZ‘Q (S [O,l‘ig], all ti1 € [0,16,‘1].
By Theorem 20.23 we have existence and continuity of partials and

A 11+0412f Aa12+ﬁi1 fi7 (2052)

5i18i2 842841

on [0,z;1] X [0, x;2], all i = 1,..., N. Using (20.52) and (20.51) into (20.49)
we derive (20.48). Continuity of A$i1 72 fi(s;1, 542) is arrived at via Lemma
20.15. O

Next we give the final application of Theorem 20.3.

Theorem 20.25. All here are as in Theorem 20.24. Call &y = (a; +
biqi)(Bi1 — i —1), i = (ai +0iqi)(Bio — iz —1); By = ai(B;; —ain — 1),
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Bio = ai(Bjg — aio —1); alli=1,...,N. Then

L //

H |Aguten fi(si1, 85 |ds11ds12ds21ds0 - - dsnids e

QN
(QN Z w;s (?11“1‘1)/‘1710185212“1‘1)/‘17 7)

i=1

N
< U]___[ Ti1Li2) 1/q’ (/ / (zi1 — si1) ’gﬂﬂ(azlg — 312)5 i tl

$428i1

1/pi
}ABerFﬁzl f1 (Sila 87;2) |pi dSildSﬂ) . (2053)

Here
1

[((Gur + 1) (i + 1))1/% ((/Bu +1)(By + 1))””]

h
i

(20.54)

—

i=1

Proof. Here we use (20.48). Call

Vi (831, Sin) = ALY fi(5:1,800) € C([0,241] X [0, 242])

§i18i2

by (20.48), and
Qi (si1,8i2) := ’Afgstfﬂfi(silvsﬁ)‘
1

I8 — )T (Big — ai2)
and use Theorem 20.3. Then (20.53) is obvious. O

S Loo([O,xll] X [O,xig])7

We give

Corollary 20.26. All are as in Theorem 20.25. Then

~ N N 1 il
0 < po0 [(wama) /e [Z—( /
i i \J0

i=1 - P

Ti2 ~ ~
/ (zi1 — s1)P 1 (@2 — 8i2)2t!
0

1/rp
x| Azt fi(sa, 5i2)|pid511d5i2) ] ; (20.55)
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where r € Ry — {0}.
Proof. By (20.53) and (20.12). O

Note 20.27. One can give several examples based on all the above results
by assuming, for instance, that all a; = 1, by = 0 or a; = 0 and b; = 1; with
or without ¢; = N, w; = 1/N, p = N/N —1,¢; =c* alli=1,...,N.
Also for p; = q; = N =2, alli =1,..., N. Especially and additionally in
Theorem 20.6 one can assume m; = m*, k; = k*, all i = 1,...,N. Also
in Theorem 20.17 one can put pu;, = p*, p;, = p* , v; = v*, v, = " all
i=1,...,N . ~

In Theorem 20.25 one can put a;; = o*, B,y = %5 s = &, B;5 = 3, all
i =1,...,N, and so on. Wishing to keep the length of the chapter short,
we do not show these applications here.
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Other Hilbert—Pachpatte-Type
Fractional Integral Inequalities

This is a continuation of Chapters 19 and 20.

We present here very general weighted univariate and multivariate
Hilbert—Pachpatte-type integral inequalities. These involve Caputo and
Riemann-Liouville fractional derivatives and fractional partial derivatives
of the mentioned types. This treatment is based on [54]. Of great motiva-
tion to write this chapter have been [191, Theorem 316], [320, Theorem 1],
(322, Theorem 1], and [147, 187, 188].

21.1 Background

Here we follow [134].
We start with

Definition 21.1. Let v > 0 and the operator J¥, defined on L; (a,b) by

b
I'(v)

for a < x < b, be called the Riemann-Liouville fractional integral operator
of order v.

For v = 0, we set JY := I, the identity operator. Here I' stands for the
gamma function. Let « > 0, f € Ly (a,b), a, b € R; see [134]. Here [
stands for the integral part of the number.

JVf(x) == / (x—t)" " f(t)dt (21.1)

G.A. Anastassiou, Fractional Differentiation Inequalities, 545
DOI 10.1007/978-0-387-98128-4_21, (© Springer Science+Business Media, LLC 2009
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We define the generalized Riemann-Liouville fractional derivative of f
of order a by

D)= p () [ -0 a1

where m := [a] + 1, s € [a, b]; see also [57], Remark 46 there.
In addition, we set

Dyf = f,
J7of == D%f, if a >0,
D%f:=J%f if0<a<l,
D'f=f™ forneN. (21.3)

We need to mention

Definition 21.2. [134] Let v > 0, n := [v] and [-] be the ceiling of the
number, f € AC™ ([a,b]). We call the Caputo fractional derivative

DY f(2) = —— / S — ) (1) at, (21.4)

I'(n—v)
YV € [a,b].
The above function DY, f (x) exists almost everywhere for z € [a, ] . Here
AC™ ([a, b)) is the space of functions with absolutely continuous (n — 1)st
derivative, n € N.

We need

Proposition 21.3. [134] Let v > 0, n := [v] and f € AC" ([a,b]). Then
DY, [ exists iff the generalized Riemann—Liouville fractional derivative DY f
exists.

Proposition 21.4. [134] Let v > 0, n = [v]|. Assume that f s
such that both DY, f and DYf exist. Suppose that f*) (a) = 0 for k =
0,1,....n—1.

Then

f=Drf. (21.5)

In conclusion

Corollary 21.5. [58]
or DY f exists, and )

h

etv>0,n:=[v], feAC" ([a,b])), DY, f exists
a) = =0,1,...,n—1.

—
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Then
DLf = DY, f. (21.6)

We need

Theorem 21.6. [58] Let v > 0, n := [v], f € AC"([a,b]), and
f®(a)=0k=0,1,...,n— 1.
Then

1

f(z)= N / (x— )" DY, f () dt. (21.7)

We also need

Theorem 21.7. [58] Let v > v+ 1, v > 0. Call n := [v]. Assume
f € AC™ ([a,b]) such that f*) (a) =0, k = 0,1,...,n — 1, and D¥,f €
Lo (a,b). Then DI, f € AC (|a,b]), and

D@ = s [ D (21

YV € [a,b].
Theorem 21.8. [58] Let v > v+ 1, v > 0, and n := [v]. Let [ €

AC™ ([a,b]) such that f*) (a) =0,k =0,1,...,n—1. Assume IDY f (z) €
R, Vx € [a,b], and DY f € Lo (a,b). Then D) f € AC ([a,b]), and

1

Dy f(z) = o=

/ Cwo 0TI DIF(d (219)
a
Va € [a,b].

In [41] we proved the following result which we use here.

Theorem 21.9. Here for i € {1,...,n}, take x; > 0, and assume

u; € Ll (vai)7 gi € LOO ((Oaxi)Q) ) q)z € LOO (O7xi)7

with g;, ®; > 0. Take 7; > 0, p;, ¢; > 1: 1/p; +1/q; = 1, and w; > 0 such
that Y1 wi = Qy, and a;, b; € [0,1] such that a; +b; = 1. Call

Si
@; (si) = / (gi (3, 73) 0T dry. (21.10)
0
Assume @, (s;) > 0, with the exception ; (0) = 0. If

u; (s1)] S/O (9i (54,73))7" @4 (73) drs, si €[0,], i=1,...,n, (21.11)
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then
- o IT |wi (s4)]
I = / =1 a-ds1...dsy
0 0 n wi\
(an ;wz‘ (p; (s:)) "/ )
n 1 T T; 1/pi
S H xi/qi |:/ ((I)i (Ti))pi </ (91 (Si7 Ti))ai‘ri dsl) dTZ:| . (2112)
i=1 0 T4

Also from [41] we need

Corollary 21.10. All are as in Theorem 21.9 and 1/p := Y. | 1/p;,
7> 0. Then

i=1 i Pi

< (/m (g: (5, 72)) ™ dsi> dn-ﬂ o (21.13)

For the multivariate results, Section 21.3, we need

Symbols 21.11. By Z (Z) and R (R ) we denote the sets of all (non-
negative) integers and (nonnegative) real numbers. In the following we work
with functions of d variables, where d is a fixed positive integer, writing the
variable as a vector s = (31, cee sd) € R%. A multi-index m is an clement
m = (m e ,md) of Zi. An usual, the factorial of a multi-index m is de-
fined by m! = m!!...m?!. An integer j may be regarded as the multi-index
(4,...,7) depending on the context. For vectors in R? and multi-indices we
use the usual operations of vector addition and multiplication of vectors
by scalars. We write s < 7 (s < 7) if s/ < 77 (sj < Tj) for1 <j <d.
The same convention applies to multi-indices. In particular, s > 0 (s > 0)
means s/ > 0 (sj>0) if1<j5<d.

If s = (s',...,5%) € R and s > 0, we define the cell

Q(s)=1[0,s"] x...x [0,s] x...x [0,5%];

replacing the factor [O, sj] by {0} in this product, we have the face 9;Q (s)
of Q(s).

Let s = (s,...,s%) , 7= (7',...,7%) € RY, 5,7 > 0,let k = (k',... k)
be a multi-index, and let u : @ (s) — R. Write D; = 9/0s’. We use the
following notation.
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1

D"u (s) Dk~Dd (s),

/ T)dr = / / .drh. (21.14)

An exponent a € R in the expression s, where s € RY, is regarded as a
multiexponent; that is, s* = (@~ Let N € N be fixed.
The following notation and hypotheses are used in the following.

[={1,...,N}
mg, 1 €1 m; = (m},...,m¢) e 2%
xi, 1 €T z;=(x},...,28) €eRY x>0
Pis qis i €1 Piy i > 1, oo o= (21.15)
p, q %:va1ivé:2?;1i
a;, by, 11 ab€R+,al+b*

wi, 1€l w; €R, w; >0, Z L wi = Q.

In the sequel, u;, v;, ®; denote functions from @ (z;) to R that are measur-
able with further L,-type assumptions. If m is a multi-index and x € R?,
x > 0, then C™ (Q (x)) denotes the set of all functions u : @ () — R that
possesses continuous derivatives D¥u, where 0 < k < m. In [42] we proved
that in C™ (Q (z)) the order of differentiation does not matter.

We further denote o; := (a; + b;q;) ¢; € RY, B, := a;c; € R?, for ¢; € RY,
i € I. In particular we observe that
xl/th _ (mzl)l/q'i (x?)l/fh ’

K2

N N d g
[T+ =TT (a +1) . (21.16)
=1

i=1j=1

From [42] we use the following.

Theorem 21.12. Let v; € Ly (Q(x;)), ®; € Lo (Q(z4)), ®; > 0,
>-1;¢€RY i=1,...,N.

Set )
U= . (21.17)

IT (o + )M (8, + 1)

i=1

LetJi::{je{l, Y| —1<d <0} If Ji # 0 we take

(HCZ) . (21.18)
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Assume

‘Ul(SZ)‘S/ (Si—Ti)ci‘I)i(Ti)dTi, VSlEQ(.’L‘l), i=1,...,N. (21.19)
0

Then N
T3 Ty H |vi (s;)|dsy...dsy
M = / i=1 .
0 0 N it 1) aiws N
)
1/10«;
i=1 0

Finally from [42] we use

Corollary 21.13. All are as in Theorem 21.12. Then

N
]\41 S pl/TpUHl,i/‘Zi
i=1

YT

[i% </0w (i — )7 @y (50)" d8i> ] : (21.21)

where T > 0.

21.2 Univariate Results

We present the first main result of this chapter.

Theorem 21.14. Let i € {1,...,n}, z; >0, v, > 0, v; > v, + 1. Let
fi € AC™ ([0, 24]) , nq o= [v3], such that fF7(0) =0,k =0,1,...,n;—1,
and D}y fi € Loo (0,2;). Let pi, ¢; >1:1/p;+1/¢; =1, and w; > 0 such
that Z?:1 w; = Oy, and a;, b; € [0,1] such that a; +b; = 1. Then

H |D*o i 31)’ dsy...ds,

I =
2 / / Sllaitvia) (vi—vi-) 1) aiws 2
< Z W ((CL +bz‘h)(”z 71_1)"!‘1)1/(1'” ")

<[ [ [ s

1/pi
Pi (g — t; )[ai(Vi*’Yifl)Jrl] dti] . (21.22)
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where

C = ﬁ ( ! ) : (21.23)

i \D (s — ) (@i (v = — 1) + 1)/

Proof. By Theorem 21.7 we get

0

L'(vi—
Vs; € [0, l‘l] .

Here we apply Theorem 21.9. By Theorem 21.7 we have that DZ& fi €
AC ([0, z,]); also by assumption DZjf; € Lo (0,2;); and by (21.24) we
have

. 1 5 1 .
Dlifi(si)| < —/ (si—t;)"" "7 DY fi (t:)| dti,  (21.25)
| 0 | T (vi =) Jo 0 |
Vs; € [0, 2] .
We set,
w; := D} fi, 9 (si,ts) == |si — b,
DY i (t;
(D’L(tl) ::| *Of( )| and
L'(vi—;)
Ti=vi—7v;— 1, t=1,...,n.
Here

P (8) = / (5 — t;) @) gy =
0

S(ai+biQi)(Vi_’Yi—1)+1
1

>0, Vs; € (0,2], 91.26

(a; +bigi) (vi —v; —1) +1 (0, ( )

with ¢; (0) = 0. Now the proof is clear. O
We give

Corollary 21.15. All are as in Theorem 21.14 and 1/p := > | 1/p;,

7> 0. Then
I < p1/TpCHxl1/qi lz 1

i=1 im1 Pi
X
{/0 | D fi ()

9 1/7p
Di (1,1 . ti)(ai(yi*7¢*1)+1) dti} ] ) (21_27)
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Proof. By using (21.22) and the inequality of means: for any A; > 0
and 7 > 0, we obtain

n n 1/7p
1/pi 1.
i];[lA/p < (p;pi/li> . (21.28)
Here we put
Xy
A= [ D% (0)
0
n. O

P (g — ty)l D gy (21.29)

1=1

We continue with

Theorem 21.16. Let i € {1,...,n}, z; > 0,v, >0, v; > v, + 1. Let
fi € AC™ ([0,24]) , nq o= [v4], such that 7 (0) =0, k; = 0,1,... n;—1,
and there exists D' f; (si) € R, all s, € [0,2;], and D§' f; € Lo (0,2;) .

Let p;j, q¢; >1:1/p; +1/q; =1, and w; > 0 such that >\ w; = Q,, and
ai, b; € [0,1] such that a; +b; = 1. Then

ﬁ |Di fi (si)|dsy ... dsy,

o =
5 / / < ((a+bml)(v1—m—1)+1)/qlwl)Qn

((a +biq:) (v ’71_1)+1)1/q7w7

1/pi
'y — tg)l@r iy D dti] . (21.30)

<OH 1/(11 |:/ Dulfl(l)
0
where C is as in (21.23).

Proof. Very similar to the proof of Theorem 21.14, now using Theorem
21.8 and applying Theorem 21.9. [

We also give

Corollary 21.17. All are as in Theorem 21.16 and 1/p :== > | 1/p;,
7> 0. Then
I3 < pl/'rpCv x;/‘h -

Ti 9 1/mp
{/ | DY fi (8) [P (a2 — ti)(ai(w—’vi—l)-i-l) dti} } ) (21.31)
0

Proof. By using (21.30) and (21.28). O

One can give a variety of applications of the derived inequalities (21.22),
(21.27), (21.30), and (21.31), for various specific values of the involved
parameters n, p;, ¢;, w;, a;, and b;.
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21.3 Multivariate Results

We need the following.

Definition 21.18. (See also [42].) Let f : [0,2] x [0,y] — R, =, y €
Ry — {0}, such that f(-,s2) € L1(0,x), Vs2 € [0,y]; f(s1,7) € L1(0,y),
Vs1 € 10,2]; o, B € Ry — {0}

We define the Riemann—Liouville fractional partial derivatives with re-
spect to s1 (resp., s2) of f of order « (resp., order (3) by

9 m
i = s ()
/81 (51 - tl)m—a—l f (tl, 52) dtl, (2132)
0

where m := [a] + 1, Vs € [0,2], all s3 € [0,y]; and

Pt = 7 ()

/52 (s2— o)™ 77" f (51, 12) dts, (21.33)
0

where 7 := [3] + 1, Vs2 € [0,y], all s1 € [0,2].
We define the Riemann-Liouville fractional mixed (iterated) partial deriva-
tives as

D?1D52f(51?82) = D?1 (Dng(SMSQ)) = Da+ﬁf (81a32)7

S182

DEZDO‘ f(s1,82) := DEZ (D2 f (s1,82)) == DPYef (s1,80), (21.34)

S1 5281
Y (s1,82) € [0,2] x [0,y], defined the obvious iterated way via (21.2).
Clearly in the last (21.34) we assume that DY f (s1,s2) € L1 (0,z), Vsz €
[0,y], and DS f (s1,52) € L1(0,y), Vs1 € [0,2].

We also need

Definition 21.19. Let f : [0,2] x [0,y] — R, x, y € Ry — {0}, such
that f(-,s2) € AC™ ([0, x]), Vsa € [0,y], where n:= [v], v > 0; f(s1,-) €
AC™ ([0,y]), Vs1 € [0,2], where m := [u], u > 0.

We define the Caputo fractional partial derivatives with respect to s;
(resp., s2) of f of order v (resp., order p) by

1
DI, f (s1,82) := Tn—v)
o n—v— an
/ (Sl —t1> ! 87”‘]0 (t1,82>dt1, (21.35)
0 51
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Vs1 € [0,2], all s3 € [0,y]; and

1
D =
Yo, f (s1,52) T (m— p)
52 m—p—1 8m
(82 —tz) —mf(sl,tg) dtz, (2136)
0 s

Vsq € [0,y], all 51 € [0,2].
We define the Caputo fractional mixed (iterated) partial derivatives as

DY D! (81, 82) = DV (D/’L (81, 52)) = DV+'U’ f (81, 52) y

*S§1 77 kS0 *S1 *Sg %5182

DY, DY, f(s1,82) := Dl (DY, f (s1,82)) := DUEEL f(s1,80),  (21.37)

Y (s1,$2) € [0,2] X [0,y], defined the obvious iterated way via (21.4).
Clearly in the last (21.37) we assume that DY, f (s1, s2) € AC™ ([0, z]),
all 55 € [0,9], and that DY, f(s1,s2) € AC™ ([0,y]), all s; € [0,2].

We need

Theorem 21.20. Let f be as in Definition 21.19. Additionally assume
that f € C™) ([0,2] x [0,9]) .
Then
DVJFIL f (51, 82) == D#+V (51, 52) 5 (2138)

*S182 *8281

for all (s1,s2) € [0,2] x [0,9].
Proof. We observe that

D:;;;Qf(81752) = D:gl (Dibszf(‘sl?sZ)) =

1 S1 e an
) / (81 — tl) ! _— (Df:SQ (tl,SQ)) dtl =
0

I'(n—v Osh

1 /91( —t )n—l/—l ﬂ
F'n—v)T'(m—p) Jo h Ost

S2 1 8"”
(/ (50 —t2)™ "7 [ (t1,t2) dtz) dty
0 dsy’
(by [10, Theorem 24.5, p. 193], repeated application)

1 81
_F(H*V)F(m*u)/o

/52 (s1—t1)" " (s —tg)" ! o f (1, t2) dty ) dt
0 1 1 2 2 as?asén 1,02 2 1
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(by Fubini’s theorem and commutativity of ordinary partials)

1 52
_F(m—M)F(n—V)/o

S1 am+n
— )" TP (s — )T L f(ty, L) dty ) dt
(/0 (52 2) (51 1) 83’2”85711]0( 1,t2) 1) 2
(by [10, Theorem 24.5, p. 193], repeated application)

— 1 /82( _t)m—p, 16_
CT(m—p)T(n—v)Jy 2T sy’

o n—v— a
(/ (81 — 1 ) ! (9 n (tl,tg) dt1> dtg =
0

= (ml_ — / 2 (59— tg)™ H 1 aam (DY, f (s1,t2)) dio

= DY, (D%, f (s1,52)) = DY f (s1,82),

proving the commutativity of Caputo fractional mixed partials under the
assumptions of the theorem. [

We give the counterpart of the last theorem.

Theorem 21.21. All are as in Theorem 21.20. Assume that R 5D f
(s1,82) emists in sy € [0,y], Vs1 € [0,z], and O'f/Dsh (51,0) = 0, 1 =
0,1,...,m — 1, Vs; € [0,]. Assume that DY f(s1,s2) € AC™([0,z]),
Vsy € [0,y], and R >DY (DY f(s1,s2)) exists in s1 € [0,2], Vsg € [0,y],
with OF /9sk (DS“2 (0,32)) =0, for k = 0,1,....,n — 1, Vs € [0,9]
Also suppose that R >DY f(s1,s2) exists in s1 € [0,z], Vso € [0,]
and OFf/0sY (0,s9) = 0, k = 0,1,...,n — 1, Vs € [0,y]. And suppos
that DY, f (s1,s2) € AC™([0,4]), Vs1 € [0,2], and R 2D% (DY, f (s1,s2)
exists in sy € [0,y], Vs1 € [0,2], and 0'/0s) (Dzlf(sl,O)) =0,1
0,1,...,m—1,Vsy €0,z].

Then

—_ Q-

DV+Mf (81,82) D’H_ f(Sl,Sg), (2139)

S182 5281

for all (s1,s2) € [0,2] x [0,y].

Proof. We apply Theorem 21.20 and use Corollary 21.5 repeatedly.
Namely we have the following.
We notice

DI (s1,82) = DY, (DL, f (s1,52)) =

DY, (D4 f (s1,52)) = D%, (D4, f (s1,52)) = D f (s1,52) -

*S1
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Similarly we have

DEEY f(s1,82) = DY, (DY, f (s1,52)) =

k828571 *S9 *S1

DY, (DY f(s1,s2)) = DY (DY f (s1,82)) = DY f (s1,52).

Now using (21.38) we prove the claim. O
We need

Lemma 21.22. [42] Let f € L ([0, A] x [0,B]), where 4, B € R, —
{0}. Let

F(z,y) = /0m /Oy (x =) (y — s)ﬁf(t,s) dtds, (21.40)

Ve €[0,4],Vy €[0,B]; a, B € Ry
Then F € C ([0, A] x [0,B]).

We further present

Theorem 21.23. Here i = 1,...,N. Let a1, cuo € Ry By, Bin €
Ry —{0} : B3 > air + 1, Bip > aso + 15 @1, w2 € Ry — {0}, fi :
[O,Cﬂﬂ] X [0,.’£1‘2] — R. Call N1 = (ﬁil—l, N2 = ’VB,L-Q—I; )\1‘1 = [Cvil—l,
Xiz := [aia]. The mized partials Dot f, Dl g, pluteiz fang
Df;‘f;i“fi are considered according to Definition 21.19.

Assume that f; € C™1:22) ([0, 2] % [0, 242]) and are as in Definition
21.19.

Suppose D2 fi (-, si2) € AC™* ([0, 241]) , such that

P
o5,

(DOtiQ f; (0751.2)) =0, k; =0,1,...,n;1 — 1, and

*8i2

Df;};;?;zfz (', 87;2) S Loo (07 1’1’1) s all these vSiQ S [O, {EiQ] .

Suppose that ng}l i (tin,-) € AC™2 ([0, 242]) , such that

ol :
al. (Dféqll l(t1170)) =0, li:Oala"'anZQ_la and
Si2

ngf;i“fz (tila ) S Loo (0, xiQ) y all these Vtil S [O, £E1'1] .

Further suppose

DLEtln g e Lo ((0,211) % (0,22)) .
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Then we obtain the continuous function

a1tz 1

*S8:184 i \Si1, Si =
i15:2 fi(si1, si2) (B — i) T (B0 — i2)

Sil Si2
/ / (si1 — til)ﬁ“iailfl (si2 — tiz)ﬁ"raizfl Dfé?;i“fi (tir,ti2)
0 0
(21.41)
dtigdtil, V(Sil, Sig) S [0,33‘2'1] X [O,Z‘ig] s all i = 1,...,N.

Proof. By using Theorem 21.7 we have

1

D2, (D2, fi (s, i) = TGa—on)
71 7

Sil
/ (s — ti) " DI, (D222, fi (b, si2)) dtan, (21.42)
0

Vsil e [0, xil] , all S0 € [0,.’E7;2] .
Again by Theorem 21.7 we obtain

1

a; B;
D2, (DXL fi (b, s2) ) = o
802 i fi (ti, si2) T (B — i)

Si2
/ (sig — tig) 227! Df‘é,ﬂ ( fé}l i (i, ti2)> dt;o, (21.43)
0

Vsio € [O,(Eig}, all t;1 € [O,Z'il].

That is,
1

[ ANl N ¢ P
8i28i1 fz( il 812) F(ﬂzz — Oéi2)

Si2
/ (si2 — tiz)ﬁ”_aiz_l Dfsif;;ﬁ“fi (ti1, tio) dtso, (21.44)
0

Vs;o € [O,xiQ}, all t;; € [O,I'il] .

Using Theorem 21.20 we obtain

DU fi = DR i, (21.45)
on [0,x;1] x [0,242], alli=1,...,N.

Using (21.45) and (21.44) into (21.42) we derive (21.41). Continuity of
D*O‘Siilltf;ﬂ fi (si1, si2) is arrived at via Lemma 21.22. [

Next we apply Theorem 21.12 for d = 2 at the fractional level.
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Theorem 21.24. All here are as in Theorem 21.23. Call &1 := (a; + b;q;)

(Bin — i1 — 1), Qo = (a; +0iqi) (Big — io — 1)5 B = ai (B — ain — 1),
Bio =a; (B —aig—1);all i =1,...,N.

Then
T11 Tr12 T21 22 TN1 TN2
MQ;:/ / / / / /
0 0 0 0 0 0
N
‘HI ‘ngjlﬁg’in (s, 31’2)‘ dsi1dsi2ds21dsay . .. dsn1dsne
i

QN 12

i=1

N Qn
ai1t+l)/qiwi (qiz+1)/qiwi
( L S s Gt/ g (Ga D) /g >

N N Tl T2 _
< UH (i) H (/0 /0 (zi1 — si1)" (21.46)
i=1 i=1

3 i 1/pi
(@2 — Siz)giz—|r1 ‘Dféf;i“fi (si1,8i2) d5i1d5i2> .
Here
U:= ! (21.47)
N ~ ~ 1/q: : : pi]’ .
T | (@ + 1) @+ 1) (B +1) (P2 +1))

Proof. Here we use (21.41). Call
v (Si1, 8i2) = DEELY2 fi (si1, si2) € C ([0, 241] % [0, 242])
by (21.41), and
Dfé?;i“fi (si1,5i2)
r (/Bil - ail) r (51‘2 - Oli2)

by assumption; also set

P, (Sﬂ, 31‘2) = € Lo ([0, 121‘1] X [0, 581'2])

cin = By — o1 — 1, cioi= B — o — 1,

and use Theorem 21.12. Then (21.46) is obvious. O
We give

Corollary 21.25. All here are as in Theorem 21.24. Then

N N X X ~
1/7p77 oY a 1 ! ’ e \Batl
My < p/7PU I | (zi12i2) g o (xi1 — si1)
i=1 i—1 1 \JO 0



21.3 Multivariate Results 559

(wi2 — s )ﬁLZH Dféf;lﬁflfz (si1, Siz)‘pi dsudsiz) ] o ) (21.48)
where 7 > 0.
Proof. By (21.46) and (21.21). O
We further give

Theorem 21.26. Here i = 1,...,N. Let a1, cio € Ry; By, Big €
Ry = {0} : By > aan + 1, By > o + 15 2, 20 € Ry — {0}, f; :
[O,l‘il] X [O,l‘ig] —— R. Call N1 = |— 111 nzg = ’—Bﬂ-' /\11 = [Oéil],

i . . ) +8 ﬁ +ai2
Aiz = [ay2] . The mived partials D;lll;;aﬂfu zgsll " fiy, Dsjlsis © fi, and

D;fstlﬁ i fi are considered according to Definition 21.18.
Assume that
Dfuteef, = Dyl f. (21.49)

(For sufficient conditions for (21.49) see Theorem 21.21.)
Suppose D32 fi (-, 542) € AC™ ([0, 241]) , such that

ok

o5

(D?:zzfi (O’ 81'2)) = 03 ki = 07 ]-a ceey Ny — 1;
and there exists in R the next
+ k3
slfslza 2fi (+,8i2) € Loo (0,241), all these Vs;5 € [0, z2] .

Suppose that DI f; (ti1,-) € AC™2 (|0, z;2]) , such that

9"
1
Osi

( sllfz(zly )):07 li:()’la"wniQ*la

and there exists in R the next

12+511f1 (ti1,") € Loo (0,242) , all these Vit;1 € [0,241] .

S$i2841

Further assume

DBiztBi f e Lo ((0,251) x (0,242)) .

$i28i1
Then we obtain the continuous function

1
r (/gil —a)l (ﬂi2 — Qyz)

Do fi (i1, 850) =

§i15i2

Si1 Si2
/ / (si1 — ta1) 7 (sip — tn) P2 72T DI B f (141 o)
o Jo
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dtigdtil, N (Sil, Sig) € [0, -Til] X [0, .Z’Z'Q] yalli=1,..., N. (21.50)

Proof. By using Theorem 21.8 we have

Da (D5 filensa)) = prgm—oy
Si1
/0 (sin — til)ﬁ“ ot Dﬁ’f (D22 fi (tir, si2)) dtin, (21.51)

vsil (S [0, xil] , all S0 € [O,.’Eig] .
Again by Theorem 21.8 we obtain

1
Do (D f; (ti1, $i2)) = =
o ( o filta, s 2)) I (Biz — ciz)
S42
/0 (Sig — tig) iz @iz—1 be‘; (Df;ll fz( i1, t )) dtlg, (2152)
VSZ‘Q S [O,Z‘,’Q}, all ti1 € [O,xﬂ].
That is,
1
i2+Bi1 -
1225116 filtia, si2) = [ (B2 — i)
8i2
/0 (si2 — tig) 272! DB i (tiy,ti0) dtia, (21.53)

VSig S [O,$i2}, all ti1 € [0,1‘1‘1].
Using (21.49) and (21.53) into (21.51) we derive (21.50). Continuity of

Dgirtai2 fi (si1, si2) is arrived at via Lemma 21.22. O

Next we apply Theorem 21.12 for d = 2 at the fractional level again.

Theorem 21.27. All here are as in Theorem 21.26. Call &y = (a; + big;)
(Bin —air = 1), qug == (a; + biqi) (Bi0 — iz — 1) Bi1 := a; (B — in — 1),
Biz = ai(Bjg —iz—1);alli=1,...,N.

Then
T11 12 r21 22 IN1 TN2
A A A Ay A |
0 0 0 0 0 0
N
II |D;illsffi2fi (si1s 812)| dsi1dsiadsoidsas ... dsn1dsna
i=1

1291 Si2

N QN
(L Z w;S (a11+1)/QIw1 (a12+1)/q1w1>
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3 i 1/Pi
(331’2 _ Si2>ﬁi2+1 |Dfii22:i‘lﬁil fi (3“7 si2)’p dsildsig) .

Here
1

((qin + 1) (a2 + 1))1/Qi ((Bil n 1) (BiQ N 1))1/171} .

h
I
—
[\
=
ot
5
N

—

i=1

Proof. Here we use (21.50). Call
;i (8i1, 8i2) = D2 £ (si1, 812) € C ([0, 241] % [0, 242])
by (21.50), and
DIz fi (301, 802)
(81 — i) T' (Bip — aiz)

by assumption; also set

P, (Sﬂ, 8i2) = € Lo ([0, .131‘1] X [0, xiQ])

ci1 =P —ain — 1, cig = By — age — 1,
and use Theorem 21.12. Then (21.54) is obvious. O
We give

Corollary 21.28. All here are as in Theorem 21.27. Then

N N X xZ; ~
1/7p77 1/qi 1 ' ’ B+l
Mz < p/"PU I | (xinzi2) E o (i1 — si1)
i=1 i=1 £t \JO 0

) T11/7mp
(xﬂ _ SiQ)ﬁi2+1 ‘Dﬁiz-i'ﬁil fi (Si17 si2)’p1, dSildsig) ] , (21.56)

832841
where 7 > 0.

Proof. By (21.54) and (21.21). O

One can give a variety of applications of the derived inequalities (21.46),
(21.48), (21.54), and (21.56), for various specific values of the involved
parametersv SUCh as N» Pis 4i, A4, bi, Wiy OG1, 42, ﬂil? and ﬂi?'
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Canavati Fractional and Other
Approximation of Csiszar’s
f-Divergence

Here are presented various sharp and nearly optimal probabilistic inequal-
ities that give best or nearly best estimates for the Csiszar’s f-divergence.
These involve Canavati fractional and ordinary derivatives of the direct-
ing function f. Also given are lower bounds for the Csiszar’s distance.
The Csiszar’s discrimination is the most essential and general measure for
the comparison between two probability measures. This treatment is based
on [28].

22.1 Preliminaries

Throughout this chapter we use the following.

(I) Let f be a convex function from (0, +00) into R that is strictly convex
at 1 with f(1) = 0. Let (X, .4, \) be a measure space, where A is a finite or
a o-finite measure on (X, A). And let uy, 5 be two probability measures
on (X, A) such that p; < A, py < A (absolutely continuous); for example,
A = pq + po. Denote by p = duy /dX\, ¢ = dusy/dX the (densities) Radon—
Nikodym derivatives of 1, py with respect to A. Here we suppose that

a<a§£§b, a.e. on X
q

and a <1 <b.
The quantity

Ly(py,pg) = /Xq(w)f (zgg) d\(z), (22.1)

G.A. Anastassiou, Fractional Differentiation Inequalities, 563
DOI 10.1007/978-0-387-98128-4_22, (©) Springer Science+Business Media, LLC 2009
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was introduced by I. Csiszar in 1967 (see [128]), and is called f-divergence
of the probability measures p; and 5. By Lemma 1.1 of [128], the integral
(22.1) is well defined and T'f(uq, to) > 0 with equality only when 1, = ps.
In [128] the author without proof mentions that I' s (y1, f15) does not depend
on the choice of A. We give a proof of that fact in our setting.

Lemma 22.1. Call

d(py + 1)’ d(py + 1)’ A’ dA

[ i@ (58 )+ = [ s (B an 222

Proof. Because f: (0,+00) — R is a convex function it is continuous
there and Borel measurable, making f(p(z)/q(z)) X-measurable.

In general let p,r be o-finite measures on X such that v < p and a
g-measurable function on X; then it is known that

dv
/ g+ dl/=/ 9+ <—> dp,
X X dp
respectively, where g = g+ — g—, g+ > 0. Finally we obtain

| oaa= [ g(j_:) . (22.3)

Next let E € A be such that A(E) = 0; then py(E) = py(E) = 0 and
(1 + po)(E) = 05 that is, p; + py < A. Clearly here we have that

Then

P L pg gy KA, (22.4)
Then it is known that
dpy dpy  d(py + po)
P : 22.6
D A ) D (22.8)
and p p i )
Ha fo Hy + o
—= = . 22.7
D Ayt (227)
That is,

* _ pd(/h + 119)

_ 22.
p - (22.8)
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and o )
* My +
¢ = q#. (22.9)
Here by assumption
0<a§£, p—*fb7 a.e. on X;
q q

that is, ¢,¢* > 0 a.e. on X. That is, d(p + po)/dX\ > 0 a.e. on X. Therefore

from the above we get

p—* =2 aeonx (22.10)
q q

Consequently it holds

/Xq(a:)f (28) d(j+11) = /Xf (28) dpy = /Xq*(m)f (’;Eg) i

The concept of f-divergence was introduced first in [127] as a generaliza-
tion of Kullback’s “information for discrimination” or I-divergence ( gener-
alized entropy) [240, 241] and of Rényi’s “information gain” (I-divergence
of order «) [345]. In fact the I-divergence of order 1 equals

Fu10g2 u(,ul; ,LLQ)'

The choice f(u) = (u — 1)? again produces a known measure of difference
of distributions that is called x2-divergence; of course the total variation

distance [py — o] = [ [p(2) — q(x)] d\(x) equals T,y (1, p12)-

Here by assuming f(1) = 0 we can consider I'f (1, tt5) as a measure of
the difference between the probability measures p, t5. The f-divergence
is in general asymmetric in p; and p,. But because f is convex and strictly
convex at 1 (see Lemma 22.2 next) so is

fr(u) =uf (i) (22.11)
and as in [128] we find

Ly(pg, ) = Tpe(pg, 1) (22.12)

Lemma 22.2. Let f: (0,400) — R be a strictly convex function at 1.
Then so is f*(u) = uf(1/u), u € (0,+00).

Proof. Let 0 < u; < 1 < ug; then 1/us < 1 < 1/u;. Hence
2 Uy 1 U2 1
= 7_’_ -
f<ul+u2) f(<ul+u2> uy <U1+U2> Uz)
51 1 Uo 1
— )+ _ ).
<u1+u2>f<u1> (U1+U2)f(u2)
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Clearly we get

(42 () 2282522

2

Thus we have

proving our claim. [J

In information theory and statistics many other concrete divergences are
used that are special cases of the above general Csiszar f-divergence, such
as Hellinger distance Dy, a-divergence D,, Bhattacharyya distance Dp,
harmonic distance Dy, Jeffrey’s distance D, and triangular discrimina-
tion Da; for all these see, for example [78, 145]. The problem of finding
and estimating the proper distance (or difference or discrimination) of
two probability distributions is one of the major questions in probability
theory.

The above f-divergence measures in their various forms have also been
applied to anthropology, genetics, finance, economics, political science, bi-
ology, approximation of probability distributions, signal processing, and
pattern recognition. A great inspiration for this chapter has been the very
important monograph on the topic by S. Dragomir [145].

(IT) In the sequel we follow [101]. Let g € C([0,1]). Let v be a positive
number, n = [v] and a:=v —n (0 < a < 1). Define

(Jvg)(x) := ﬁ /Ow(x — ) lgt)dt, 0<xz<l, (22.13)

the Riemann—Liouville integral, where I" is the gamma function. We define
the subspace C” ([0, 1]) or C"([0,1]) as follows.

C¥([0,1]) == {g € C"([0,1]): Ji-aD"g € C*([0,1])},

where D := d/dx. So for g € C* ([0, 1]), we define the Canavati v-fractional
derivative of g as

DVg:=DJ,_,D"g. (22.14)
When v > 1 we have the Taylor formula
2 g1
g9(t) = 9(0)+g'(0)t+g"(0)5 ++¢"7(0) CE]
+ (J,D"g)(t), for all t € [0,1]. (22.15)

When 0 < v < 1 we find

g(t) = (J,D"g)(t), for all t € [0,1]. (22.16)
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Next we transfer the above notions over to arbitrary [a,b] C R (see [17]).
Let z,zo € [a, b] such that x > x, where z¢ is fixed. Let f € C([a,b]) and
define

T

U D) = g [ =07 @ s <o <h 2207

0

the generalized Riemann—Liouville integral. We define the subspace
C%, ([a, b]) of C"([a, b]):

3, ([a,0]) = {f € C"([a,b]): Jy2 D" f € C*([x0, b))}

For f € C¥ ([a,b]), we define the generalized v -fractional derivative of
| over [xq,b] as

Dy f=DJp  f™ (f™ =D f). (22.18)
Observe that
TR f ")) = e [ @07 O
« x
exists for f € Cy ([a,b]).
We recall the following generalization of Taylor’s formula (see [17, 101]).

Theorem 22.3. Let f € CY ([a,b]), zo € [a,b], fized.

(i) If v > 1 then

— )2
f(@) = f(zo) + f'(zo)(z — x0) + f”(mo)w
4o f D (20) e
+ (Jy° Dy f)(x), for all x € [a,b]: x > xo. (22.19)
(ii) If 0 <v <1 then
f(x) = (J° Dy f)(x), forall x € [a,b]: x > xo. (22.20)

We make

Remark 22.4. (1) (D2 f) = f™, neN.

(2) Let f € C¥ ([a,b]), v > 1 and fO)(zg) = 0,7 = 0,1,...,n — I;
n := [v]. Then by (22.19)

f(@) = (J7° Dy, ().
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That is,

J@) = r(lu) [(”“” — )" (D, () dt, (22.21)

Lo

for all @ € [a,b] with x > 2. Notice that (22.21) is also true when 0 < v < 1.
We also make

Remark 22.5. Let v > 1, v > 0, such that v —~v > 1, so that v < v.
Call n:=[v], a:=v—n;m:=[y], p:=~—m. Note that v —m > 1 and
n—m > 1. Let f € C¥ ([a,b]) be such that f)(20) =0,i=0,1,...,n—1.
Hence by (22.19)

f(x) = (J;°D; f)(x), forallzcla,b]: x> .
Therefore by Leibnitz’s formula and T'(p + 1) = pI'(p), p > 0, we get that
) (x) = (J7° Dy f)(x), for all x> xo.

It follows that f € C7 ([a,b]) and thus (D7 f)(z) := (DJprf(m))(x) exists
for all x > xy.
We easily obtain

(D3, ) (@) = D((J7°, f) (x)) = ﬁ /””(x ~ )" Y(Dy () dt,
" (22.22)
and thus
(D3, ) (@) = (172, (Dy, ))(z)

and is continuous in x on [z, b].

22.2  Main Results

Again f and the whole setting is as in Section 22.1(I). Other notations are
as in Section 22.1(IT). We present the following.

Theorem 22.6. Let a < b, 1 < v < 2, f € C%([a,b]), and a <
p(x)/q(x) <b, a.e. on X. Then

104 floo,a.b)

<
Ff(ﬂlvﬂ2) — F(l/ i 1)

/X(q(x))l’”(p(ff)—afJ(x))”d/\(fv)o (22.23)

Proof. Here n := [v] = 1 and from (22.21) we have

@) = /z(z W) NDY P (w)dw, alla<z<b  (22.24)
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Then

1 * v—1 v
)/a (& — w)* (D f)(w)| duw

(v
DY fllso.la x
S || af” 7[ 7b] / (m—w)”_l dw
I'(v) a
1D £l oo, fa,)
= ——(x—a)". 22.2
T+ @9 (22.25)
That is, we get
1D fllso,a,b)
< a/Jlloo)la bl o yw < <) )
[f(x)| < T+ 1) (x—a)”, foralla<axz<b (22.26)

Consequently we obtain

< (%)/xq(@ Q%—a)ycu

_ ”DZfHoo,[a,b] _ 5
T T+l /X(q(x))l (p(z) — aq(x))” dA(x), (22.27)

thereby proving (22.23). O

The counterpart of the previous result follows.

Theorem 22.7. Let a < b, v > 2, n:= [v], f € C¥([a,b]), fP(a) =0,
i=0,1,...,n—1, and a < p(z)/q(x) <b, a.e. on X. Then

104 fll oo, [a,b)

T+ 1) /X(Q(x))l_"(p(w)—aq(a:))”dA(x). (22.28)

Ff(/”’lv/’@) S

Proof. As in the proof of Theorem 22.6. [
Next we give an L, estimate.
Theorem 22.8. Let a < b, v > 1, n:= [v], f € C¥([a,b]), f¥(a)

i=01,...,n—=1, and a < p(x)/q(z) < b, ae. on X. Let o, >
1/a+1/8=1. Then

1D Fllaos
Frlie) < 70380~ 1) + 179

0,
1:

/X (a()*™* 2 (p(z) —aq(x))” " */° dA(z).
(22.29)
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Proof. From (22.21) we have

1

f(z) = m /:(:E — w)”_l(DZf)(w) dw, foralla<z<b (22.30)

Also (DY f)(w) € C([a,b]). Hence

1
<

@) < %/ V(DY ) ()| dw

1/p 1/«
—w)Pr= 1>dw> (/ |(DY f) ()|adw>

D fllojas) ([ e
. || afll la.t] (/ (& — w)P-) dw)
I'(v) a

1D fllageny (&= @)PemDHN T 992.31
N I'(v) Blrv—1)+1 ' (22.31)
That is, we find that
”Dgf”oz,[a,b] (u—1+1/6)
Therefore
”DZfHa,[a,b] p e
) < [ alr (5)] o< sy sy fo (5 ) “

_ 106 f | ov,fa,b) Py Y11/
T T (Br—-1)+1)/8 /X g (p - aq) dn, (22.33)

proving (22.29). O

An L, estimate follows.

Theorem 22.9. Let a < b, v > 1, n:= [v], f € C¥([a,b]), fP(a) =0,
i=0,1,...,n—1, and a < p(z)/q(x) <b, a.e. on X. Then

U5 pa) < /X q(x)*" (p(z) — aq(2))" " dA(z).  (22.34)

I'(v)

Proof. Again from (22.21) and (22.30) we have
1 v 1 aj
|f (@) < m/ﬂ (z—w)" 7Dy f (w)| dw < m(éﬂ*a)”*l/a | Dg f(w)]dw

< (z—a)! /bID”f(w)ldw— (@ a) DS . (2235)
T TW) « T TW) ot e
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That is,
o) < 2Lt gy, (2236

for all z in [a, b]. Thus

v—1 DY .
Ly(prspg) < /Xq’f@)‘cug (/Xq(z_a) dA)”‘f('}ljl)’[’b]

HDZle,[a,b] v v
—Tw) </X @ (p—aq) 1d)\>, (22.37)

proving (22.34). O
Remark 22.10. Let f: [a,b] — R convex,
f e a,b]), xo € la,b], a#b.
Then
f(x) > f(zo) + f'(z0)(x — 20), for all z € [a,b]. (22.38)

Then one can easily prove that

b
Awo)i= 1 [ 1) da = f(a0) 2 (a0) [“;”—zo} (22.39)

see also S. Dragomir and C. E. M. Pearce [146, p. 9, Theorem 18]. In this
chapter’s setting

0<a§]@§b, a.e. on X,
q(x)
and by calling
M= bia /bf(:zr) dx (22.40)

we get ’

M- f (SE?) > f' (2&3) [a;b - ggi] . ac.onX.  (2241)
Then

o1 = 4@ (B0) = 7 (U8 o) 2~ po)], ae. on x.

(22.42)
Here g(x) > 0 a.e. on X. Therefore by integrating (22.42) against A we
obtain

o (00 7 (25) (225522 i)
(22.43)
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We have established

Theorem 22.11. Let all elements be as in Section 22.1(I), hold, and
additionally assume that f € C*([a,b]), a #b. Then

Ty, g) < ia/abf(x) dr — /Xf’ (223) (Q(z)(;‘*b) —p(x)) dx.
(22.44)

Remark 22.12. Let all elements be as in Section 22.1(I), hold, and
f € C([a,b]). Then by (22.38) we get

flx) > f'(1)(z—1) (22.45)
and
p(@) ! p@) a.e. on
f (q(x)) > f/(1) (qm 1), . on X. (22.46)
Thus
p(x) ! —q(x a.e. on
o) f (q(x)) > F(1)(pla) — q(z)), ae. on X. (22.47)

Integrating (22.47) against A over X we find

Ly(prspg) 20 (22.48)

which is known and mentioned in [128].

Remark 22.13. Let n € N, f € C""([a,b]), [a,b] C R, such that
f+1) >0 (< 0); then by Taylor’s formula we get that

flz) > () Zf(“(xo)w, (22.49)
=0

!
respectively, for any x,z9 € [a,b]: @ > xo. Inequalities (22.49) are valid
also when n is odd and x < 2. Take 0 < a <1 < b, a < p/q < b, a.e. on
X and f(1) = 0, along with f € C"*'([a,b]), n odd, such that f(*+1 >0
(< 0); then
(z — 1)’

i

flx) > (<) Zf(“(l) : (22.50)

for all x in [a, b]. Hence

P gy
qf<q)>(<)2f (1) ——. (22.51)

il
i=1
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And finally we obtain

/ ¢ (p—q)d\, nodd. (22.52)
bl

Remark 22.14. Let n be odd, f € C"!([a,b]), [a,b] C R, such that
f D >0 (< 0), ,20 € [a,b]; then as before we have

£@) ~ fla) 2 () Y2 5O T (22.53)
Then
b b
[ @ s = 7 [0 - e

vV
7

b (@) )
bia/a ! (xO)(x—ﬂﬁo)lde

1 n f(i) T b ;
= b—az z(' 0)/(17330) dx
i=1 ’ a

1 n (i) x -
= X G

—q 4
i=1

- b1 if(i)(x")[(b—xo)i“ (22.54)

—a = (i+1)!
—(CL — 1'())i+1] .
We obtained
b " @ (x, : .
i | e 2 ) Y [0 - )k]

where n is odd.
Next let 0 < a < p/q <b, a.e. on X. Then from (22.55) we find

q
n f(l)<§) i p i—k p k
- (S);@H)! kzoq(bq) <aq>
= S S i — g - (22.56)
= 2y | .
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So when n is odd we get

b
/ F(@) dx =T p ()

b—a /,
S 1 : @ (P 1-ip (k) (g — p)*
2 Y 5y (;)/Xf ()0 =) e - p dA>.
(22.57)

We have proved

Theorem 22.15. Let n be odd and f € C"*([a,b]), such that f+D) >0
(£0),0<a<p/q<b, a.e onX. Then

r (/’(‘17/’('2

n

_ ; i (2) 22 1—i - (ifk)a ok
;(i“)! <kZO/Xf (q)q (bg — )"~ (ag —p) dA). (22.58)

Remark 22.16. Let n be odd, f € C"*([a,b]), a,b € R, such that
fFY >0 (< 0), x,20 € [a,b], and p be any probability measure on [a, b;
then by (22.53) we get

f(@)dp — f(zo) > Zf .xo/ (z — x0)'dp. (22.59)

[a,b] [a,b]

Comment 22.17. Assume all singletons of X belong to A . Let the
Dirac measure d,, < A, z¢9 € X; then there exists density f > 0 such that

b0 (E) :/ fdx, forall E e A,
E
(here f is the Radon-Nikodym derivative of 04, with respect to A). Clearly
L= (o) = | }f dA = f(zo)A({zo}). (22.60)
o

Because f is real-valued we must have A\({zo}) # 0 and

P 1

f(zo) = ) 0 (22.61)

Also
0 =0y, (X —{x0}) :/ fdA.
X—{=zo}
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Therefore
Fly_ oy =0, ac.onX. (22.62)
So let py = d,,; then ¢ = f and
) = [ £7(5) 3= F0Gaad o)), (22.63)
X f

is trivial and of no interest for further study.
Finally we give

Comment 22.18. Let f € C ([a,b]), 2o € [a,b] C R, and v > 1, the
remainder of the fractional Taylor formula (see Theorem 22.3 and (22.19))
is

(J2° (D, 1)) (x) = % /z(x — )" H(DY f)(t) dt, (22.64)

for all zop < <b. If

over [xg, b] then

(D D)) (2 g

over [zg,b]. The last implies (by (22.19)) that

@) 2 () 3 FO ) T

=0

, (22.65)

7!

where n := [v], for all g < x < b. According to Section 22.1(I) we take
here f to be convex from (0, 4+00) into R which is strictly convex at 1 with
f(1) = 0. Also we take 0 < a < p/q < b a.e. on X, with a <1 <b.

Let v > 1 and additionally assume that f € C¥([a,b]) such that (DY f)(t)
>0 (< 0) over [a, b]; then we find

f@)2 (9 Y 0@ (22.66)
i=0 :
for all a <z < b, n:= [v]. Then
af <§> > (<) Zf“)(a)@, (22.67)
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a.e. on X. Consequently we obtain

n—1 (z) a ‘ .
Cno) 2 () X5 [ @ 5p-gafan 269

where n :=[v], v > 1.
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Caputo and Riemann—Liouville
Fractional Approximation of Csiszar’s
f-Divergence

Here are presented various tight probabilistic inequalities that give nearly
best estimates for the Csiszar’s f-divergence. These involve Riemann-—
Liouville and Caputo fractional derivatives of the directing function f. Also
is given a lower bound for the Csiszar’s distance. The Csiszar’s discrimina-
tion is the most essential and general measure for the comparison between
two probability measures. This is a continuation of Chapter 22 and is based
on [55].

23.1 Preliminaries

Throughout this chapter we use the following.

(I) Let f be a convex function from (0, +00) into R that is strictly convex
at 1 with f (1) = 0. Let (X, A, ) be a measure space, where A is a finite or
a o-finite measure on (X, .A). And let p;, 115 be two probability measures
on (X, A) such that iy < X, py < A (absolutely continuous); for example,
A = pq + pg. Denote by p = du, /dN\, ¢ = dus/d) the (densities) Radon—
Nikodym derivatives of i, p5 with respect to A\. Here we assume that

O<a§2§b, a.e.on X
q

and a <1 <b.

G.A. Anastassiou, Fractional Differentiation Inequalities, 577
DOI 10.1007/978-0-387-98128-4_23, (©) Springer Science+Business Media, LLC 2009
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The quantity

) = [ a1 (55 dr@) (23.1)
X q(x)

was introduced by I. Csiszar in 1967 (see [128]), and is called f-divergence

of the probability measures i and 5. By Lemma 1.1 of [128], the integral

(23.1) is well defined and T'y (u;, o) > 0 with equality only when 11, = ps.

In [128] the author without proof mentions that I' ¢ (14, 1) does not depend

on the choice of A.

For a proof of the last see [28], Lemma 1.1; see here Lemma 22.1.

The concept of f-divergence was introduced first in [127] as a generaliza-
tion of Kullback’s “information for discrimination” or I-divergence (gener-
alized entropy) [240, 241] and of Rényi’s “information gain” (I-divergence
of order «) [345]. In fact the I-divergence of order 1 equals

Fu logy u (:U’lv /’LQ)

The choice f (u) = (u — 1) again produces a known measure of difference
of distributions called 32~ divergence; of course the total variation distance
1 = pol = [ |p(x) — g (2)]|dX (2) equals Ty —y) (11, a)-

Here by assuming f (1) = 0 we can consider I'y (11, tty) as a measure of
the difference between the probability measures pq, py. The f-divergence
is in general asymmetric in g, and py. But because f is convex and strictly
convex at 1 (see Lemma 2, [28]) so is

) = uf (L
[ (u) =uf (u) (23.2)
and as in [128] we get

L'y (o piy) = L g (pe1s po)- (23.3)

In information theory and statistics many other concrete divergences are
used that are special cases of the above general Csiszar f-divergence, such
as Hellinger distance Dy, a-divergence D, Bhattacharyya distance Dp,
harmonic distance Dy, Jeflrey’s distance D, and triangular discrimina-
tion Da; for all these, see, for example [78, 145]. The problem of finding
and estimating the proper distance (or difference or discrimination) of two
probability distributions is one of the major questions in probability theory.

The above f-divergence measures in their various forms have also been
applied to anthropology, genetics, finance, economics, political science, bi-
ology, approximation of probability distributions, signal processing, and
pattern recognition. A great inspiration for this chapter has been the very
important monograph on the topic by S. Dragomir [145].

(IT) Here we follow [134].
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We start with

Definition 23.1. Let v > 0; the operator J?, defined on L; (a,b) by

JVf () = F(ly)/z (x—t)"" " f(t)dt (23.4)

for a < x < b, is called the Riemann—Liouville fractional integral operator
of order v.

For v = 0, we set J? := I, the identity operator. Here T' stands for the
gamma function.

Let « > 0, f € Ly (a,b), a, b € R; see [134]. Here [-] stands for the
integral part of the number.

We define the generalized Riemann—Liouville fractional derivative of f
of order a by

D2f )= pres () [ -0

where m := [a] + 1, s € [a, b]; see also [57], Remark 46 there.
In addition, we set

Dof = f,
J7of=D%f, ifa>0,
D, %f:=J2f, if0<a<l,
D'f=fM™  forneN. (23.5)

We need

Definition 23.2. [45] We say that f € L; (a,b) has an Lo, fractional
derivative D@f (> 0) in [a,b], a, b € R, iff D¢*f € C([a,b]), k =
1,...,m:=[a] + 1, and D2 1f € AC ([a,b]) (absolutely continuous func-
tions) and DS f € Lo (a,b).

Lemma 23.3. [45] Let 8 > a > 0, f € Ly (a,b), a,
Loo fractional derivative DPf in [a,b], and let DP=* f (a)
1,...,[8]+ 1. Then

D) = T / s 0P DRf(rydr, (236)

Vs € [a,b].

Here DS f € AC ([a,b]) for B —a > 1, and DS f € C([a,b]) for § —a €
(0,1).

Here AC™ ([a,b]) is the space of functions with absolutely continuous
(n — 1)st derivative.
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We need to mention
Definition 23.4. [134] Let v > 0, n := [v]; [-] is the ceiling of the
number, f € AC™ ([a,b]). We call the Caputo fractional derivative

1 v -1
DY = — R A 23.
W@ s [ =0T O W @)
YV € [a,b].
The above function DY, f (x) exists almost everywhere for x € [a, b].
We need

Proposition 23.5. [134] Let v > 0, n := [v], f € AC™ ([a,b]). Then
DY f exists iff the generalized Riemann—Liouville fractional derivative DY, f
ex1sts.

Proposition 23.6. [134] Let v > 0, n := [v]. Assume that [ is such that
both DY, f and DY f exist. Suppose that f*) (a) =0 for k=0,1,...,n—1.
Then

DY,f = DY, (23.8)
In conclusion
Corollary 23.7. [58] Let v > 0, n := [v], f € AC™ ([a,b]), D%, f exists
or D f exists, and f*) (a) =0, k=0,1,...,n— 1.

Then
D!f=DYf. (23.9)

We need
Theorem 23.8. [58] Let v > 0,n := [v], f € AC™ ([a,D]), and f*) (a) =

0,k=0,1,...,n— 1.
Then

—/ (x— )" DY, f (t)dt. (23.10)

We also need

Theorem 23.9. [58] Let v > v+ 1 v > 0. Call n = [v]. Assume
— k —

f € AC™ ([a,b]) such that f%) (a) 0,1,...,n—1, and DY, f €
Lo (a,b). Then D], f € AC ([a,b]), a

DI f ()=~ / a0 DY f (1) d, (23.11)

Yz € [a,b].
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Theorem 23.10. [58] Let v > v+1,v > 0,n := [v]. Let f € AC™ ([a, b])

such that f®) (a) =0,k =0,1,...,n—1. Assume 3D f (z) € R, Vz € [a, b]
and DY f € Lo (a,b). Then DY f € AC ([a,b]), and

DY f(z) = =) /j (=) Dy (t)dt (23.12)

YV € [a,b].

23.2 Results

Here f and the whole setting are as in section 23.1, Preliminaries (I). We
present first results regarding the Riemann-Liouville fractional derivative.

Theorem 23.11. Let § > 0, f € Ly (a,b), have an L, fractional deriva-
tive DB f in [a,b], and let DP~%f(a) = 0 for k = 1,...,[3] + 1. Also it
holds 0 < a <p(x)/q(z) <b, a.e. on X, a <b. Then

HDanHOO,[a,b]
Ly (pqs pe) < TG
| 4@ 0@ = e ()’ ar (o) (23.13)
Proof. By (23.6), o = 0, we obtain
_ Y [ _asips
0= / (s— )71 DPF (t) dt, (23.14)
all a < s <b.
Then

£ g [ =07 DEr )]

HDngoo,[a,b] # B—1
SW/G (s—0)° 't

HDngoo,[a,b] (3 - a)ﬁ
INE) B
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IPdsll.,
,[a,b] B
s—a)’, alla<s<hb. 23.15
rg+1) ( ) ( )
That is, we have that

DA
|f(s)§%(s—a)ﬁ, alla <s<b. (23.16)

Consequently we find
Ty (b1, 1) Z/XQ(w)f (Zgg) dA (x)

HDaﬂfHoo,[a,b] p(z) ’
— old) Xq(x)( —a> d)\(x)

=77 (B+1) q(z)
Dgf o0, |a -
L r (6_H+ s /X ¢ (@) (p () — aq (2))” dA (2), (23.17)

proving the claim. O

Next we give an Ls result.
Theorem 23.12. Same assumptions as in Theorem 23.11. Let v, § > 1
1/y+1/6=1and v(B—-1)+1>0.
Then || 5 ||
D fll5
s[a,b]
Ly (pys pp) <
L(3)(v(6-1)+1)"

[ 4@ @)~ ag (@) dA o), (23.18)
X
Proof. By (23.6), a = 0, we get again
o) =g L 0" DEr @ (23.19)
all a < s <b.
Hence
PN < gz [ 60" DL ]
1/ s 1/6
<t 1 ( py1 - 1>dt> 7(/ |D§f(t)]6dt)
HDafHé’[“’b] (s o)’ 7 (23.20)

- TB) -1+

all a < s <b.
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That is,
||Dgf||57[a,b] (s — a)ﬁ*lﬂ/7

L@ (y@B-1)+1Y"

[f (s)] < (23.21)

all a < s <b.
Consequently we find

T (11 2) < /Xq‘f (g)’dx

- ||Dgf’|5,[a,b] / . (E - a>ﬁl+1/~/ N
T EB-n+0Y Jx T\

||Dgf|’6[ab] 2-B—1/v B=141/~
_ la, B (p—ag) YT g, (23.22
I (7(/6’—1)+1)1”/Xq e 2

proving the claim. [J

It follows an L estimate.

Theorem 23.13. Same assumptions as in Theorem 23.11. Let § > 1.

Then H BfH
D
a’ 1l1,[a,b]
1—‘f (H1,M2) S 1—\(5)

</X (g (2))*™” (p(w)aq(x))ﬁldA(x)). (23.23)

Proof. By (23.19) we have

()] < L/ (s — )"~ | DB (1)t

I'(B)
/ |DIf (t)| dt
(s — a)
=T o2, sl (23.24)
That is, B
£ < ST D2 o (22.25)
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||Dng1,[a,b] D ot
=TT /xq(q‘a> »
RETNe

r'(5) (/X ¢ p—oa)™ dA) (23.26)

proving the claim. [J

We continue with results regarding the Caputo fractional derivative.

Theorem 23.14. Let v > 0, n := [v], f € AC" ([a,D]), and P (a

) =0,
k=0,1,...,n—1. Assume D%, f € Lo (a,b), 0 < a < p(x)/q(x) < b,
a.e. on X, a <b.
e 1057
*ad lloo,[a,b]
<
Ff (M17M2) —= F(Z/—F 1)
/X 4(2)'™ (p () - aq (2))" dA (). (23.27)

Proof. Similar to Theorem 23.11, using Theorem 23.8. [

Next we give an Lg result.

Theorem 23.15. Assume all are as in Theorem 23.14. Let v, § > 1 :
1/v+1/6=1,and y(v —1)+1>0.

fhen \De S
*a/J 115,[a,b]
Uy (p, p2) < T -1+ D7
/X 0@ (p (2) — ag (2))" "7 dA (2). (23.28)

Proof. Similar to Theorem 23.12, using Theorem 23.8. [

It follows an L estimate.

Theorem 23.16. Assume all are as in Theorem 23.14. Let v > 1. Then

D% 111 fa.5)

Ff (:uluu2) S F (1/)
(/X (q ()" (p(x) — aq (x))" " dx (x)). (23.29)

Proof. Similar to Theorem 23.13, using Theorem 23.8. [
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Regarding again the Riemann—Liouville fractional derivative we need:

Corollary 23.17. Let v > 0, n := [v], f € AC™([a,b]), ADY f (x) € R,
Yz € [a,b], and f*) (a) =0, k=0,1,...,n— 1. Then

1

o /I (@ —0)"" DV f (t) dt. (23.30)

Proof. By Corollary 23.7 and Theorem 23.8. [J

We continue with results again regarding the Riemann—Liouville frac-
tional derivative.

Theorem 23.18. Let v > 0, n := [v], f € AC" ([a,b]), AD% f (z) € R,
Vz € [a,b], and f*) (a) =0, k=0,1,...,n — 1. Assume D”f € Ly (a,b),
0<a<p(x)/q(x) <b, a.e on X, a<b.

Then o
Ly (py,p0) < ra(#“l[a)b]
/X q (£)1_V (p (m) —aq (l.))u d\ (x) (23.31)

Proof. Similar to Theorem 23.11, using Corollary 23.17. O
Next we give the corresponding Ls result.

Theorem 23.19. Assume all are as in Theorem 23.18. Let vy, § > 1 :
1/v+1/6=1,and v(r—1)+1>0.

e Iz
aJ 114,[a,b]
Uy (i, p2) < T -1+ D7
/X (@) (p(x) — ag ()" dA (2) . (23.32)

Proof. Similar to Theorem 23.12, using Corollary 23.17. O
The L estimate follows.

Theorem 23.20. Assume all are as in Theorem 23.18. Let v > 1. Then

ID% £l o
1_‘ < —_
f (p“hp“Q) — 1—\(1/)
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([ @@ opw-a@) nw). e
X

Proof. Similar to Theorem 23.13, using Corollary 23.17. O

We need

Theorem 23.21. (Taylor expansion for Caputo derivatives, [134, p. 40])
Assume v >0, n = [v], and f € AC" ([a,b]).
Then

n—1 (k) a T .
o)=Y I a0+ [T Dl @i (233

k=0
Yz € [a,b].

We make
Remark 23.22. Let v > 0, n = [v], and f € AC" ([a,b]).
It DY, f > 0 over [a,b], then

(<0)

/ (z—t)" " DY, f(t)dt >0 on [a,b].
a (<0)

By (23.34) then we obtain

n—1 (k) a
fx)> () / k'!( ) (z —a)*, (23.35)
k=0
Yz € [a,b]. Hence
P A() ’
af (2) > () kZ:O — (5 - a) , (23.36)

a.e. on X.
Consequently we derive

n—1 (k) a
O ) 2 (93 L [ pmagtar @aam
k=0 : X

We have established

Theorem 23.23. Let v > 0, n = [v], and f € AC™ ([a,]).
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If DY, f >0 on [a,b], then
(<0)

(/X (a(@)' ™" (p(z) - ag(x))" dx (x)). (23.38)

We finish with

Remark 23.24. Using Lemma 23.3, Theorem 23.9, and Theorem 23.10
and in their settings, for g any of D% f, DI, f, DY f, that fulfill the condi-
tions and assumptions of section 23.1, Preliminaries (I), we can find similar
estimates as above for I'g (1, f15).
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Canavati Fractional Ostrowski-Type
Inequalities

Optimal upper bounds are given to the deviation of an initial value of a
function f € C¥ ([a,b]), zo € [a,b], v > 0 from the corresponding average
of f. These bounds are of type A -|[DY flloc,[zo,5), Where A is the smallest
universal constant; that is, the produced inequalities are sharp and at-
tained. Here DY f is the v-order Canavati-type fractional derivative of f.
This chapter was inspired by the work of Ostrowski [318], 1938, and of the
author’s [13], 1995. This treatment relies on [24].

24.1 Background

In the sequel we follow [101]. Let ¢ € C([0,1]), n := [v], v > 0, and
a:=v—n (0 <a<l). Define

1 T

(Lg)(e) = gz | o =0 gt 0<a <1, (24.1)
L'(v) Jo

the Riemann—Liouville integral, where T' is the gamma function T'(v) :=

JoT e~ v~ dt. We define the subspace C*([0,1]) of C™([0, 1]):

C”([0,1)) := {g € C™([0,1]) : Ji—ag™ € C*([0,1])}.

Thus letting g € C¥([0,1]), we define the Canavati v- fractional derivative
of g as

d
DYg:=DJi_og"™, D:=—. 24.2
g 1 g ) dl’ ( )

G.A. Anastassiou, Fractional Differentiation Inequalities, 589
DOI 10.1007/978-0-387-98128-4_24, (© Springer Science+Business Media, LLC 2009
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When v > 1 we have the Taylor formula

o) = g0+ SO+ O+ g DO
+ (J,DYg)(t), Vi€ [0,1]. (24.3)
When 0 < v < 1 we find
g(t) = (J,D"g)(t), Vtelo,1]. (24.4)

Next we carry the above notions over to an arbitrary [a,b] C R (see [17]).
Let x,x¢ € [a,b] such that x > xq, ¢ is fixed. Let f € C([a,b]) and define

(T2 f) () = ﬁ /Z(x 4 ()dt, we <z <b, (24.5)

the generalized Riemann—Liouville integral. We define the subspace

0, (a.b]) of € ([a, b]):
C%, (fa.b]) = {f € C" (0, b)) : I, /™) € C* (o, b])}.

For f € CY ([a,b]), we define the generalized v -fractional derivative of f
over [xg,b] as

DY f:=DJy  f™. (24.6)
We observe that D} f = (") n e N. Notice that
1 x
v M (g) = ——— — 1)) () at
(il ) = gy [ =070

exists for f € CY ([a,b]).

We recall the following fractional generalization of Taylor’s formula
(see [17, 101]).

Theorem 24.1. Let f € CY ([a,b]), zo € [a,b] fived.
(i) If v > 1 then

f@) = o)+ f ) 20 + e TS
. f("_l)(xo)%
+(J7° Dy f)(x), allx € la,b]: x> 2. (24.7)
(i) If 0 < v < 1 we get
f(x) = (J;° Dy f)(x), allzcla,b]: x> x0. (24.8)

Here we use (24.7).
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24.2 Results

We present the first fractional Ostrowski-type inequality.

Theorem 24.2. Let 1 <v <2 and f € C} ([a,b]), a <z < b, ¢ fized.
Then

”Dzof”oo [z0,b]

S o Ol (24.9)

— /fdyf)

Proof. Here n := [v] = 1. From (24.7) we have

1) = flon) = s [ "y —w) (DY, fw)dw, Yy > 0.

|—/f )y — (o) b_xo/ (F(9) ~ Fao))dy

= b—:z: / ‘f mo |dy
1 1 L
“bm ~/zo (W /xo(y w)" Dy, f (w)|dw> dy
1 boq Yy B
< / 7105 o ( / - wr 1dw> N

D fllons [ (= 20)"
= 0 are) / W

(by (v + 1) =vI(v),v > 0)
_ ||Dgof||oo,[1:0,b] ] (b — l‘o)y+1
(b—z0)l'(v+1) v+1

— ||D;Of||oo,[930,b] . (b — ZC())V
L(v+2)

Thus

We have proved (24.9). O
Next we give another more general fractional Ostrowski-type inequality.

Theorem 24.3. Leta < xg < b fized. Let f € C} ([a,b]), v > 2, n:= [v].
Assume fO(xg) =0,i=1,...,n—1. Then

b_ /f )dy — f(xo)| < 1Dz e oo foolro bl gy gyv. (24.10)

I'(v+2)
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Proof. Again from (24.7) we have

1)~ flon) = i [ "y —w) (DY, fw)dw, Yy > 0.

‘We observe that

50) =10l < oIkl [ =0y
_ (v—20)" _ D% fllc oo .
= P(V)HDlOfHOO z0,b] v = F(]/+1) . (y—mo) .
That is,
DY 00,[z0, v
)~ o) < Lllmleotl vy s

Therefore we get

1
b—xo

b—xo/ |f(y) = f(xo)|dy

b
/ (F@) — F(z0))dy

b
o [y fao)

IN

(24.11) 1 ||DI0f||OO [z0,b]
< S (y — o)
< b_xo/ T +1) (y —z0)"dy
B 1 Pz fllos,fwob] (b —a0)t
N b— zq Fv+1) v+1
”D of”oo,[zo b] v
W (b —=0)”.

That proves (24.10). O

Remark 24.4. Let p,v > 0 such that v < p, and n:= [v], a := v — n.
Consider

_(x—x0) . N
(@) = Ty Tosesb (24.12)
Then
¢(")(m) — M(M — 1)<M — 2) t (M —-n-+ 2)(’u —n+ 1)(33 _ 37())”_”
' I(p+1) ’
and
— xo),ufn

O @) = F s = ).
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Next we find that

(Uit )@ = e | (- R e
1 i pa—e—1 = wo) D
ru—a)lf ?) Mu-—ns1) "

(by [404, p. 256]; notice that 1 — o, u —n+ 1 > 0)

1
Fl—a)(p—n+1)
I'(1—a)l(u—n+1)
'll—a+p—n+1)
(x — xq) v+

(z — xo)(lfawfn)

F(p—v+2)
That is,
- (x — xo)(ufl"kl)
0 J— I
(Jlfagb,u—n)(x) - F(/,L — v+ 2) . (2413)
Hence
(DY 8,)(x) = (DI72,0")(2) = (DIF 1, ) (@)
((33 - $0)”_V+1)/ (= m)tY
Tu—v+2) ) T(p—v+1)
so that ( )
y (@ —m)”
(Dz0¢#)($) - F(,Uf — v+ 1) - QZS#,U(I'), (2414)
and
T(p+1) _
D? — Pe — L 2 (g — K=V < < x<b.
o (T —x0) P(u—u—kl)(x zo)'Y, 0<v<p, o< <h
(24.15)
In particular we get
Dy (x — )" =T(v+1), (by I'(1)=1).
Consequently it holds
|1D7, (2 = 20)" ||lso,[z0,6) = T'(v + 1). (24.16)

Proposition 24.5. Inequality (24.9) is sharp; namely it is attained by

flz)=(x—x0)", 1<v<2 z€lab].
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Proof. Observe that

1 b y b—xzo)”
R.H.S.(24.9) = bixO/ (y —wo)"dy = %

Also we see

24.16) T 1 v
L.H.S.(24.9) “19 %(b—xo) -

That is, both sides of (24.9) are equal. O

I'v+1)

(b — )"
v+ DT +1) |

(b—x0)” =

Proposition 24.6. Inequality (24.10) is sharp; namely it is attained by

fx):=(r—mo)", v>2, x€la,bl.

Proof. Observe that

f(i)(xo):((fﬂ—wo)y)(i) =0, 2=1,...,n—1.

T=Xq

Again we have

(b—:l)o)y
H.S.(24.10) = ———
R.H.S.(24.10) v+1 7
and ) .
LS. (24.10) = P =707
v+1

That is, both sides of (24.10) are equal. O

Comment 24.7. In the fractional Ostrowski-type inequalities, under
the same initial conditions—assumption, as in the integer ordinary deriva-
tive case—one can derive results for higher-order (fractional) derivatives,
appearing in the R.H.S.s of the corresponding inequalities. Thus, compare
Theorem 24.2, 1 < v < 2, with an ordinary case of order n = 1 ; see [13].
Also compare Theorem 24.3, v > 2, where n+1<v <n+2,n+1=[v],
with an ordinary case of order n + 1; see [13].
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Multivariate Canavati Fractional
Ostrowski-Type Inequalities

Optimal upper bounds are given to the deviation of a value of a multivari-
ate function of a fractional space from its average, over convex and compact
subsets of RV, N > 2. In particular we work over rectangles, balls, and
spherical shells. These bounds involve the supremum and L., norms of
related multivariate Canavati fractional derivatives of the involved func-
tion. The presented inequalities are sharp; namely they are attained. This
chapter has been motivated by the works of Ostrowski [318], 1938, and
Anasstasiou [24], 2003, and the chapter is based on [43].

25.1 Background

In the sequel we follow Canavati [101]. Let g € C([0,1]), n:=[v], v >0,
and a:=v—n (0<a<1). Define

(Tvg)(z) := ﬁ /Ow(x — )" lg(t)dt, 0<x <1, (25.1)

the Riemann — Liouville fractional integral, where I' is the gamma function
L(v) := [;° e 't"~1dt. We define the subspace C”([0,1]) of C™([0,1]):

Cv([0,1]) == {g € C"([0,1]) : Ti—ag™ € C*([0,1])}. (25.2)

G.A. Anastassiou, Fractional Differentiation Inequalities, 595
DOI 10.1007/978-0-387-98128-4_25, (©) Springer Science+Business Media, LLC 2009
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So let g € C”(]0,1]); we define the Canavati v -fractional derivative of g
as

9" = (Jima g™ (25.3)
When v > 1 we have the fractional Taylor formula ([101])
/ 1y (n—1) ! W)
9(t) = 9(0) +g'(0)t+g7(0) 55 +- - +g (0)(n_1)!+(Jug )(@t), vt e[0,1],
(25.4)
and when 0 <v <1 we find
g(t) = (Tg")(t), Yt € [0,1]. (25.5)

Next we carry the above notions over to an arbitrary interval [a,b] C R
(see Anastassiou [17]). Let x,zo € [a,b] such that & > xg, z¢ is fixed. Let
f € C([a,b]) and define

xT

(T>f)(x) := ﬁ/ (x —t)" " f(t)dt, zg <z < b, (25.6)

0

the generalized Riemann — Liouville integral. We define the subspace

0, (a.b)) of C"([a, ) :
0%, (a.b) = {f € O"([a.b]) : T, [ € CM (o, B}, (25.7)

For f € CY ([a,b]), we define the generalized v-fractional derivative of f
over |[xzo,b], as

Dy, fi= (T, s (25.8)

We observe that D} f = " n e N. Notice that

P f 0 = e [ @07 e (259)

exists for f € CY ([a,b]).
We mention the following generalization of the fractional Taylor formula
(see Anastassiou [17] and Canavati [101]).

Theorem 25.1. Let f € CY ([a,b]), o € [a,b] fized.
(i) If v>1, then

x —x0)?
f(x) = f(xzo) + f'(wo)(x — x0) + f"(x0) % Tt
f(nl)(x‘))% + (J7°Dy f)(x), all =z ela,b]: x> .
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(ii) If 0 <v <1, we get
flx) =(T7°Dy f)(x), all x€la,b]: x> . (25.11)
We also mention from Anastassiou [40], the basic multivariate fractional
Taylor formula.

Theorem 25.2. Let f € CY(Q), where Q is convex and compact C
RN N > 2. For fivred x0, z € Q, assume that as a function of t € [0,1] :
foi (o +t(z—20)) € C*71([0,1]), all i =1,...,N, where v € [1,2). Then

N
1= an) + 3 Gt [ G o6z = )V
=1
(25.12)
where z = (z1,...,2n), = (To1,-..,ToN)-

The following general multivariate fractional Taylor formula also comes
from Anastassiou [40].

Theorem 25.3. Let f € C"(Q), Q compact and conver C RN N > 2;
here v > 1 such that n = [v]|. For fited xy, z € Q assume that
as functions of t € [0,1] : fo (xo + t(z — x0)) € C¥=™)([0,1]), for all

a:=(a,...,an), a; €ZT, i=1,....N; |a|:= Zﬁilai =n. Then
(i) N
£(2) = o) + D20~ w00 (o)
i=1 !
{(va (2 in)321>2f:| (o) {(Zﬁl(zi 3601')3%)71_14 (zo)
21 et (n—1)! *
1 N n (v—n)
ﬁ/ﬂ 1 —-t)! [(Z(Zq - iI?m)%) f] (zo +t(z — o)) ¢ dl.
) (25.13)
(m) If all fo(x )—0 a:=(ay,...,an), o, EZT, i=1,...,N, |o| :=
Z ap=1, 1= — 1, then
f(z) = f(zo) =
) 1 N n (v—n)
F(y) /O (1 o t)u—l [(Z(gl 1‘01) 3 ) f‘| (xo + t(z — LL'())) dt
i=1 !
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In Anastassiou [24] we proved the following Ostrowski-type results.

Theorem 25.4. Let 1 <v <2 and f € C} ([o,b]), a<mzo<b, x0
fizxed. Then

‘—/f )y — f(zo)| <

Inequality (25.15) is sharp; namely it is attained by f(z) = (x —xp)”, 1 <
v <2, x€la,b.

IDZ, £ llos, w0,b1 v
NOE) S TR0 0N () )Y, (25.15)

Also in [24] we gave

Theorem 25.5. Let o < xg < b be fived. Let f € CY ([a,b]), v >
2, n = [v]. Assume f(zo)=0, i=1,....,n—1. Then

‘—/f )y — f(z0)| <

Inequality (25.16) is sharp; namely it is attained by

1Dz flloo o 6]

Tota (b — o). (25.16)

flx) = (x—x0)", v>2, x€]a,b].
Establishing sharpness in (25.15) and (25.16), we proved first that [24]
D5 (2 — 20)" lloo,fzo,0) = (¥ 4+ 1). (25.17)

In this chapter, motivated by (25.15) and (25.16), we present various
multivariate fractional Ostrowski-type inequalities.

25.2  Results

We present the first main result of the chapter.

Theorem 25.6. Let f € CY(Q), where Q is convexr and compact C
RN, N > 2. For fized xy € Q and any z € Q assume that as a function
of t € [0,1] & fu,(z0 +t(z — z0)) € C*71([0,1]), all i = 1,..., N, where

v e |[l,2). Then
Jo f(2)dz

‘f(xo)—m <

max ||(fz, (zo + t(z — 20))) ¥~

o
L(t,2)€[0,1]xQ
1<i<N
- dz. (25.18
T(v + )Vol(Q) /Q”Z moll dz. (25.18)
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Proof. From (25.12) we obtain

N o 1
UOREICORDD (ZF—%)/ (1= 1)1 (fa (0 + t(z — 20)))“ D,
i=1 (V) 0
(25.19)
and
‘ 300 | < Z |Zz x02| / 1/ 1| fxl(xo-l-t(Z—fo)))(V_l)\dt <
1 N
F(l/ 4 1) Z |xl — Xo,; H (fa:z (‘ro + t(Z - xO)))(V_l) ||Do,t€[071] . (2520)
=1
That is,
[f(2) = f(zo)] < ﬁ | z2—=0 |1,  max, | (fa; (w0 + t(z — x0) ¥ )||oO (t.)el0. 1] x@>
B (25.21)

VzeQ, zp€@ fixed.
Hence we have

fQ f(z)dz
Vol(Q)

Jo(f(2) = f(@0))dz
Vol(Q)

Vol / |£(2)=f(wo)ld

(25.21) 1233‘ 1(fa (o + t(z — 20))) oo, (t,2)€[0,11x @
< — d
= T(v+1) Vol(Q) / I = oll d=

— f(zo)| =

(25.22)
proving the claim. O

Next we give

Theorem 25.7. Let f € C"(Q), Q compact and convex C RN, N > 2;
here v > 1 such that n = [v]. For firzed x9 € Q and any z € Q assume
that as functions of t € [0,1] : fo(xo + t(z — x0)) € C*~"([0,1]), for all
a: (ag,..an), o € ZT, i =1,...,N; |a := Zilai = n . Assume
fo (o) = 0, all @ = (ay,...,an), oy € ZT, i = 1,....N, |af = I,
l=1,....,n—1. Call

DY f(wo + t(2 — 20)) oo, (t,2)€[0,1]x @ =

max |5 (0 +1(z = 70)) oo, (2 )€l0.11x- (25.23)
Then
Jo f(2) [ID"7" f(xo + t(2 — 20))|l oo, (1,2
’f(xo)_ ?/OZ(Q) T(v+ 1) Vol(Q) - )EOWQ/ lz=aolli; dz-

(25.24)
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Proof. From (25.14) we have

n (v—n)
[ O al )
m/@ (1—t)yv! {l(;(zz—xoﬂa—%) f] (xo—i—t(z—ﬂco))} dt
1 N n 7 (¥—n)
< I'(v+1) {(;(zz- a:m)ax) ! (zo +t(z — ) <

c0,t€[0,1]

F(V _ 1) (”Z - ‘TOHll)n”Dyinf(xO + t(Z - ‘TO))”oo,(t,z)e[O,l]xQ- (2525)
That is, we find

17) = foo)l < L2 D 416z = 20)loeetoae

(25.26)
VzeQ, wm€Q fixed.

Therefore as before in (25.22) we have that

fQ f(z)dz
val@) 1

Vol /'f f(@o)ldz

(25.26) || DY =" f(wo + (2 — 20)) [l 0o, (t,2)€[0,1]x @
< a— . — "dz, (25.27
< R E ) [0 =zl dz, (252

proving the claim. [

We continue with

Theorem 25.8. Let Q := [xg,b] X [c,d], ¢ € [a,]), and [ € C([a,b] x
[e,d]). Let 1 <v <2 and 0y f/0x" € C ([a,b]), wyo € [a,b].
Then

1
’m/@f@»y)dﬂﬁ(iy—f@o»yo) <

Oy, f
oxv

1 d (b—xo)”
m/c \f(xo,y)*f(ﬂfo,yoﬂderm

(25.28)
00,Q

Proof. By (25.10) we have

f(z,y) = fzo,y) = ) /E(z — )t igf(t,y)dt, (25.29)
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x> 1w, all y € [e,d].

That is,
1|07, f v b
\f(x,y)*f(xo,y)lé—wy) s OOQ/ (z —t)"~'dt, (25.30)
and ( v o f
Tr — X o
[f(@,y) = fzo,y)| < Tt D) || 9e | g (25.31)

all x > xg, all y € [¢, d].
However, it holds

[f (2, y) = f(zo,y0)| < |f(2,9) = fzo, )| + [f (w0, y) — f(0,90)| <

3;’0]"
ox?

1

m (x — .’L‘o)y7 (25.32)

0,Q

|f(z0,y) — f(x0,y0)| +

Vao>wz, Vyé€led.
Consequently we derive

1
b—20)d—0 /[ e f(a,y)dz dy = f(wo,y0)| =

v
(b—z0)(d =)

1
m /[zo b]x [c,d] |f(x, y) - f(xm y0)|dx 4y (25.33)

/ (F(@.y) — Fzo,y0))dz dy| <
[z0,b] X [e,d]

(25.32)
< (b—xo b—xo / |f(z0,y) — f(x0,y0)|dy+

:(b—Tl — %o / |f (z0. ) — f (@0, yo)ldy+

oy f
ox?

(d=c)
I'(v+1)

9y, f
ox?

(b— x9)""(d — ¢)
I'(v+2)

LO Q] (25.34)

(b — Cﬂo)u
T(v+2)

oy, f
oxv

1 d
= E/ [f (o, y) — f (o, y0)|dy + ., (25.35)

'Oo,Q

proving the claim. [
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We further have

Theorem 25.9. Let Q := [z0,b] X [¢,d], xo € [a,b), and [ € C"([a,b] x
[c,d]). Let v > 2 such that n = [v] and 0 f/0x" € CY ([a,b]), yo €
[a,b]. We further assume that & f(xg,y)/0x? =0, j=1,...,n—1.

Then

1
- @@ — <
G fe ey = S| <
1 d (b—x0)” || On f
E/c |f(z0,y) = f(20,y0)|dy + Tw+2) | o iy (25.36)
Proof. By (25.10) we get again
Fa)— Joow) = s [ -t Bl g, @)
z,y To,Y) = F(V) o z OV Y ) .
x> w9, Yy€Eled].
And again
B (x —x0)” || Opo f
Va>xzy, Vyc€led.
Also, it holds again
(x —x0)” || 07, f
|f($ay)—f(1‘0,yo)| < |f($0,y)_f(x07y0)|+ F(l/+1) oxv oo’Q’
(25.39)

Va>wz, Vyé€led.
Integrating (25.39) over Q we prove (25.36). O

Similar to (25.28) and (25.36) one can prove inequalities in more than
two variables.

Next we study fractional Ostrowski-type inequalities over balls and spher-
ical shells. For that we make

Remark 25.10. We define the ball B(0,R) := {z € RV : |z| < R} C
RY, N >2 R >0, and the sphere SV~!:={z € RY : |z| = 1}, where
| - | is the Euclidean norm.

Let dw be the element of surface measure on SN~ and let wy = f N1
dw = 27N/2JT(N/2). For € RN — {0} we can write uniquely = = rw,
where r = |z| >0 and w=z/r € SN~ |w| = 1. Note that fB(O)R) dy =
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wyRN/N is the Lebesgue measure of the ball. For F € C(B(0,R)) w
have fB(O,R) x)dr = fsN—l (fo rN- 1d7") dw; we use this formula
frequently.

The function f : B(0,R) — R is radial if there exists a function g
such that f(x) = g(r), where r = |z|, r € [0, R], V = € B(0, R). Here we
suppose that g € C§([0,R]), 1 <v < 2.

By (25.10) we have

a(s) — g(0) = % / (s — w) " (DYg) (w)du, (25.40)

v

Vs €0, R].
Thus

l/

lg(s) — g(0)] < m”DogHm‘[o R, Vs € [0, R]. (25.41)

Next we observe that

fy)dy L ([Fg(s)sN—tds)d
£(0) — IB(O,R) — |g(0) — fsN (fo i(s)s s)dw — (25.42)
Vol(B(0, R)) Jon—1(fy sN1ds)dw
N [E _ N |7
90) = o [ 9™ as| = 2 | [V 000) — glo)is| < (2549
N N (25.41) | Dfglle N [T -
- _ < =0oJliec -7 v+N-—1 —
RN o S |g(s) 9(0)|d3 = Tw+1) RN 0 § ds
|1D§ glloo N R”
TR IR 25.44
I'(v+1)(r+ N) ( )
That is, we have proved that
Jp(0,r) F W)y N (R N-1 D59l N R”
‘f(o)_ vaso.r) |~ YO jY [, 99 S 5ot 0T Ny
(25.45)

The last inequality (25.45) is sharp; namely it is attained by ¢(r) =
r, 1 < v <2, r€[0,R]. Indeed by (25.17) we get | Dga"|.j0,r] =
I'(v+1).

Notice also that

N RV
v+ N

N R
L.H.S.(25.45) = W/ sV HN=lgs = = R.H.S.(25.45), (25.46)
0
proving optimality.

We have established
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Theorem 25.11. Let f : B(0,R) — R that is radial; that is, there
exists g such that f(x) = g(r), r = |z|, V & € B(0,R). Assume that
g€ Cy{(0,R]), 1 <v<2. Then

S0,y f(W)dy N [R . D% gl N RY
UG e N A gls)s™ " ds| < F(VO+1)(V+N)'
(25.47)

v

Inequality (25.47) is sharp; that is, it is attained by g(r) =1r".
We continue the previous remark.

Remark 25.12. We treat here the general, not necessarily radial, case
of f € C(B(0,R)). For any fixed w € S¥~! the function f(w) is ra-
dial on [0,R]. We suppose that f(-w) € C§([0,R]), 1 < v < 2. That is,
304 f(rw)/Or’ and is continuous in r € [0, R], for any w € SV~1. Here we

" BICD 2 (s (Fw) ) 0 -

ﬁ % </OT(r - t)l”gi(tw)dt> . (25.48)

For  #0 (ie. z =rw, r >0, w € SN¥71), the fractional radial derivative
Of f(x)/0rY is defined as in (25.48). Clearly

9 f(x)
arv

x=0
is not defined.

We mention

Lemma 25.13. All are as in Remark 25.12. The function O f(x)/0r"

is measurable over B(0, R) — {0}.

Proof. For each n € N define

i) =n 1 ((r=1)0) - srw] = L=l 20

1
n

and note that each g, is jointly measurable in (r,w) because it is jointly
continuous in (r,w) by f € C(B(0,R)); here 7 € (0, R] and w € S¥~1. In
view of gn(r,w) — Of(rw)/0r as n — oo, we get that Of(rw)/0r is
jointly measurable in (r,w) € (0, R] x s =1 = B(0, R) — {0}.

Then Of/0r(r-) is measurable in w € SN=1 Vr € (0,R]. Thus the

integral I(r,w) = [~ (r =)' 0 /Or(tw)dt, 7 € (0, K], w € SN, € >

0 small; because it is a limit of Riemann sums, it is measurable in w €
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SN=1. Because (r — t)'770f/0r(tw) is integrable over [0,r], we get that
I.(r,w) is continuous in r —¢e, Ve > 0 small. Thus

;i_I)I(l) I.(r,w)=I(r,w) := /OT(T - t)l_”%(tw)dt,

proving I(r,w) measurable in w € sV~ Vre (0,R].

But, by the assumption f(w) € C¥([0,R]), we have that I(r,w) is
continuous in r € [0,R], Yw € s¥~1. Therefore by the Carathéodory
theorem (see [10, p. 156]) we get that I(r,w) is jointly measurable in
(r,w) € (0,R] x SN~1  as being a Carathéodory function. Because

and also I(r—1/n,w) is jointly measurable in (r,w) € (0, R x S™"~1, we get
that 9I(r,w)/dr is jointly measurable in (r,w) € B(0, R) — {0}, proving
the claim. O

We need

Lemma 25.14. All are as in Remark 25.12. Additionally assume that
Oy f(x)/0rY is continuous on B(0, R) — {0}, and

K = H M = esssup (%f_gx) < 00.
or Loo(B(O,R)) or B(0,R)
Then a
’ MH <K, Vwes' L (25.49)
or 0o,(r€[0,R])

Proof. In the radial case (25.49) is obvious. Also it is obvious if

‘ 9 f(rw) H 9 f(row)

orv orv
for some 7o € (0, R] . The only difficulty here is if for specific wy € SN ~!
we have that

)

0,[0,R] a

’ Rfowo)| | 3LO) ‘
orv 50,[0, ] orv
Then it is evident, for very small 7* > 0, that by continuity of 9§ f(- wg)/0r"
we have
G f(rrwo) | _ |96£(0)
arv arv |’
" a5 f(0 ay
—Ofg ) ‘ > esssup Tl fgx) )
or or B(0,R)
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then

9 f(x)
arv

9 f(x)
orv

 f(r*wo)

O > ess sup
r

)

B(0,R) ; ‘ ‘oo,B(O,R)—{O}

a contradiction. [

Remark 25.15. (continuation) By (25.47) we obtain

Bgf(TW) NRV
N [E N1 arv Hoo (r€[0,R)) K N RY
—_— < ) 9 .
01— g | o o) < T < e

Consequently we find

N n _ K N R”
‘f(()) T OnRN /SN—1 </0 f(sw)s™ 1ds> dw| <

“Tw+1)(v+N)

That proves

K NR¥
“Tw+1)(v+N)

fB(O,R) f(y)dy
~ Vol(B(0,R))

’ £(0) (25.50)

We have established

Theorem 25.16. Let f € C(B(0,R)) that is not necessarily radial, and
assume that f(-w) € CY([0,R]), 1 <v < 2, for any w € SN~1. Suppose
also 0§ f(x)/0r" is continuous on B(0,R) — {0}, and that

‘ 0% f(x) .
o’ 1 (Bo.r))
Then
f(y)dy N RY 0
£(0) — fB(o,R) < R ‘ 9 f(z) . (25.51)
Vol(B(0,R)) | ~ T(w+ (v +N) || 0 L (5.r)
We make

Remark 25.17. Let the spherical shell A := B(0, R2) — B(0, Ry), 0 <
Ri <Ry, ACRN, N>2, G_A. Consider f € C'(A) and assume that
there exists 0 f(x)/0r" € C(A),1 < v < 252 = rw,r € [Ry, Ra],w €

SN=L: where 9% f(x)/0r = 1/T'(2 - v) d/or ( n (r—t)'v0 f/@r(tw)dt).
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Clearly here f(rw) € C*([Ry, Ro]) and 8%, f(rw)/0r" € C([Ry, Rs]), Vw €
SN=1 For F € C(A) it holds [, F(z)dx = [¢n_, ( f,?f F(rw)rN-1 dr) dw:
we often exploit this formula here.

Initially we assume that f is radial; that is, there exists g such that
f(z) = g(r). Here Vol(A) = wn(RY — RY)/N. Then we get via the polar
method that

JafW)dy| N B> B
- S| - |9<R1> ~(arsay) [, oo
Ro
~ ()|, =t ta<
Ro
(WNR{V) /R |9(R1) — g(s)[s™ " ds =: (%) (25.52)
Here by (25.10) we get for s > Ry,
9(s) —g(I) = ﬁ /R (s — w)" (D%, g)(w)duw. (25.53)
Thus 1D% gl
191100, [R1,Rs] v
lg(s) —g(B1)| < Rr(u—+1)(8 - Ry)", (25.54)
Vs 2 Rl.

Consequently it holds

N Pisleinn) [ -
< 1200 Fr, — RN lds =
< (my=amrey) f, -

N| D% glloo
_ J|\|, ng]\u J[R1,R2] I =: (**). (2555)
(Ry — RY)T(v+1)

Here
R2 R2
= /R (S—Rl)”sN_lds:(—l)N_l/Rl (—s)N=1(s — Ry)"ds
Ro
:(_1)N—1/ (—Ro + Ry — s)N =1 (s — Ry)"ds — (25.56)
Ry
B [ (N -1
(-~ / [Z( . ><R2>N1k<st>k (s=Ry)"ds = (1))’
R | k=0

N-1 2
(Z (N k 1) (~1)~FRY / " (e s><k+l>1<sR1)<”+1>1ds>

k=0 il
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%f< ) RNklr@&ﬁfig)uﬁ_Rﬂmﬂlz
N-1 (—1)* g (Ry — Ry)k+vHl
(v +1)(N —1)! > m32 T (25.57)
That is,
- /RR (s — Ry sN~ds =
T(v+1) (N —1)! Nil (=" RY k-1 (o — Ry)Fre st (25.58)

(N —k—1)! T(k+v+2)

ES
I

0

ot

Continuing with (25.55) via (25.58), we have

(**) _ N! HDIVR’,l.g”oo,[RLRQ] Jil (—1)k RN,/C,1 (Rz —Rl)k+u+1
RY — RY — (N—k-1)"" Lk+v+2) |’

(25.59)
Hence in the radial case we established
fAf(y)dy N'||D g”oo [R1,R2]
— < ?
‘f (Fow) =00y | = RN —RY
P (N —k—1)! Nk+v+2) ' '

Inequality (25.60) is attained by g(s) := (s—R1)", 1 <v < 2, s € [Ry, Ra].
Indeed, we observe that

R2
L.H.S.(25.60) = _N / (s — Ry)"s™ lds =
Rév - R{V R1

I(v+1) NI <NZ‘1 (N(fl)’“ RYF- 1W) — R.H.S.(25.60);

(RY — RY) = (N —k—1)! T'k+v+2)

(25.61)
by (25.17) that says

DR, (s = R1)" lloc,(Ry,r) = T'(v + 1) (25.62)

We have established

Theorem 25.18. Let A := B(0,R2) — B(0,R1), 0 < Ry < Ry, A C
RN, N > 2. Consider f: A — R that is radial; that is, there exists g such
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that f(z) = g(r), v = rw,r € [Ry, Ry, w € SN~ x € A. Suppose that
g < Cly;cl([Rl,Rg]), 1<v<2.

Then
N fo _
’f(le)— = |g(R1) — (m) /Rl g(s)s" " ds

NUIDi ol ) (3 D" (B = Rr)fre
RY — RY (N - kfl I'k+v+2)

(25.63)
Inequality (25.63) is sharp; namely it is attained by g(s) = (s — R1)¥, s €
[R1, Ro].

<

Ja f(y)dy’

Vol(A)

We continue the last remark.

Remark 25.19. We treat the nonradial case here. For fixed w € SV—1
the function f(rw) is radial over [R;, Rs]. We apply (25.63) for g = f(-w)
to get:

N fie N—1
lew—<—> f(sw)s™ " ds| <
)=y —aF ) Jr, T
On, f
N! ‘ - N—-1 »
or A Z RN jo1 (Ra — Ry)F v+t
RY = N k:—l Nk+v+2) '
(25.64)
Hence it holds
o f(Rw)d Rz
Jornor [y ~ToN NN / f(sw)s™"tds | dw
WN (R — Ry )wn Jen-1 \ g,
% f
N!‘ e N-1 5
I oo, A Z (=1)* RY- j—1 (Ra — Ry)Ftott
- RY — RY = (N—k—1) I'k+v+2)
aV
- c‘ Rluf : (25.65)
or 00, A
That is, we proved that
N v
F(?) fSN—l f(le)dw _ fA f(y)dy S Ie! 8R1f (2566)
27 N/2 Vol(A) o || o 4

However, we have for z € A:

Ja fy)dy () fon s f(R1w)dw

g f
- Sty < |f (@ = =57

orv

+c|

o0, A .
(25.67)
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We have established the following result.

Theorem 25.20. Consider f € C*(A) such that there exists 9%, f(x)/Or"

€C(A), 1<v <2, xe A Then

N Odew
’f(x)—‘m‘ < ‘f(w)— F(z)fsg%jva(R1 )d N
N! N-1 (*l)k 1 (Ry — Rl)k+y+1 aIVglf
<M> <1§ mﬁ)g ' T(k+v+2) ’ o s’
(25.68)

We make

Remark 25.21. This continues Remarks 25.17 and 25.19. Here we es-
tablish higher-order multivariate fractional Ostrowski-type inequalities over
spherical shells.

Here v > 2, n:= [v] > 2, a := v—n. Consider f € C"(A), which implies
that f(rw) € C"([Ry, Rs]), Yw € SN~!. Furthermore assume that there
exists O f(x)/or" € C(A), x € A; z = 1w, r € [R,Ry), w e SN

where 0% f(z)/0r" = 1/T(1—a)d/or (f;l (r—t)=@ 8”f(t,w)/8r"dt).

The last implies 9% f(rw)/0r" € C([Ri, Ry]), V w € SN71 . We start
again with f being radial; that is, 3g: f(x) = g(r), r € [R1, Ra], x € A.
We have

ot ()

By (25.10) we get

=: (%).
(25.69)

R2
/ (9(5) — g(Ry))s™ds

Ry

n—1 5 k s
o) = g() = 3 gV () EZFE 4 [ - D 0w,
k=1 ’

Ry
(25.70)
all s> R;.
Consequently it holds
n—1 R
N g™ (Ry)] / ? oN-1 k
= (arar) |[Z |, e ma +

/ (s — w)" (D, ) (w)duw

Ry

L /R2 N
L'(v) Ry

ds} < ( by (25.58))
(25.71)
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N (S (k) = (= Noa—1(Ra — Ry)MhHL
(M) {(Nl)!kz%'gk(&)' AZ:O(N—A—l)! 2 A+ k+1)!

D%, 9llc, (R, Ro] fre v N-1
+W /R1 (s —Ryp)"s" " 'ds

(25.58)

(k) (-p* Nox—1 (R — Ry)MHF 1
(RN RN) ZL‘J (Rl AZO(N—A—n!R? Okt | T
N-1 A Ar+1
v (=1) N-x—1(R2 — R1)
(||DR19HOO,[R1,R2]) <>§) (N—iA— ) R2 —P(A—f—l/-i-Z) . (2572)

We have established the following result.

Theorem 25.22. Here v > 2, n := [v]. Suppose that f is radial; that is,
f(x) =g(r), r € [R1, Ry], Yz € A. Assume that g € C} ([R1, Rz]). Then

d fa
B |1(R) - %] - ’g(Rn— (M) /. g(s)s“ds' <

(25.73)
(k) (= N-a-1(Rg — Ry
<RN RN) Zlg (F)l ;WRQ TOrkrr |
N-1 N Atv1
” (-1 N1 (12 — )
(1P, 9ll oo, (R, Ro]) <Az_:0 (] Ry F(M-V+2))] :

Inequality (25.73) is sharp; namely it is attained by g*(s) = (s — R1)",s €
(R1, Ra).

Proof of Sharpness. Again by (25.17) we get
IDR, 9" loo,[Ry,Ro) = T (v + 1) (25.74)

Also it holds g*(k)(Rl) =0, k=1,...,n—1.

Thus
N Fz N-1
L.H.S.(25.73) = | ———+ / (s— Rp)"s" "“ds
(Rév —RY ) Ry

= R.H.S.(25.73).

(MDA DYDY gy (B = BT
~ \RY — RV — (N-A—1)! "7 A +v+2)

(25.75)
O

We give
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Corollary 25.23. In the terms and assumptions of Theorem 25.22, addition-
ally suppose that g(k)(Rl) =0, k=1,...,n—1.
Then
N—-1
< N! 3 —n* pN-A-1 (B — R)MVILY
TA\RY-RY J\ & (N—A-1 2 F(A+v+2)
D% 9o (11 1] (25.76)

We continue Remark 25.21 with

Remark 25.24. We treat here the general, not necessarily radial, case of f.
We apply (25.73) to f(rw), w fixed, r € [R1, R2]. We then have

N 2 N—1 N!
Rw) - | ==~ w ds| < | ———=
'f( 1) <R§—R{V> R, (sw)s o= (Rg—Ry)

n—1 ke N—-1 BREYY o A+k+1
Z %(le) E (=1 'RéVf/\fl(R2 Ry) :
2 | ok 2 VA D) At kLD

Haﬁlf' DY v (B — MU (25.77)
O Moo, i \ 3z (VA=D1 FA+v+2)
Therefore
1 f(Ryw)d fa
fSN L f(Raw) v o < NN / f(sw)sNilds dw
wN (R — Ry )wn Jsv-1 \ /R,
k
() [ (Ll
“\RY -RY ) | wN
N—-1
3 DYy (B - RV
= (N=A-1) 2 A +k+1)!
oY N-1 A _ Av+1
H Rlyf’ L'RQ—AA% =:6. (25.78)
or o a\ = (N=A-1)! A+v+2)
That is,

T(F) [ov f(Riw)dw [, f(y)dy

— S| S (25.79)

Consequently it holds for = € A that

_ M‘ < | fx) — F(%) fSNﬂ f(Riw)dw

‘f(a?) Vol(A) SN2 + 4. (25.80)

We have established the next result.
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Theorem 25.25. Here v > 2, n := [v]. Consider f € C™(A) and assume
there exists O, f(x)/0r" € C(A), x € A. Then

d N N_1 w)dw
M= ‘f(w)—if@;%y' < 'f(a:)— KR s FRaMY
N! i) = ok f
(Rév - R{v> 271”]3/2 lcz—:l (/SN1 ork (F1w) dw>

N-1 N Adkt1
(—1) N-x—1 (2 — R1)
Lwoon e Gaern |t
R, [ = (=1)* N-x_1(Rg — Ry)MvHL
|5 (S it )| e

We finish with

Corollary 25.26. In the terms and assumptions of Theorem 25.25, addition-
ally suppose that ka/(?rk, k=1,...,n—1, vanish on 0B(0,R1). Then

r(3)
1@) = 573 /SM F(Riw)dw

MUY (Y DY pveana (B = ROMUHLY ) 0
RN _ RN N-Xx—1)"72 TrA+v+2 arv
2 1 A=0

+

’oo,A'
(25.82)
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Caputo Fractional Ostrowski-Type
Inequalities

Optimal upper bounds are given to the deviation of a value of a univariate or
multivariate function of a Caputo fractional derivative related space from its av-
erage, over convex and compact subsets of RN , N > 1. In particular we work over
closed intervals, rectangles, balls, and spherical shells. These bounds involve the
supremum and Lo norms of related univariate or multivariate Caputo fractional
derivatives of the involved functions. The derived inequalities are sharp; namely
they are attained by simple functions. This chapter has been motivated by the
works of Ostrowski [318], 1938, and of the author’s [24], 2003 and [43], 2007, and
the chapter also relies on [52].

26.1 Background

We start with

Definition 26.1. [134] Let v > 0; the operator J;,, defined on L (a,b) by

1

Jo f () = T

xr
/ (@— )" (1) dt (26.1)
a
for a < x < b, is called the Riemann—Liouville fractional integral operator of
order v. For v = 0, we set J((LJ := I, the identity operator. Here I' stands for the
gamma function. By Theorem 2.1 of [134, p. 13], Jg f (z), v > 0, exists for almost
all z € [a,b] and Jg f € Li (a,b), where f € L (a,b).

G.A. Anastassiou, Fractional Differentiation Inequalities, 615
DOI 10.1007/978-0-387-98128-4_26, (©) Springer Science+Business Media, LLC 2009
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Here AC" ([a, b]) is the space of functions with absolutely continuous (n — 1)st
derivative.

We need to mention

Definition 26.2. [58, 134] Let v > 0, n := [v]; [-] is the ceiling of the number,
f € AC™ ([a,b]) . We call the Caputo fractional derivative

1

DY, f (x) = m

x
/ (z— )"V ) () de, (26.2)
a
Vz € [a,b].
The above function DY, f (z) exists almost everywhere for = € [a,b]. If v € N,
then DY, f = f*) the ordinary derivative; it is also D%, f = f.

We need

Theorem 26.3. (Taylor expansion for Caputo derivatives, [134, p. 40])
Assume v > 0, n:= [v], and f € AC" ([a,b]). Then

n—1 (k) a T
ro =Y L e-wf 4 o a0 Dl 0, @69)
k=0 @

Vz € [a,b].
Additionally assume

f(k)(a)zo, k=1,...,n—1;

then -
—/ (. — )" DY, f () dt. (26.4)

Next we mention the multivariate analogue of (26.3) and (26.4) (see [53]).

Remark 26.4. Let Q be a compact and convex subset of Rk, k>2 z:=
(z15-++528)s 0 := (z01,-.-,Tok) € Q. Let f € cm (@), n € N.
Set
g (t) := f (zo +t (2 — 20)),
0<t<1; g2 (0) = f(0), 9= (1) = f(2). (26.5)

Then
(zo +t (2 — x0)), (26.6)

a9 () = [(Z (zi — @o;) 8:10) f
i=1 g

7=0,1,2,....,n,and

k 9 n
ggn) (0) = <Z (zi — x0i) 8.%) 1 (zo). (26.7)

i=1 v
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If all
“f
fa (o) := 53 (w0) =0, a:= (a,..., k),
k
€2t i=1,...k || ::Zai =:1,
i=1
then

ggl) (0) =0, wherel € {0,1,...,n}.
‘We quote that
k
6
= (2 — 20:) OF (a9 +t (2 - o). (26.8)
i=1 Li

When f € C?(Q), Q C R?, we have

2
20 é(wo—l—t(z—xg))—i—Q(zl—xm)

g2 (t) = (21 — z01)? o

2
(22 — :802) aa(?lafatz (170 +t (Z — xo))

2
+ (22— 202)? 2L (@0 + 2 — w0)), (26.9)
2

and so on.
Clearly here g, € C" ([0,1]), hence g. € AC"™ ([0, 1]).

In [53] we proved the following general multivariate fractional Taylor formula.

Theorem 26.5. [53] Let v > 0, n = [v], f € C"(Q), where Q is a compact

and convex subset of RF, k > 2, 2z = (#1,..,2k), zo == (o1,...,20k) € Q.
Then .
_ of (20)
(1) f(2) —f(xo)Jr;(zz 0) = e

+ 1 +
=2
1 /1 (1 _ t)l/—l Jn—l/ i _ a !
() Jo 0 1=1 ™0%) 3y
f1(zo +t(z —z0))}] dt. (26.10)

Additionally assume that

fo (o) =0, a:=(a1,...,ax), a; €ZT, i=1,... k;
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k
|| ::Zai =:r, r=1,...,n—1; then
i=1

1
@) 1)~ fleo) = 555 [ =077 [
k P >”
(zi —woi) 5— | f
[(Se) «
(o +t(z—z0))} dt =: Ru. (26.11)

Remark 26.6. [53] (on Theorem 26.5)

Set
k P n
Gy (t) = Jy" { [(Z (2 — wos) 6:5) f]
i=1 v

(zo +t (z — x0))}, t €[0,1], (26.12)

which shows up in R, and is continuous; see Proposition 114 of [45] and R, € R.
So we can rewrite

1 . v—1
Ry = m/O (1= )"~ Gy (t)dt, v> 0. (26.13)

‘We mention

Theorem 26.7. [53] All are as in Theorem 26.5. Let R, be the remainder in
(26.10) (same as in (26.11)), and Gy (t), t € [0,1] as in (26.12), v > 1. Then

1Gv L, (0,1)) 1Gw L, (j0,17)
') 'Twpr-1)+1)"

|Ry| < min{

1GvLy0,17) N1Gv oo, j0,1] } A (26.14)

"TWV2v—1 T(v+1)

where p, ¢ >1:1/p+1/g=1.

26.2 Univariate Results

We present here our first Ostrowski-type result.
Theorem 26.8. Let v > 0, n = [v], and f € AC" ([a,b]). Assume that

Ff®a)=0, k=1,....,n—1, and DY f € Loo ([a, b))
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Then

D*af a, v
b_ /f Yda — f( )‘ | (|+2[) oy —a)”. (26.15)

Proof. By (26.4) we get

F@ =@l < 555 [ @=0" [Dlf ()]
1 § v—1 v
<ror ([ -0 dt) 1Dl
(x —a)” v
- F(IJ—I— 1) HD*‘lfHoo [a,b]

That is, we have

||D*af|| J[a,b]

NOESY (x —a)”, (26.16)

|f (z) = f (a)] <

YV € [a,b].
Therefore we get

b
b%/ (@) dz 1 (a)

b
o [ @ - F@)ds

@639 koSl o)
= T+ (-a)

” 1 D%aflloo o y
/a(x_a) do = r(u+é[) Ao a)”.

a)|dzx

This proves (26.15). O
We continue with
Theorem 26.9. Let v > 1, n = [v], and f € AC" ([a,b]) . Assume that

% (@)=0, k=1,...,n—1, and D% f € L1 ([a,b]).

L D50 fIl 2, (fa,b))
o, T@w =) < SRR

Then

(b—a)” L (26.17)

Proof. Again by (26.4) we get

1
@)

£@) = £ @) < 505 [ -0 Dluf ()]
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1 v—1 v v
<l [ Iptrolas
1 v—1 Dl/
o) @97 1%l g
That is, we have
DY .
)~ play < e iadom (ot (26.18)

I'(v)

YV € [a,b].
Therefore we get

(26.18)

b
e [ 1@ f@lds <

<

b
i [ @1 @

1D%a SNl (fagp)) [

rw)(b—a) J,

ID%af Nl L, ([a,p))
I'(v+1)

(z—a)’ lde =

(b—a) " .
This proves (26.17). O
We also give

Theorem 26.10. Let p, ¢ >1:1/p+1/g=1,and v >1—1/p, n = [v], and
f e AC" ([a,b]). Assume that

% (@)=0, k=1,...,n—1, and D% f € Ly ([a,b]).

Then

b
s [ F@de- @

<

I1D%a 1L, (a,0)
L) (pw—1)+1)""(w+1/p)

(b—a)"1TY/P, (26.19)

Proof. Again by (26.4) we obtain

1 v v—1 v
F@ =@l 55 [ @=07" Dlf ()]

oty ([ ) ([ o)

1 (x—a)u71+1/p
PO (o -1+ )7

1D%a |, a0y
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That is, we have

”D:afHLq([a,b])
T(v)(p(v—1)+1)7

[f(z) = f(a)] < (z — )/~ HHP (26.20)

YV € [a,b].
Consequently we get

b—a/f Ydx — f

”D:afHL ([a,b]) b v—1+1/p
a(la, - d
F(u)(p(u—1>+1>1“’(b—a>/a oo ’
_ HD:afHLq([la,b]) (b—a
L) (p(v—1)+ 1) (v +1/p)

This proves (26.19). O

)llflJrl/p )

Corollary 26.11. (To Theorem 26.10; p = g = 2 case.) Let v > 1/2, n = [v],
and f € AC" (a,b]). Assume that

% (@)=0, k=1,...,n—1, and D% f € Ly ([a,b]).

Then

1

b
m/a f(ac)dac—f(a)

<

1D f |l £y (ja,6))

—a V*1/2. .
Ol A (26.21)

Proof. Apply (26.19). O
We finish this section with

Proposition 26.12. Inequality (26.15) is sharp; namely it is attained by

f@)=(@—-a)’,v>0,v¢N, z€lab.

Proof. Here the function
f@)=@—-a),v>0,v¢N, z€la,b],
belongs to AC™ ([a,b]), n = [v]. We observe that

fa=vE-a’" [f@)=vr-1)(=-a",. .,
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fln=1 (@)=v(w—-1)(r-2)...0 —n+2) (x—a)’ "

f(n)(l'):V(V—].)(V—n+1)(m_a)l/7n
Thus )
DY f (2) P27 ﬁ / (x—)71

viv—1)...(v—n+1)(t—a)’" "dt

v(w—=1)...(v—n+1) wxi (n=v)=1 (4 _ g\(v—n+1)—1
= T =) /(L( t) (t—a) dt

(by Whittaker and Watson [404, p. 256]; notice that n — v, v —n+ 1 > 0)

:V(u—1)“.(y—n—|—1)F(n—y)F(y—n—i—l)
I'(n—v) (1)

=v(v—-1)...v—n+1)T'rv—n+1)=Tw+1).

That is,
Dl f(x)=T(@w+1), Vx € [a,b]. (26.22)

Also we see that
Ff*% (@)=0, k=0,1,....,n—1, and D% f € Loo ([a,b]).

So f fulfills all the assumptions of Theorem 26.8.
Next we find

RHS. (26.15) = % (b—a) = . (26.23)

Furthermore we have

b
L.H.S. (26.15) = ‘b la/ (@ —a)” dz
- a

1 G- (-
“0h-a D) @il (26.24)

Clearly R.H.S. (26.15) = L.H.S. (26.15), proving the claim. O

26.3 Multivariate Results

We present our first multivariate Ostrowski-type fractional inequality in the Ca-
puto sense.
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Theorem 26.13. Let v > 0, n = [v], f € C"(Q), where Q is a nonempty
compact and convex subset of Rk k>2;2:=(21,...,21), 0 := (T0o1,.-.,Tok) €
Q. Further assume that

fo (o) =0, a:=(a1,...,ax), a; €ZT, i=1,... k;

k
o] ::Zai =r,r=1,...,n—1,
i=1

where zo € Q is fived.
Then
fQ (2)dz
Vol (Q)

max HJO Y fa (o + ¢ (2 — z0) H

L(£,2)€[0,1]xQ
T (v+1)Vol(Q) / |z — zollf’ dz. (26.25)

Proof. Notice that (see (26.12))

k P n
|Gu<t>|=H<z<z 20i) Iy v@) f]

i=1

(20 +t (2 —20)| < (llz = ol,,) " (26.26)

max HJO " fa (zo +t (2 — 5”0))Hoo7u,z)e[o,1]x¢2

Vz € Q, xg € Q being fixed, 0 <t < 1.

Hence n
IGlloe reioy < (11 = aolly,)

n—v _
\Iﬁi); HJO fa(zo+1(z xo))Hoo,(t,Z)G[O,l}XQ ' (26.27)

and by (26.11) and (26.14) we get

< 19 rey 2020 (1= woll,)"
\I(ﬁa:}; HJSL_Vfa (o +# (2~ xO))Hoo,(t,z)E[O,l]xQ ' (26.28)
Vz € Q.
Consequently we obtain
Jof () d= S (F (2) = £ (w0)) d2

(zo)| =

Vol (Q) Vol (Q)



624 26. Caputo Fractional Ostrowski-Type Inequalities

Vol / |f (= (z0)|dz <
|gl\i}; HJO "V fa(ro+t(z— CCO))HOO,(t,z)e[O,l]XQ / 1z — zo||? dz, (26.29)
T(v+1)Vol(Q) Jo!F T ol 4= 15D

proving the claim. [
We further have

Theorem 26.14. Let f : [a,b] X [c,d] — R be Lebesgue integrable, also f (a,-)
integrable on [c,d] and f(-,y) € AC’" ([a, b)), Yy € [c,d], where n = [v], v > 0,
and 8% /0z" f (a,y) =0,k =1,...,n — 1, Vy € [c,d]. Here |- oo, [a,b] x[c,d] S the
supremum norm.

Further suppose that 8%, f (x,y)/0z" € B([a,b] X [¢,d]) bounded functions,
(z,y) € [a,b] x [c,d].

Then
1

DT S| @V =1 (0.0) <

Faf

o o ac (b—a)”
@ | V@ fealds 1o |G

(26.30)

H J[a,b] x [c,d]

Proof. Because f(-,y) € AC™ ([a,b]), Vy € [c,d], and 8 /0zF f (a,y) = 0,
k=1,...,n—1,Vy € [c,d], by (26.4) we have

f@y) = f(ay) = ng) / - %:;Lf (t,y)dt, (26.31)

Vz € [a,b], Vy € [c,d].
Because

%ol o) € B (0] x [e.d),

we obtain
_ (QZ — a) *af H
P~ o) < S R
Va € [a,b], Yy € [c,d].
But it holds
|f (z,y) = f(a, ) < |f (z,y) — f(a,y)]
+1f(a,y) = fa, o) < |f (a,y) — f(a, 0)| +
(33 — a)y *a.f H 26.33
'(v+1) lablx[cd] ( )

YV € [a,b], Yy € [c,d].
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Consequently we have

1
m /[a,b]x[c,d] f(,y) dedy - £ (a,c)| =
1
(b—a)(d—c) /[ b)x[e.d] (f (z,y) — f (a,¢) dzdy| < (26.34)
(26.33)
m/[ o] If (z,y) = f(a,c)ldzdy <
m/[ b e |f (a,y) — [ (a,¢)| dedy + (26.35)
ooy | .
b-a)d=qTr+1) [ab]x [c,d]
1
—a)" dedy = ) fao)d
/[mb]x[c,d] (o dedy =15 /[C,d] | (a:y) = f (a,¢)| dy
(b—a) Bi’afH
Tory (26.36)
Fv+2) Jablx[ed]

proving the claim. [
Similar to (26.30) one can prove inequalities in more than two variables.

Next we study fractional Ostrowski-type inequalities over balls and spherical
shells. For that we need to make

Remark 26.15. We define the ball
B(0,R) := {xeRN: |z] <R} CRY, N>2, R>0,

and the sphere
SN=1 .= {J} eRV: lz| = 1},

where || is the Euclidean norm.
Let dw be the element of surface measure on S ! and let

J 27TN/2
wN _/SIH YT TN

For z € RY — {0} we can write uniquely 2 = rw, where r = |z| > 0 and
w=ua/re SN1 |u| = 1. Note that

/ dy = wNRN
B(0,R) N
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is the Lebesgue measure of the ball. Following [356, pp. 149-150, Exercise 6] and
[383, pp. 87-88, Theorem 5.2.2] we can write for F' : B (0, R) — R a Lebesgue
integrable function that

R
/ F(z)dx = / ( F (rw) erdr) dw; (26.37)
B(0,R) sv-1 \Jo

we use this formula often.

Initially the function f: B (0, R) — R is radial; that is, there exists a function
g such that f (z) = g (r), where r = |z|, r € [0, R], Vz € B (0, R). Here we assume
that g € AC™ ([0,R]), n = [v], v >0, and ¢'*) (0)=0,k=1,...,n— 1.

By (26.4) we get

9(s)—g(0) = ﬁ /OS (s — £)""1 D¥pg (¢) dt, (26.38)

Vs € [0, R].
Further assume that D%,g € Loo ([0, R)]).
By (26.38) we obtain

s” y
lg (s) —g(0)] < Tw+D) HD*09||OO7[O7R] ) (26.39)

Vs € [0, R].
Next we observe that

fB(o,R) I (y)dy
Vol (B (0,R))

ro-

- Jon—a <fORg(s) sN71d5> dw

(0 - (26.40)
Jon-1 (fOR SN_1d8> dw
N R N-1
0) — —% ds| = —%
90 e [ a(5" s =
R
/ N-1 (g(0) —g(s))ds| < (26.41)
0
N R o (26.39)
w s g (0) —g(s)lds <
DYyg R
N P09l po.ry (7 N1y (26.42)
R TOHD o
DY g v+N ||D:OgH NRY
N ID%09ll.f0,5] R _ ( °°’[07R1> , (26.43)

RN T(w+1) (v+N) C(v+1)(v+N)
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That is, we have proved that

£(0) fB(O,R) f(y)dy B
Vol (B (0, R))
0 N o N-1,.l < (”D"Z:Og”oo,[o,m) NR 26.44
90 = 7w J, 96 s S TR I G W) (26.44)
The last inequality (26.44) is sharp; namely it is attained by g (r) =", v > 0,
r € [0, R]. Indeed by (26.2) we get
DY%g(r) =T (v +1),
and
D58l =T 1)
So that in that case
RH.S (26.44) = N (26.45)
.H. ) = - .
But
LS (2640 = 2 [ N1
AT ( . ) = RiN 0 S S
v+ N v
N BT NE (26.46)

~ RN (v+N) v+N’
proving equality in (26.44).

We have established the following.

Theorem 26.16. Let f : B(0,R) — R that is radial; that is, there exists g

such that f(x) = g(r), r = |z|, V& € B(0,R). Assume that g € AC" (|0, R)),
n=[v],v >0, and

g(k) (0)=0, k=1,...,n—1, and DYyg € L ([0, R]).

Then [ F)d
JBO,R) /Y)Y
'f( )~ Vol (B(0,R))

N R
_RiNO

(1D%090 e o, ) NR”

N—1
9(s)s™ ds Tw+1)(w+N)

9(0) < (26.47)

Inequality (26.47) is sharp; it is attained by g (r) =r", v > 0.
We make

Remark 26.17. Let the spherical shell A:= B (0,R2) — B(0,R1), 0 < R} <
Ry, ACRN, N > 2 z € A Consider again that f : A — R is radial; that is,
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there exists g such that f(z) = g (r), r = |z|, » € [R1, Ra], Vx € A. Here again
@ can be written uniquely as # = rw, where r = |z| > 0, and w = z/r € SV,
|w] = 1.

Following [356, pp. 149-150, Exercise 6] and [383, pp. 8788, Theorem 5.2.2]
we can write for F': A — R a Lebesgue integrable function that

/A F(a) de = ,/SN_l (/1:2 F(rw) rN_ldr) duw. (26.48)

wn (RY - RY)
- N
and we assume that g € AC™ ([R1, R2]), n = [v], v > 0, and gtk (Ry) = 0,

k=1,...,n—1.
By (26.4) we get

Here

Vol (A) =

1 s _
g(s) —g(R)= m/ (s — 1)~ DLR g (t)dt, (26.49)
Ry
Vs € [Ry, Ra).
Further assume that DY g € Loo ([R1, R2]) . By (26.49) we obtain
s—Ry)”
lg(s) —g(R1)| < ﬁ IDZR 9l o (1 1o (26.50)
Vs € [R17R2].
Next we observe that
fAf(y)dy o
‘f(le) ~ Ve |

N iz N-1
931—7/ g(s)s ds| = 26.51
(R1) <R§V—R{V>.Rl (s) ( )

N Re _
(RN - RN) /R (9(R1) —g(s)) s tds| < (26.52)

2 1 1
N Ra B (26.50)
(RNRN> /R lg(R1) —g(s)]s" s <
2 1 1
N ||D:ng||oo [R1,Ra] R v N—1

e - R d 26.53
() () e

(by [43], there (2.41))

N HD:ngHDQ’[Rl)R2]
- <R§V—R{V) ( T(v+1) >(F(V+1)(N—1)!
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N-1
)3 (D" vk (B2 - R (26.54)
LW TEreY)

B N! (HD:ngHoo,[RhRZ]>
RY — RY
N-1
3 G S (P D A (26.55)
L N—k-DI'? Thevey ) |
Hence in the radial case we proved
fAf(y)dy _
‘f(le)—W -
N Ry N-1
g(B) — | oW / gls)s™ ds) <
<R§V—R{V> Ry
N! (HD:ngHoo,[Rth])
RY — RY
N-1 ’
T iRw—k—lw (26.56)
= (N—k-1!7? Tk+v+2) ) .

Inequality (26.56) is attained by
g(s)=(s—R1)", v>0, s€[R1,Ra).

Indeed we observe that

L.H.S. (26.56) = <N> /R2 (s — Ry)” s™ lds =

RY — RV ) JR,
| N—1 k k+v+1
I(v+1)N! 3 (D" k-1 (B2 — R (26.57)
(R -\ W-k-D T
But by (26.22) we get
D:ng (s)=T(v+1), Vs € [R1, Ra]. (26.58)
That is,
HD:ngHoo,[Rth] = F(V+ 1)' (2659)

The last implies that

I'(v+1)N!
R.H.S. (26.56) = | ——=~
(26.56) < RY — RN )
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N-1
3 (-n* N —k—1 (B2 — Ryttt (26.60)
= (N—k-1) 2 Pk+v+2) | '
So by (26.57) and (26.60) we get

L.H.S. (26.56) = R.H.S. (26.56), (26.61)

proving sharpness of (26.56).
So putting the above together we derive

Theorem 26.18. Let f : Zf—> R be radial; that is, there exists g such that
fx)=g@), r=|z|, Vo € A w e SV Assume that g € AC™ ([R1, R2)),
n=[v],v >0, and

d™ (R1)=0, k=1,...,n—1, and DY, g € Loc ([R1, Ra)).

Then

‘f(le)— fAf(y)dy‘ _

Vol (A)

N fiz N-1
R)— | ———~ d
g (R) <R§—R1N>/Rl 9(5) ™ as

(N! 1P%R, 9]l o, 1) >

RY — RY

<

N-1 v

3 (-»* pN-k-1(R2 = Ryt (26.62)

= (N—k-1) 2 Pk+v+2) |° '
Inequality (26.62) is sharp; namely it is attained by

g(s):=(s— Rl)u, v>0, s€[Ry,Ra. (26.63)

We need

Definition 26.19. (See [58].) Let ' : A — R, v > 0, n := [v] such that
F (-w) € AC™ ([R1, Ra]), for all w € SN~ We call the Caputo radial fractional
derivative the following function

arv 7 T'(n—v)

voOF T n
= () ! / (r— gyt LR, (26.64)
Ry orm

where x € A; that is, z = rw, r € [Ry, Ry], w € SV 1.
Clearly
g, F (x)

87'0 = F (33) )
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Ve F(0)  0'F ()
orv O
The above function (26.64) exists almost everywhere for x € A (see [58]).

,ifveN. (26.65)

We continue Remark 26.17; we make

Remark 26.20. We treat here the general, not necessarily radial, case of f. We
apply (26.62) to f (rw), w fixed, r € [R1, R2], under the following assumptions:
f(w) € AC™ ([R1,Ra]), for all w € SN~ v >0, n:= [v], where f : A — R is
Lebesgue integrable;

k=1,...,n—1 vanish on 0B (0, R;);

and 5
8*R1 f
orv

eB (Z), along with

vr, S (w) € Loo ([R1, R2)), Yw € sN—1

So we have

[ (Riw) N " (sw) sV ~tds| <
w)— | sv——7 <
RY — RN | JR,
N1 || m H
or o A Jvil (_l)k Ré\f—k}—l (R2 _ Rl)k+l/+l
RY — RY = (N —k-1) T (k+v+2)
= AL (26.66)
Consequently it holds
fSN—l f(Riw) dw B N /
on (BY — B o
R2
(sw) sV ds | dw| < A1 (26.67)
Ry
That is,
I (N/2) [a ] (z)dz
_ - < ). 26.
‘ 27 N/2 /Swflf(le)d“ Vol(A) | =M (26.68)
Therefore it holds for # € A that
Jaf (@) dz ' (N/2)

) - AL < Jrw - SO [ s aa o)

We have established the next result.
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Theorem 26.21. Let f : A — R be Lebesgue integrable with f (.w) € AC™ ([Ry, R2)),
v>0,n:=[v],Vwe sN-1. akf/ark, k=1,....,n—1 vanish on 0B (0, R1);

vr,f (w) € Loo ([R1, R2]), Vw € SN=L and Y, f/0Or" € B(A) (bounded
functions on A). Then for x € A we have

Jaf (@) de L' (N/2)
) - AL < Jr - SRR [ s
N! agR’l' H N—k—1 k 1
N " e (-nF  RYTFTL(Ry — Ry)MTVT
RN RYN k ¢ N k—1)! I'(k+v+2)
(26.70)
We make

Remark 26.22. Let f: B (0, R) — R be a Lebesgue integrable function, that
is not necessarily a radial function. Assume f (-w) € AC* ([0, R]), Vw € SN7L;
0<v<1,and DY f (w) € Loo ([0, R]), Yw € SN~L.

Clearly here by (26.3) we obtain

1 s _
£(s) = £0) = s [ (s =07 Dl (1) (26.71)
Vwe SN Vs e [0,R].
We further assume that
D% ()]l oo rejo.my < Ko Vo € SV (26.72)
where K > 0.
So we apply (26.47) for f (-w), Yw € SN—L,
We obtain

R
‘f(O)—é\][\,/O f(sw)stlds <

(1050 ()l reto.my ) NR” (26,72
T(v+1)(v+N) =
KNRY

I 26.73
'v+1)(r+N) ( )
Consequently we find
N R N-1
‘f(()) T ONEN /SN71 (/0 f(sw)s ds) dw
v
KNE (26.74)

STw+)w+N)
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That proves
fB(o,R) [ (z)da KNR”
T - Y BoOR) | STer) LN

(26.75)

We have established our last result.

Theorem 26.23. Let f: B(0,R) — R be a Lebesgue integrable function, not
necessarily radial. Assume f (.w) € ACT([0,R]), R>0,Vw e SN L 0<v <1,
and D% f (w) € Leo ([0, R]), Vw € SNV ~L,

Suppose also that

1D%0f ()l rejo.m)) < K (26.76)

Vw e SN where K > 0.
Then )
JB0.r) I () dx KNR"

10) = Vol(B(0,R)) | " T(wv+1)(wv+N)’

(26.77)



27
Appendix

27.1 Conversion Formulae for Different Kinds
of Fractional Derivatives

Without loss of generality we work on [0, 1] and the anchor point is zero.

Let v > 0, n ¢ N, n = [v]. We denote by D%_; the Riemann-Liouville
fractional derivative of order v > 0, by D¢ the Canavati fractional derivative of
order v > 0, and by “0"/0z" the Caputo fractional derivative of order v > 0.

Consider

Co (0.1)) = {f e " ((0,1])

FO)=f(©0)=-- 5™ (0):0}.

By Lemma 6, p. 64 of [101], we obtain that if f € C§t! ([0,1]), then DY f (x)

exists and is continuous for any = € [0,1]. We also have that ¢ ([0,1]) C

AC™1(]0,1]). By Lemma 3.7, p. 41 of [134], for f € C™T1 ([0, 1]) we have that

€OV f (x)/0z" exists and is continuous for any x € [0, 1], and 9" f (0)/0x" = 0.
By our Corollary 16.9 for the last case, we get equivalently that D_; f (x)

exists for any = € [0,1]. So for f € ngrl ([0,1]) all three derivatives exist.
When f € C’ngl ([0,1]), by Lemma 3.3, p. 39 of [134] we get that

‘0" f (2)
DY%_ = 27
r—rf () p
for any z € [0,1].
So we conclude that studying conversion formulae among the above three types
of fractional derivatives makes perfect sense.

G.A. Anastassiou, Fractional Differentiation Inequalities, 635
DOI 10.1007/978-0-387-98128-4_27, (© Springer Science+Business Media, LLC 2009
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We mention again that

n+1 T
Di_rf(z) = m (%) /0 (x—t)"" f(t)dt, (27.1)
1 d

- - * _ pn—v ¢(n)
Thri-wyds ), &0 10 (27.2)

Dcf (z) =

and

0" f(x) 1 L _ v pntD)
S = F(n+1_y)/0 (z—t)" " f (t) dt. (27.3)

Let us assume first that f € C’SHl ([0,1]). We set

y(x) :/Ofﬂ (er:j)l t)dt = / / / (xn)dxn ...dzy, (27.4)

for any = € [0,1]. Thus ¥ (z) = f(z), for all z € [0,1], and 3¥ (0) = 0,
1=20,1,...,n. Clearly y € CSL'H ([0,1]), so that Dy exists and is continuous.
We observe that

s ot () a0 s

__ L (AN d T e ()
T Th+l-v) (daz) dx/o (@ =)™ "y () dt

(Y pry @) (27.5)
~ \dx cYiT). '
So we have proved
Proposition 27.1. For f € C(T)hLl ([0,1]) 4t holds that

Dy pf (r) = (%) Yy (), (27.6)

for any x € [0,1], where y is as in (27.4).

Next assume that f € C(SL+2 ([0,1]). We observe that the following function
exists and is continuous,

1

v gl _ i * _ p\n—v p(ntl)
DL @)= forr= ds [, @0 @

-4 (%V()) (27.7)

So we have
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Proposition 27.2. For f € CJ2([0,1]) it holds

cov !
DEf! (z) = <7a£f )) ; (27.8)
for any x € [0,1], and “0" f (0)/0z" = 0.
From the last we get
Cal/
8x” / DI f'( (27.9)
Call F = f'; that is, f (z) = [, F (t)dt. Thus by (27.9) we obtain
Cal/ dt x
M (z) = / (D{F) (t) dt, (27.10)
oxV 0
for any z € [0,1].
Again by (27.8) we derive
!
cov )dt
DYF () = <(f%x) (x)) , (27.11)
for any z € [0,1]; here F € C;F1([0,1]).
Next we assume that f € C"1([0,1]).
We put
ato) = [ =D f e (27.12)

that is, g""*Y (z) = f (x), for any & € [0,1], and g € C"*'([0,1]). Therefore
there exists ©9”¢g/0z" and it is continuous on [0,1].
We observe that

n+1 T
Dhnf @ = o (8) ) @0 W

()" (e, 1o

We have established

Proposition 27.3. Let f € C"*1([0,1]). Then

Dy pf(z) = (di)nﬂ (%), (27.14)

for any x € [0,1], where g is as in (27.12).

Conclusion 27.4. Any two kinds of the above main fractional derivatives of
the literature are connected indirectly via the above established formulae (27.6),
(27.8), and (27.14); see also our Lemma 16.10, which is Lemma 3.2, p. 39 of [134].
Consequently treating all, but each one separately, regarding establishing frac-
tional differentiation inequalities in this monograph, it makes perfect sense and
is well justified by their many applications, for example, in differential equations,
and their importance in mathematics.
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27.2 Some Basic Fractional Derivatives

Here we mention the formulae of some basic functions’ fractional derivatives. The
anchor points are again zero.

Regarding the Canavati fractional derivative from [101] we get

Lp+1)

Dl/ B
T T-v+)

27V 0< v < p. (27.15)

Let = m an integer and v = 1/2; we have

1/2 m _ m! m—(1/2)
D = S+ (172"

m! m—(1/2)
= T 3 T T . (27.16)
(m=(3)) (m=(3)-(5) V7
Regarding the Riemann-Liouville fractional derivative, from [333, pp. 309—
310], with function variable ¢ > 0, order a € R, we get

DGy, (H () = % (27.17)

where H is the Heavyside function,

o (t=a)” t>a
Dr_(H(t—a)) = NGRSO (27.18)
0, 0<t<a,
and
o tfocfl
where ¢ is the delta function.
We continue with
F (l/ + 1) +
D% V= T e -1 27.2

R_Lt F(V—I—l—a)t , V> s (7 0)
Dg_peM =t""E1 1o (M), (27.21)

where F, ; stands for the two-parameter Mittag—Leffler function; see p. 17 of
(333],
D% cosh (ﬁt) =t "Ey1_a ()\tQ), (27.22)
—a
I(l-a)

where VU is the digamma function, and

D% ;Int= (Int+ (1) — ¥ (1 —a)), (27.23)

Lt

D ﬁ—ll _
e G

(Int+ W (8)— U (3—a)), Ref>0. (27.24)
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Regarding the Caputo fractional derivative from [134, pp. 155-156], with order
n>0,n¢N m:=[n],i=+v-1, Ng=NU{0}, we get

0, if j € Ng and j < m,
Dyl = 7F(F](jrﬁ)n) ™", if j € Ng and j > m, (27.25)

orj¢ Nandj>m-—1.
Next let ¢ > 0, j € R; then

L(Gj+1) —mtgm—n
J+1-m)T(m—-—n+1)

Do ((m + c)j> =7

o Fy (Lm—j;m—n—i—l;—%), (27.26)

where 2 F is the hypergeometric series.
For 7 € R we have

Y () =" B (G), (27.27)

where E, stands for the Mittag—Leffler function; see [333, p. 16], and

Ji(—1)™/ 2T

2T'(m—n+1) [_1F1 (1§m_n+1;ij1‘)

L. +1F1 (L;m —n+1;—ijz)]; m even,
DYy (sin jx) = 7 (—1) M1 /2gm=n (1. L
2I'(m—n+1) [1 1( im—n+ ’ij)
+1F1 (L;m —n+1; —ijz)]; m odd,

(27.28)
where 1 F7 is the confluent hypergeometric function, and so on.

As we see above, computing the fractional derivatives exactly leads to highly
complicated formulae, hard to handle. Therefore in applications they numeri-
cally approximate the fractional derivatives, and numerically solve the fractional
differential equations, and so on.

Excellent sources for the above are [134, 140] and [333].
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